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In a farm, a fire that starts in any structure can spread to all other structures of that same
farm, to barns, granaries, silos, etc.. Intuitively, we then expect that a farm with more
structures will be more at risk of fire propagation than a smaller one. From an actuarial
perspective, as the total premium for farm insurance is the sum of premiums of each
structure of that farm, it is therefore necessary to propose a way to compute each
premium by considering the risk of fire propagation. Based on the distances between
structures on the same farm, we propose a new pricing approach that considers fire
propagation. The proposed model makes it possible to analytically compute the
probability of fire propagation as a function of the fire origin. This can in turn be used to
price all individual structures of any given farm. A practical application of the model
based on insurance data and satellite images is given.
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1. INTRODUCTION

A single fire can sometimes generate large losses because
it can spread to buildings near the origin. Naturally, such
a risk is of interest to actuaries. In this paper, we propose
a new ratemaking model in which fire contagion is a main
concern. The model is applied to farm insurance, where a
single farm may have several types of structures: dwellings,
barns, granaries, silos, and so on. As these structures can be
close to each other, all structures of a farm can be touched
by a single fire. Indeed, as we will see in the numerical illus-
tration shown in this paper, summary statistics show that
a fire beginning in one structure can often spread to other
structures of the same farm.

To estimate the risk of fire damages, the characteristics
of each farm and structures of that farm should be used
for modeling. However, given the limited literature and the
limited data on the subject at the present time, we will in-
stead focus on studying fire contagion mainly as a func-
tion of the distances between structures. Indeed, a fire is
more likely to propagate when a farm’s structures are lo-
cated near each other. Using satellite images of 39 different
farms as well as policy and claim information from the
years 2014-2019, we propose a model of fire contagion hav-
ing the objective of pricing each structure of a given farm.
We believe that the proposed approach is an interesting
first step in developing a more general approach for the
modeling of fire propagation in farm insurance, or even in
commercial or home insurance.

1.1. LITERATURE REVIEW

To our knowledge, there does not seem to be a body of lit-
erature relating to fire propagation with an application to

farm insurance, home insurance, or commercial insurance.
Carlsson (1999) studies prevention measures to counter the
spread of fire between different buildings. The author men-
tions that the most important factors in fire contagion are
fire temperature and fire distance. The author concludes
that the dimensions of the buildings, the size of the win-
dows, as well as the types of materials and contents have a
great influence on the temperature reached by the fire and
thus the possibility of the fire spreading. Pesic et al. (2017)
relate simulations used to measure the impact of distance
between residential buildings. The authors conclude that
the risk of propagation between buildings is negligible for
distance of 4.5 meters or greater, but larger buildings are
not considered in the study.

Apart from contagion, however, it seems that the study
of fire risk rate has been studied for many years. Indeed,
as mentioned by Johansen (1979), who lists Italian math-
ematicians from the mid-20th century, it has been known
for a long time that “the fire risk rate increases with the
size of the insured object in a similar way as the death rate
increases with the age.” But this analysis of fire seems to
rather focus on the damages from direct fire and not from
contagion. Researches on the modeling of wildfires and its
impact on the insurance market have become more popular
in recent years (Rodriguez-Baca, Raulier, and Leduc 2016),
but the fire contagion phenomenon of wildfires has little to
do with fires that can spread to multiple structures of the
same farm. Also, obviously, basic physics research on fire
phenomena has been done (see Drysdale 2011 for an intro-
duction), but the information found in that kind of research
is not useful for actuaries who are looking for methods to
compute annual premiums or techniques for risk manage-
ment.


mailto:boucher.jean-philippe@uqam.ca

Modeling of Fire Contagion in Farms Insurance

Research in actuarial science with applications to farm
insurance has not been popular either; it sometimes fo-
cuses on crop insurance (Just, Calvin, and Quiggin 1999;
Pigeon, Frahan, and Denuit 2012) rather than farm struc-
tures and their contents. Statistical methods developed by
actuaries are mainly based on automobile insurance (see
Denuit et al. 2007 or Frees, Derrig, and Meyers 2014 for
an overview). But those pricing and risk management tech-
niques developed in the actuarial literature can obviously
be generalized to other insurance products. Indeed,
whether actuaries work in auto, home, or farm insurance,
the theoretical basis for modeling claim frequency and
claim severity appears to remain the same. The number of
claims remains a discrete random variable, where risk char-
acteristics can be included in the parameters of the model,
and the claim severity distribution is likely skewed. How-
ever, as we will see in this paper, some characteristics of
farm insurance require other modeling approaches to prop-
erly understand risk.

1.2. MODELING APPROACH

The modeling of fire contagion leads to the consideration
of many elements: probability of fire, probability of conta-
gion, and severity of the damages. First, this general mod-
eling approach of total incurred loss for a given farm, de-
noted S, will simply be based on individually modeling each
structure 7 = 1,..., J of that farm. In other words, the total
incurred loss arising from a farm consists of the sum of the
amount of losses of each of its structures:

S = i S
=1

where S is the total claim cost of structure j, for
j=1,...,J. We then have to use compound sum, that we
can generalize depending on the origin of the fire:
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where N is the total number of fires on the farm, and
Ny, k=1,...,J is the number of fires that originate in
structure j, with N = Zi:l Ny. The severity of fire ¢, that
originates from structure k, which touches structure j, is
denoted by Xi(i We suppose that all Xlk),i =1,...,Ng,
for k=1,...,J, are i.i.d. and independent from N and all
Ni,k=1,...,J. For all such sums, we also suppose that
their value is zero when N or N,k =1,...,J is zero.

We can express the incurred loss for each structure §¢)
as a function of the structure of origin. Moreover, instead of
directly modeling total severity X, we can suppose that the

total loss arising from a fire can be split into two compo-
nents as X = I x Y, where I is a binary variable that takes
the value 1 if the fire has touched the structure and 0 oth-
erwise, and Y is the severity of loss when the structure has
caught fire. Appropriate indices will be affixed to T and Y as
needed.

For example, for a specific structure a, we have:
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where the first term of the above equation accounts for di-
rect ﬁres,1 and the second term accounts for damages due
to fire propagation. We can compute the pure premium at-
tributed to a as the expected value of S(%. It can indeed be
shown that:
E[S®)] = BIN,]E[X,"]
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Note that only the second term is related to fire propaga-
tion.

1.3. OVERVIEW

As we just saw, a reasonable model of fire claims on a farm
involves many random variables. In this paper, we will focus
on the modeling of the contagion indicator I, which is cov-
ered in more detail in Section 2. The fire claim frequency,
denoted by the random variable N, and the claim severity
of each fire, denoted by Y, will be discussed mainly in the
empirical example in Section 3. Also in Section 3, we will
apply the proposed model to a portfolio of 39 farms. To es-
timate the parameters of the contagion component of the
model, the portfolio of farm fires has been examined in de-
tail with regard to the origin of fire and the structures af-
fected. Distances between each insured structure have also
been computed using satellite imagery. Section 4 offers a
discussion on potential improvements of the model, while
the last section of the paper concludes.

2. CONTAGION PROCESSES

2.1. GENERAL APPROACH

A difficult task of the modeling is to find a way to evaluate
(1), in other words the premium due to fire propagation. We
first explain how to model I before moving on to an exam-
ple that will more formally define the notation in place.

1 It also means that I, fz) = 1for all @ and i since a fire that starts in a structure obviously touches that same structure.
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Let us first define a contagion process. Suppose we wish
to model the total amount of claims for structure a while
the origin of fire is structure b. Depending on the layout of
the structures on the farm and the distances between those
structures, there are many ways a fire starting in structure
b can spread to structure a:

1. Level 1 contagion, where the fire spread directly from
structure b to structure a
2. Level 2 contagion, where the fire spread first to an-
other structure, and from that structure spread to
structure a
3. Any other levels of contagions, where, more gener-
ally, for a farm with J structures, there are potentially
up to J — 1 levels of contagion, and each successive
level of contagion has longer and longer paths from
structure b to structure a
We note by P(z,y) = (mf—'y), the number of permutations,
taking z items among y. For a farm with J structures, the
number of paths np, depends on the level of contagion
starting from structure b and touching structure a and will
be equal to:
e Level 1: np; = P(J —2,0) =1 path
e Level 2: npy = P(J —2,1) = (J — 2) paths
e Level 3:np3 = P(J — 2,2) = (J — 2)(J — 3) paths
o Level J-1:
paths.

nps1=P(J—2,J—2) = (J—2)!

We consider each potential path of a fire as a contagion
process and assume that, of all contagion processes, at
most one fire contagion is realized. Mathematically, we can
see this situation as being a competition between all conta-
gion processes to determine which one will be the cause of
the fire reaching structure a.

We will model each contagion process by exponential
random variables noted (), where the parameter X of the
exponential distribution depends on the distance between
structures b and a that is defined for the path of the given
process. We will assume that the occurrence of fire conta-
gion, denoted by the random variable I, will be a function
of this e process. More precisely, a structure will catch fire
when e is less than a certain threshold ¢ (arbitrarily set to
1). We thus have the probability of a specific type of conta-
gion expressed as:

Pr(I=1)=Pr(e(N) <¢=1) @)
=1—exp(—A)
where the parameter A can be modeled in various ways. For
example, for a level 1 contagion, we could use

A = exp(Boy + B1d)
where d is the minimum distance between the two struc-
tures. Figure 1 illustrates the probability of contagion de-
pending on the distance d, for various values of 3;. As ex-
pected, the probability of direct contagion decreases as the
distance between structures increases.
More generally, for a contagion process of level m, we
can generalize the level 1 case as:
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Figure 1. Probability of contagion (level 1) as a
function the distance between structures

Figure 2. Farm with 3 structures

A = exp(Bo + B1d1 + Bada+. .. +Bmdm)

. (3)
= exp(By + Y _ Bidi)
=1
where 3;,7 = 0,...,m are parameters to be estimated, and
d;,i=1,...,m are the minimum distances between the

structures present along the given path.

The overall process which summarizes all contagions is
the result of competition between all contagion processes.
Therefore, the prevailing contagion process can be seen as
the minimum value of all € processes involved. As all €
are exponential random variables, it can be shown that the
minimum value of all € will also be an exponential variable
with parameter equal to the sum of all A parameters of con-
tagion processes of different levels.

2.2. EXAMPLE: FARM CONSISTING OF THREE
STRUCTURES

As an illustration, let us consider a farm with three struc-
tures, illustrated by Figure 2, where corresponding dis-
tances between the structures are written on each corre-
sponding segment. Remember that, as the purpose of
ratemaking is to compute the overall premium for that
farm, it will be obtained by adding the premiums for each
structure. For this example, we will suppose that we need
to compute the premium for structure a.
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Fire Origin: Structure b

Fire Origin: Structure ¢

Contagion Level 1 Contagion Level 2

Contagion Level 1 Contagion Level 2
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Figure 3. All contagion processes for a farm with 3 structures

2.2.1 IMPACT OF FIRE CONTAGION

As we want to focus on fire contagion, we first ignore the
situation where a fire begins directly in structure a, because
a fire in structure a would not be due to Contagion.2 Because
we have two other structures to consider for the contagion
modeling, we have to separate the approach into two com-
ponents according to the origin of the fire, namely from
structure b or from structure c.

Figure 3 illustrates all contagion processes that ulti-
mately touch structure a. For example, we can see that,
when the fire originates in structure b, as we have only
J = 3 structures in the farm, J — 1 = 2 contagion levels are
possible:

1. a level 1 contagion, where the fire passes directly
frombtoa

2. alevel 2 contagion, where the fire takes an indirect
path, passing from b to ¢ and then going from c to a

We refine our notation of the Contagion associated with

these two levels as we introduce Ib( 0 and I respectlvely,

where the subscript of each random varlable I represents
the origin of the fire, followed in parenthesis by the path
used by the fire before finally touching structure a (in su-
perscript). In summary, according to this figure, we obtain
the following two probabilities of contagion:

Pr(1l” =1) = Fo(3; Ay =1 — exp(—Al)
Fo(15A7) =1 — exp(-\").
By setting values to all parameters needed, it then becomes

possible to compute the premium for this example. In Table
1, the values of all 8 parameters, all distances, all expected

Pr(Il” = 1) =

fire frequencies (meaning a fire that starts in the structure),
and all expected severities (from direct fire) are shown.’

The resulting values are shown in Table 2, from which we
see that several interesting measures can be defined. First,
the variable E[N )] is defined as the expected total number
of fires, and corresponds to the expected number of times
a structure s will be touched by fire (direct or contagion).
This value is computed as:

E[NW®)] = E[IEIN,] + E[I}”)E[N,) + E[I.”]E[N.].
We can also compute the frequency contagion impact for
structure s, denoted by FCI(s), defined as the ratio be-
tween the expected total number of fires for structure s di-
vided by the expected total number of fires beginning in
structure s. Formally, it corresponds to
E[N®)]

E[N]

For a given structure s, FCI(s) can be interpreted as a mea-
sure of relative risk for fire contagion. From Table 2 we see,
for example, that structure a, which has only a 1% chance
of being the origin of a fire, nevertheless has more than
a 5% probability of being damaged by a fire. This increase
of 542.9% corresponds to the value of FCI(a) and comes
mainly from the proximity of structure a to structure c.
Indeed, the expected number of fires originating in the ¢
structure is 5%, and the a structure has a 63.79% chance of
being hit by such a fire. Moreover, the relative risk of fire
contagion of structure b is only 169.2%, because structure b
is far from both structure a and (mostly) structure c.

Finally, we can compute the expected total incurred loss
by structure, also called the pure premium by structure. As
seen in equation (1), this value is calculated using values

FCI(s) =

2 This event must however be considered in the analysis of the total amount of claims for structure b or ¢, since a fire starting in a could

spread to b or c.

3 Methods of estimating parameters using data will be shown in a later section.
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Table 1. Parameters for the Example

B Parameters Distances Frequency Severity Pure Premium
Bo = 1.00 dap =35 E[N,] =0.01 E[Y,] = 10,000 E[S,] =100
B1 = —0.05 dge =20 E[Ny] = 0.03 E[Y3] = 50,000 E[Sy] = 1500
By = —0.09 dpe = 40 E[N,] = 0.05 E[Y,] = 30,000 E[S.] = 1500
Table 2. Results of the Example
Contagion Probability Frequency Pure Premium
Structure (s) E[I] B[] E[I)] E[N®)] FCI(s) E[SW] PCI(s)
a 100.0% 41.32% 63.79% 5.43% 542.9% 210.73 210.7%
39.32% 100.0% 33.68% 5.08% 169.2% 1759.68 117.3%
c 63.68% 35.98% 100.0% 6.72% 134.3% 1682.72 108.6%
Total 17.23% 191.3% 3653.13 117.8%

of E[Yi(s)], for i € {a, b, c}. In other words, it corresponds
to the expected severity when the fire is direct or when the
fire is from a contagion. Empirical analyses show, as de-
scribed next in Section 3, that the average severity is lower
when fire affects a structure due to contagion. This is not
surprising because the cause of the fire is located outside
the structure, and, as the fire contagion takes some time
to happen, damages resulting from a contagion process can
be mitigated (i.e., by firefighter services). We then suppose
that:

E[Y?] = a(z, s)E[Y,] (4)
with 0 < a(z,s) <1 and a(s,s) = 1. That means the ex-
pected severity from contagion is a proportion of the ex-
pected severity from a direct fire. For the purpose of illus-
tration, we will suppose that a(z,s) = 256% for s # z. We
can then adapt equation (1) as:

E[S®)] = E[I|E|N, }E[Y(‘”]
+E(1,”|E[N, B[]
+E[1Y|EIN.E[Y."”)]
= E[IY|E[N,) (a(a, 5) E[Y,])

+B[1,"|E[Ny] (a(b, 5) EIY))
+BIV B[N (ale, s) EIY)).
For each structure s, and similar to FCI(s), we also intro-
duce the pure premium contagion impact, PC1(s), defined as
E[S©)] E[S¥)]
E[S,]  E[N,E[Y]’
We can see that the inclusion of the severity in the com-
putation of the risk contagion decreases the overall impact
of the contagion. Indeed, analyses of the variable FCI(s)
show that contagion risk only increases the pure premium
by 8% for structure ¢, while the contagion impact for struc-
ture a goes from 542.9% to 210.7% when the severity is con-
sidered.

We have thus far considered each structure individually,
which allows us to compute the total frequency for a given
farm as well as its total pure premium. The expected num-
ber of structures touched by a fire for this farm is 17.23%,

PCI(s) =

for a corresponding FCI equal to 191.3%. We must be care-
ful in interpreting the frequency as it is based on three
structures, meaning that a single fire can impact up to three
structures at the same time. For the pure premium, we ob-
tain a value of 3, 653.13, for a corresponding PCT of 117.8%,
meaning that the contagion risk only increases the pure
premium by 17.8% for the farm, despite the high probability
of fire contagion. Obviously, higher values of «a(z, s) could
significantly increase the impact of fire propagation.

2.2.2. DISTANCES AND LEVELS OF CONTAGION

We can generalize the last example to better understand
how the layout of structures on a farm impacts each level of
contagion. We then suppose a 100 x 100 coordinate plane
where structure a is located at (75, 50) (i.e., the blue dots in
Figures 4-6) and structure b (the red dots) at (25, 50). Next,
we place a third structure ¢ at all possible locations in the
plane to see how it impactsE[N (9]. The values of 8 from
the previous example are kept.

Figure 4 illustrates the probability of level 1 contagion
according to the location of the structure ¢ and the struc-
ture of origin for the fire. We see that the location of the
¢ structure has no influence on the level 1 contagion when
the source of the fire is structure b, which is logical. In addi-
tion, as one might expect, when the origin of the fire is the
structure c, the level 1 contagion is higher when c is located
near structure a.

Figure 5 illustrates the probability of level 2 contagion,
again according to the location of structure c. Unlike level
1 contagion, we notice that the location of structure c
strongly influences level 2 contagion when the origin of the
fire is structure b. The risk is more important when c is be-
tween structure e and structure b, which indeed facilitates
the propagation of a fire starting in b, traveling to structure
¢, and ultimately impacting structure a. Similarly, when the
origin of the fire is structure c, the level 2 contagion risk
will be greater when c is located so that b is between ¢ and
a, which also facilitates contagion.
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Figure 4. Level 1 contagion for structure a (blue dot), depending on the location of structure c (left: origin of the
fire is structure b (red dot), right: origin of the fire is structure c)
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Figure 5. Level 2 contagion for structure a (blue dot), depending on the location of structure c (left: origin of the
fire is structure b (red dot), right: origin of the fire is structure c)

The combination of level 1 and level 2 contagions is il-
lustrated in Figure 6. Depending on the 8 parameters cho-
sen, the importance of level 1 and level 2 contagions on
the total contagion risk will be different. In our example,
we can see that the level 1 contagion is much more im-
portant than the level 2 contagion. Finally, assuming the
same probability that a fire starts in structure b or c
(E[Ny) = E[N,)), the right plane in Figure 6 illustrates the

total contagion risk of structure a depending on the loca-
tion of structure c.

3. EMPIRICAL EXAMPLE AND DATA INFERENCE

We use a subset of data from a Canadian insurance com-
pany to apply the contagion model to farm insurance data
(December 2013 to December 2019). For each insurance
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100 100

100

Figure 6. Total contagion risk for structure a (blue dot), depending on the location of structure c (left: origin of
the fire is structure b (red dot), middle: origin of the fire is structure c, right: both origins combined)

policy, the number of structures on each farm as well as a
detailed description of each structure were available. This
included, for example, its type, usage, year of construction,
size, and so on. For each fire claim, we were able to identify
in which structure the fire originated and the damages to
all structures. Usually, the characteristics of each contract
allowed us to estimate the parameters associated with the
frequency and the severity of a claim. We observed 5,251
claims during this six-year span, including 466 fire claims.

However, this kind of dataset cannot be used directly to
model the contagion processes. Indeed, we do not have the
coordinates of all structures for each farm, nor a J x J dis-
tance matrix showing the distances between all J structures
of a farm. Instead, we took a sample of 39 farms with fire
damages from which detailed analysis was done. On an in-
dividual basis, we identified the physical disposition of all
structures for each farm using the address of the farm and
images from Google Earth. For each claim, we also identi-
fied the structure from which the fire originated, as well as
the structures damaged by the fire. To give two examples,
Figure 7 illustrates structures from two Canadian farms’ se-
lected randomly from Google Earth. To illustrate how we
constructed our database of 39 farms, we show how the fire
information was added to our images. Thus, the letter I
is used to identify the structure of origin, and X indicates
which structures have been damaged by the fire. The pic-
ture on the left of Figure 7 shows fire propagation, while the
picture on the right shows a fire without contagion.

The 39 farms studied had a total of 288 structures, for an
average of 7.38 structures per farm, with a standard devi-
ation of 4.42. The smallest number of structures observed
on the same farm was 2, while the largest number of struc-
tures on a farm was 23. Figure 8 (left) shows a histogram
of the number of structures per farm. On average, for each
farm fire, 1.95 structures were touched (for a standard devi-

ation of 1.45). The minimum number of structures affected
for a single fire was 1, corresponding to a fire exhibiting
no propagation. For 23 of the 39 fires selected, represent-
ing 59% of the fires, we did not observe fire propagation.
Conversely, the maximum number of structures affected for
a single fire was 7. Figure 8 (right) shows the histogram of
the number of structures affected by fire. In relation to the
number of structures on a farm, on average 33% of struc-
tures were damaged when a fire occurred, with a minimum
of 4% (1 structure out of 23), and a maximum of 80% (4 out
of 5 in total).

Figure 9 illustrates how we interpret the layout of a farm.
It shows how easy it is to determine the minimum distance
between the structures. In contrast to the theoretical con-
tagion approach developed earlier, each structure does not
correspond to a point, but rather to a polygon in plane.
However, it becomes simple, as illustrated on the right side
of the same figure, to transform the farm into one summa-
rized by points, where the (minimum) distances between
structures (d;,7 = 1,...,6) are kept. Although it is impor-
tant to remember the difference in the diagram of a farm
made up of points vs. polygons, we believe that the theo-
retical approach correctly approximates the situation.

3.1. INFERENCE

Even with data that included distances between structures,
the estimation of the parameters of the contagion model
remains a procedure which requires a good understanding
of the competing contagion processes. The contagion
processes, which follow an exponential distribution, have a
parameter which depends on the level of contagion and the
distances between the structures, as indicated by equation
3).

When we observe a fire on a farm, whether there is con-
tagion or not, several contagion processes are observed and

4 These farms are not necessarily insured by the insurer that is the source of the farm insurance data.
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Figure 7. Example of farms with fictive fire damages. Left: with fire contagion, Right: without fire contagion (:
corresponds to fire origin, X corresponds to damaged structures)
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Figure 9. Farm Example

are often in competition. Other processes are simply not
activated at all and are therefore not observed. To better
understand the difference between the contagion processes

observed and those that are not observed, a simple example
is made from a farm with four structures. We will assume:

 the origin of the fire is structure 2;

» structures 1 and 3 are affected by the fire (we don’t
know in what order); and

» structure 4 is spared and is not affected by the fire.

With this information, it becomes easier to identify
processes that are not activated (in other words, unob-
served). Indeed, with structure 2 being the origin of the fire,
all the contagion processes beginning with structures 1, 3,
or 4 are not activated. On the other hand, all the conta-
gion processes starting with structure 2 will be observed,
and some will even be competing with each other.
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Figure 10. Illustration of the 15 contagion processes observed for a farm having 4 structures

Among the observed processes, we will be able to de-
termine which processes are possible and which are im-
possible. With four structures, we observe 15 potential
processes, shown in Figure 10. Each column of the table in
this figure represents which structure is analyzed: column
1 considers what happens to structure 1, column 2 consid-
ers what happens to structure 3, and column 3 considers
what happens to structure 4. Only the processes in green,
numbered 1 and 2 (for the analysis of structure 1), or 6 and
7 (for the analysis of structure 3) are possible. The other
processes cannot have taken place since they involve con-
tagion to structure 4, which we know was spared.

Such an enumeration of all the processes observed, by
identifying the impossible processes and those in compe-
tition, must be made for all the fires recorded, assuming a
maximum number of levels of contagion. Indeed, knowing
that we have observed a farm with 23 structures, the num-
ber of possible contagion processes in such a situation is of
the order of 23! which greatly exceeds computing resources.
Thus, in our case, we have limited the number of possible
contagions to four (i.e., level 3 contagion). This implies that
a fire can only affect a maximum of two other structures
before spreading to the structure under study. We consider
this hypothesis to be in no way restrictive because level 1
and level 2 contagions are still possible. With the 39 fires
studied, we obtain a database listing 25,907 possible conta-
gion processes.

In connection with the modeling proposed earlier and
equation (2), an impossible contagion process necessarily
implies that its associated e r.v. is greater than 1. On the
other hand, it is important to remember that a possible
process does not necessarily imply that its associated e
r.v. is less than 1. Indeed, as described earlier, contagion
processes are in competition. When we examine structure

1, processes 1 and 2 are in competition, and processes 6 and
7 are in competition when we examine structure 3. Tables
3 and 4 summarize how the impossible processes and com-
peting processes can be represented by the previous exam-
ple. The associated probability, in relation to the log-likeli-
hood (yet to computed), is also indicated in the tables.

3.1.1. LOG-LIKELIHOOD

Regarding the database with 39 farm fires, among the
25,907 contagion processes listed, 25,618 processes are
considered impossible. Using the distances and equation
(3), it is therefore possible to calculate the value of the X of
each impossible process, and to calculate the contribution

to the log-likelihood:
25,618 25,618

6= Z log(Pr(e; > 1)) = Z 11—\
=1 i=1

This leaves only 289 possible processes, which often com-
pete with each other. By also using distances between
structures and equation (3), we need to calculate the value
of X for each process. Because processes are in competition,
the distribution of the minimum must be found, corre-
sponding to an exponential distribution with a parameter
equal to the sum of A\. When we account for the 289 possible
processes, we obtain 37 competitions between processes.
The contribution to the log-likelihood of the model for
these observations can now be calculated and is expressed
as:

37 37
tr = log(Pr(e; < 1)) = > _log(1 — exp(1 — \))

where ); corresponds to the sum of X\ from possible
processes. For the model, we then obtain the following log-
likelihood:
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Table 3. Probabilities associated with the observed processes: impossible processes

# Process A Probability (I = 0) # Process A Probability (I = 0)
3 A3 eXP(*)\s) 10 Ao eXP(*)\lo)
4 A4 exp(—A4) 11 A1 exp(—A11)
5 )\5 exp(—)\5) 12 )\12 exp(—)\lg)
8 )\8 eXp(—)\s) 13 )\13 eXp(—Alg)
9 )\g eXp(*)\g) 14 A14 exp(f)\14)
15 Ais exp(—A1s)
Table 4. Probabilities associated with the observed processes: processes in competition
# Process A # Process A Probability (I = 1)
1 A1 2 A2 1 —exp(—(A1 + A2))
6 X6 7 A 1 — exp(—(Xg + A7)
Table 5. Estimation results
Linear Logarithmic Square root
Parameter Est. (s.e) Est. (s.e) Est. (s.e)
Bo -0.0396 (0.2625) 1.0389 (0.2973) 0.8184 (0.2879)
51 -0.1323 (0.0288) -0.8591 (0.1237) -0.4964 (0.0804)
Bs -0.0977 (0.0244) -83.4250 (103.1140) -8.6023 (8.7921)
B3 -48.0926 (100.4818) -227.8673 (1899.7283) -24.2324 (137.3874)
Loglikelihood -94.1097 -85.5895 -84.7147
L=1L1 + L. Figure 11. We see a similarity between the logarithmic and

Maximizing the log-likelihood will thus allow to obtain es-
timates of all model parameters.

3.1.2. ESTIMATION RESULTS

We have thus estimated the parameters of the proposed
model. We have tested some model formulas for A\, more
specifically the following possibilities:

N = exp(Bg" + By"d1 + B5"d + B5"d3)

N9 = exp(By? + By log(d1) + By log(da) + B log(ds))

N = exp(85T + BV + BB + BT d)

where d3 is missing for a level 2 contagion, and d», d3 are
missing for a level 1 contagion. The result of the parame-
ter estimation is shown in Table 5. We see that the model
based on the logarithm of distances and the one based on
the square root of distances seem to be more adequate than
the linear model. The difference in the quality of the fit, re-
lated to the log-likelihood, is small between the log model
and the square-root model. The standard deviation of the
parameters shows that only level 1 contagions are statisti-
cally significant. With 39 fires, most of them without conta-
gion, it is not surprising to obtain such a result. It would be
interesting to amend the current dataset to obtain further
results.

The relationship between the probability of contagion
and the distance, for a level 1 contagion, is illustrated in

square-root models, whereas the linear approach is differ-
ent. As opposed to Pesic et al. (2017), previously cited, the
model seems to show that fire contagion is possible be-
tween structures which are more than 10, 25, or even 50
meters apart. This conclusion, even if it is in opposition to
the results of Pesic and colleagues, is not surprising, be-
cause we already saw in our portfolio that fire contagion
between structures located relatively far from each other is
possible.

3.2. EXAMPLES

The proposed model makes it easy to estimate the risk
of contagion for each structure on a farm, by considering
the different possible levels of contagion and the distances
from other structures. By setting values for
E[N;|,j=1,...,J, the expected number of fires which be-
gin in structure j, as well as E[Yj(s)], the expected severity
to structure s when the fire originates from structure j, we
will be able to compute a premium for each structure of the
farm, and for the farm as a whole. In order to illustrate the
model presented in this paper, we will take nine farms as
examples, all illustrated in Figure 12. We must, however, be
careful in analyzing this figure since the diagrams are not
all at the same scale. Using those diagrams, we will show
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Figure 12. Diagram of farms #1 to #9

how the proposed model determines the contagion proba-
bilities for each structure.

3.2.1. CONTAGION PROBABILITIES

Farm #1 is the simplest farm to use to illustrate the model,
as it has only five structures. For this farm, Figure 13 il-
lustrates how the model computes contagion probabilities,
with the square root of distances between structures as
predictors, where the estimated parameters used are from
Table 5. For each of these farms, each of the structures were
evaluated, where the chosen structure appears in gray. The
colors of the other structures correspond to the probability
of the contagion. If we take the upper left diagram of Fig-
ure 13 for example, we can see that if a fire originates from
the structure in yellow, there is more than a 30% chance of
it spreading to the gray structure. On the opposite, if the

structure of origin is the structure in blue, there is almost
no chance that the structure in gray will be damaged (for
any contagion level). A similar illustration of probabilities
has been done for farm #2, in Figure 14.

For each structure on the farm, we must then evaluate
the risk of fire based on the possibilities that a fire can start
in any structure. For any farm, we define the total risk as a
function that has as its arguments all of the structures on a
farm (not only the first four structures, as in the example).

3.2.2. IMPACT OF CONTAGION AND PREMIUMS

It should be noted that the proposed model, as we indicated
at the beginning of this paper, mainly focuses on contagion.
Thus we can see for farm #2, in the lower right square of
Figure 14, that the largest structure on the farm is highly at
risk (> 50%) of being damaged by a fire that impacts one of
the two adjacent silos. If we only consider contagion, this
structure could be considered risky, compared to a simi-
lar structure that is isolated from those silos. However, to
fully understand its level of risk, we should also consider
the probability that a fire starts in a silo. Indeed, knowing
that a fire starting in a silo is a rare event compared to a
fire starting in an animal barn, the risk thus becomes much
lower.

To illustrate in a somewhat more realistic way how we
can use the contagion model, we have made the following
additional assumptions:

1. Nj, the number of fires that start in structure j (by
year), is proportional to the size of the structure.
Formally, we have E[N;] « area of the structure in
m?2/1000.

2. As defined in equation (4}), we will suppose that
E[Y;] =1 and « = 0.25. That means the severity of
a direct fire is equal to 1, while the severity of a fire
from contagion is equal to 0.25.

We do not have enough data to formally verify those as-
sumptions. However, based on our discussions with claims
adjusters and experts, they seem plausible. In any case,
they are only used here to explain how the contagion model
could potentially be used.

We are now able to compute the impact of fire contagion
on frequency by structure through FCI(s). Based on equa-
tion (1), we are now able to compute the premium

J
E[$9] = EINJEY, "] +a Y EINJEY")],
k=1k#a
from which the premium contagion impact of each struc-
ture (PCI(s)) can also be computed. We use farms #1, #4,
and #6 to illustrate the situation. The left part of Figure 15
shows the premium of each structure without considering
the fire contagion, while the right part shows the premium
contagion impact for each structure. For farm #1, in the left
part of that figure, we see that the largest structure has a
higher premium when we do not consider contagion. This
was expected because the structure is large, and we create
the model by supposing that E[N;] is proportional to its
size. To the right we see, however, that considering the fire
contagion for that structure increases the level of risk by
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Figure 14. Diagram of a farm: probability of contagion according to the evaluated structure (in grey) - Farm #2

only 7%. On the other hand, the smallest structure of that
farm is at risk for fire contagion. Because it is located near
the largest structure, its probability of being damaged by a
fire increases by 45%.

Farm #4 is interesting to analyze because it has a lot of
small structures. We see from the second line of diagrams
in Figure 15 that the presence of those small structures
near the larger one only generates a PCT of 103% for this

large structure. On the opposite, small structures are al-
ways greatly impacted when they are close to a large struc-
ture. Based on our assumptions, premiums for those struc-
tures of that farm should be doubled. Finally, farm #6 can
be analyzed similarly. This farm has four structures, all far
from each other. The risk of fire propagation is then low.
This can be observed from the resulting PCT for each struc-
ture, where the largest value is 110% for the smallest struc-
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Figure 15. Left: Premium for each structure without contagion, Right: Premium contagion impact of each
structure (First line: farm # 1, second line: farm #4 , third line: farm #6)

ture of the farm. Note that, even if not illustrated here,
more extreme situations can arise. For example, premiums
for silos near the largest structure of farm #2 are 10 times
larger when we consider fire contagion.

As done previously in Section 2.2.1, by summing the pre-
miums of all structures for a farm, we can also compute
the total premium associated with the fire peril, as well as
the premium contagion impact of the farm. Table 6 shows
the details for all nine farms. We can see the total number
of structures for each farm, the sum of losses from direct
fire (Zle E[S;]), and the sum of losses when fire contagion
is considered. The last column, PCI (pure premium con-
tagion index), represents the ratio of the two last values
and is a measure of the risk of fire contagion. We can see
that farm #2 is the riskiest, because the consideration of fire
contagion increases its premium by 54.6%. Figure 12 can
explain this result, because it shows us that this farm has
a lot of adjacent structures, and large structures are some-
times close to each other. For the same reason, farms #5

Variance

and #8 are also very risky. Farms #6 and #9, on the other
hand, only need an increase of 6.7% and 5.4% if the insurer
wants to consider fire contagion. This is not surprising be-
cause those farms have a small number of structures, and
they are far from each other. Overall, by comparing the re-
sults of this table with all the farm diagrams of Figure 12,
results obtained are logic and coherent.

4. DISCUSSIONS: FUTURE IMPROVEMENTS

4.1. DEPENDENCE AND COMMON CONTAGION
PROCESSES

The theoretical model developed, although giving very sat-
isfactory results and being very flexible, is obviously not
perfect. The approach allows a fire frequency and a pre-
mium to be calculated, but it is not easy to determine the
overall dependence between the fire damages of structures.
Indeed, the modeling is done independently for each struc-
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Table 6. Premiums by farm
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Farm # # Structures Zle E[S,] Zle E[S©)) PCI

1 5 2.269 2.550 112.3%
2 23 6.000 9.279 154.6 %
3 11 3.173 4214 132.8%
4 11 1.545 1.929 1249 %
5 18 8.979 13.424 149.5%
6 1.562 1.665 106.7 %
7 7 1.374 1.692 123.1%
8 15 4.959 7.322 147.7 %
9 3 0.742 0.782 105.4 %

ture. That means all contagion processes associated with

one structure are independent of the contagion processes

of another structure.

For example, let us take all 15 processes of Figure 10. A B

Processes 1 and 2 are competing processes when evaluating

structure 1, and processes 6 and 7 are competing structures

when evaluating structure 3. However, these two compet- / \

itive pairs of processes should not be described indepen-

dently of each other. Indeed, there is a clear dependence C

between them: only combinations of processes 1 and 7

(when we suppose that the path of the contagion between
structures is 2 — 1 — 3) or 2 and 6 (when we suppose the
pathis 2 —+ 3 — 1) are possible. For the computation of the
premium, based on the expected value here, the approach
proposed in the paper is still correct. However, if we want
to assess the overall risk distribution of a farm by consid-
ering the risk distribution of all structures simultaneously,
improvements must be made. Further research is underway
to see how it might be possible to generalize the approach
developed here.

4.2. BLOCKED CONTAGIONS

There are some farms where the approximation of a poly-
gon by a point is not entirely realistic. For example, struc-
ture D in Figure 16, which can represent a silo, is isolated
from a level 1 contagion for fires starting in structures A or
B. In fact, only a level 2 or level 3 contagion, affecting at
least structure C, is a risk for structure D. To be more pre-
cise in the analysis of contagion, it would probably be nec-
essary to eliminate the direct contagions between A and D
and between B and D, in the statistical inference of the pa-
rameters and in the pricing. In this case, these limitations
would generate the following consequences:

1. No level 1 contagion between the couples (4, D),
(B, D)
2. No level 2 contagion for the paths (4, B,D),
(B,A,D), (C,B,D), (C,A,D)
3. No level 3 contagion for the paths (C,A,B,D),
(C,B, A, D)
It would probably be possible to manually identify all
the levels of contagions that are impossible. However, this
task is very labor intensive. Instead, it would probably be

N
>/

Figure 16. Diagram of a farm where some structures
block potential contagion between other structures

better to see if computer tools are already available that
can carry out such a task automatically. Considering the 39
farms chosen, however, we see that the cases of contagion
that should be canceled are rare, and probably not very im-
portant. Indeed, many of the contagion paths that needed
to be blocked are due to structures that are already great
distances apart, meaning that the probability of contagion
was already close to zero. Moreover, as we are observing
farm layouts in two dimensions, the height of each struc-
ture is not considered. For example, silo D of Figure 16 may
seem to be blocked from level 1 contagion from structure A
and B, but the contagion may still be possible when height
is considered. Overall, even if some improvements can be
done for blocked contagion, we believe that the suggested
approach remains realistic.

5. CONCLUSION

The proposed approach has to be seen as a first step in
modeling fire contagion between structures. We use an ex-
ample in farm insurance. We show how images from Google
Earth can be useful in modeling fire contagion. The intro-
duction of exponential contagion processes, inducing com-
petition between processes, is an idea that allowed us to
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easily model all contagion levels. This also allowed us to
correctly estimate the parameters of the model, making an
appropriate selection of unobserved processes. Ultimately,
we can also determine the processes that indicate a fire
propagation and those that do not. With any matrix of dis-
tances between structures, it is possible to easily calculate
a premium for each structure on the farm, as well as an
overall premium for the farm. The model also allows us to
compute contagion factors that permit the insurer to iden-
tify which structures are (relatively) riskier. Its computa-
tion speed and its ease of interpretation ensure the sim-
ple application of this approach (provided distance matrices
are available). In the last section of the article, future im-
provements have been proposed to generalize the proposed
model. Application with larger datasets could be interest-
ing but would probably involve other kinds of problems, as
only 39 farms with fires involve almost 26,000 contagion

processes. Simulation studies to analyze the loss distribu-
tion of the whole portfolio might also be interesting.
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