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Compositional data are multivariate observations that carry only relative information 
between components. Applying standard multivariate statistical methodology directly to 
analyze compositional data can lead to paradoxes and misinterpretations. Compositional 
data also frequently appear in insurance, especially with telematics information. 
However, such type of data does not receive deserved special treatment in most existing 
actuarial literature. In this paper, we explore and investigate the use of exponential 
family principal component analysis (EPCA) to analyze compositional data in insurance. 
The method is applied to analyze a dataset obtained from the U.S. Mine Safety and 
Health Administration. The numerical results show that EPCA is able to produce 
principal components that are significant predictors and improve the prediction accuracy 
of the regression model. The EPCA method provides a promising useful and flexible tool 
for actuaries to analyze compositional data. 
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1. INTRODUCTION 

Compositional data describe parts of some whole and are 
commonly presented as vectors of proportions, percent
ages, concentrations, or frequencies. The sums of these 
vectors are constrained to be some fixed constant (e.g., 
100%) but can be presented in other forms. Due to such 
constraints, compositional data possess the following prop
erties (Pawlowsky-Glahn, Egozcue, and Tolosana-Delgado 
2015): 

Scale invariance.  They carry relative rather than ab
solute information. In other words, the information does 
not depend on the particular units used to express the com
positional data. 

Permutation invariance.  Permutation of components 
of a compositional vector does not change the information 
contained in the compositional vector. 

Subcomposition coherence.  Information conveyed by 
a compositional vector of  components should not con

tradict that coming from a subcomposition containing 
 components of the original  components. 

These properties are important for understanding the 
consequences that can make the application of conven
tional statistical methods restrictive and invalid for compo
sitional data. 

Consider the case that such data are multivariate ob
servations that carry relative information between compo
nents. Applying standard statistical methodology designed 
for unconstrained data directly to analyze such composi
tional features can affect inference leading to paradoxes 
and misinterpretations. Table 1 shows an example of Simp
son’s paradox (Pawlowsky-Glahn, Egozcue, and Tolosana-
Delgado 2015). Table 1(a) shows the number of students in 
two classrooms who arrive on time and are late, classified 
by gender. Table 1(b) shows the corresponding proportions 
of students arriving on time or being late. Table 1(c) shows 
the aggregated number of students from the two class
rooms who arrive on time and are late. The corresponding 
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Table 1. An example of Simpson’s paradox.      

proportions are shown in Table 1(d). From Table 1(b), we 
see that the proportion of female students arriving on time 
is greater than that of male students in both classrooms. 
However, Table 1(d) shows the opposite result: the propor
tion of male students arriving on time is greater than that 
of female students. The Simpson’s paradox tells us that we 
need to be careful about inferring from compositional data. 
The conclusions made from a population may not be true 
for subpopulations and vice versa. 

Our motivation for studying compositional data regres
sion in insurance comes from the fact that there has been 
a recent explosion of telematics data analysis in insurance 
(Verbelen, Antonio, and Claeskens 2018; Guillen et al. 
2019; Pesantez-Narvaez, Guillen, and Alcañiz 2019; Denuit, 
Guillen, and Trufin 2019; Guillen et al. 2020; So, Boucher, 
and Valdez 2021. In telematics data, we typically observe 
total mileage traveled by an insured during the year and 
mileage traveled in different conditions such as at night, 
over speed, or in urban areas. The distances traveled in dif
ferent conditions are examples of compositional data. How
ever, compositional data do not receive special treatment 
in some existing actuarial literature. For example, Guillen 
et al. (2019) and Denuit, Guillen, and Trufin (2019) selected 
some percentages of distances traveled in different condi
tions and treated them as ordinary explanatory variables. 
Pesantez-Narvaez, Guillen, and Alcañiz (2019) treated 
compositional predictors as ordinary explanatory variables 
in their study of using XGBoost and logistic regression to 
predict motor insurance claims with telematics data. 
Guillen et al. (2020) also treated compositional predictors 
as ordinary explanatory variables in their negative binomial 
regression models. Verbelen, Antonio, and Claeskens 
(2018) used compositional data in generalized additive 
models and proposed a conditioning and a projection ap
proach to handle structural zeros in components of compo
sitional predictors; this is one of the few studies in insur

ance that considers handling compositional data. However, 
the study does not consider dimension-reduction tech
niques for compositional data in its regression models. 
Other areas of actuarial science in which compositional 
techniques previously have been used include capital al
location problems (see Belles-Sampera, Guillen, and San
tolino 2016; Boonen, Guillen, and Santolino 2019) and 
mortality forecasting (see Kjærgaard et al. 2019). 

Compositional data analysis dates back to the end of the 
nineteenth century when Karl Pearson published an arti
cle about spurious correlations (Pearson 1897). The clas
sical method for dealing with compositional data is the 
logratio transformation method, which preserves the afore
mentioned properties. As pointed out by Atchison (2003), 
the logratio transformations cannot be applied to compo
sitional data with zeros. In insurance data (e.g., telematics 
data), components of compositional vectors with zeros can 
be quite common. This sparsity imposes additional chal
lenges to analyze compositional data in insurance. For 
more information about compositional data analysis, read
ers are referred to Aitchison and Egozcue (2005); 
Pawlowsky-Glahn and Buccianti (2011); and Pawlowsky-
Glahn, Egozcue, and Tolosana-Delgado (2015). 

In this article, we investigate regression modeling of 
compositional variables (i.e., covariates) by using the ex
ponential family principal component analysis (EPCA) to 
learn low-dimensional representations of compositional 
data. Such representations of the compositional predictors 
extend the classical principal component analysis (PCA) 
as well as its probabilistic extension via probabilistic PCA, 
both of which are special cases of EPCA. See Tipping and 
Bishop (1999). The contributions of this article are summa
rized as follows: 

• It brings the issues of compositional data to actuar
ies’ attention and provides a framework for incorpo
rating compositional data in actuarial models. 
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The remaining part of the paper is organized as follows. 
In Section 2, we present four negative binomial regression 
models for fitting the data. In Section 3, we provide numer
ical results of applying the proposed regression models to 
a mine injury dataset. In Section 4, we conclude the paper 
with some remarks. 

2. METHODS AND MODELS 

In this section, we present the models for the compositional 
data described in the previous section. In particular, we first 
present the logratio transformation in detail. Then we pre
sent a dimension-reduction technique for compositional 
data. Finally, we present regression models with composi
tional covariates. 

2.1. METHODS FOR COMPOSITIONAL DATA ANALYSIS 

The classical method for dealing with compositional data 
is the logratio transformation method, which preserves the 
aforementioned properties. Let  be a com
positional data set with  compositional vectors. These 
vectors are assumed to be contained in the simplex 

where  is a constant, usually 1. The superscript  in 
 does not denote the dimensionality of the simplex as the 

dimensionality of the simplex is . 
The logratio transformation method transforms the data 

from the simplex to the real Euclidean space. There are 
three common types of logratio transformations (Aitchison 
1994): centered logratio transformation (CLR), additive lo
gratio transformation (ALR), and isometric logratio trans
formation (ILR). CLR scales each compositional vector by 
its geometric mean; ALR applies logratio between a compo
nent and a reference component; and ILR uses an orthogo
nal coordinate system in the simplex. 

Let  be a column vector (i.e., a  vector). CLR is de
fined as 

where  is the geometric mean of  and 
 is a  matrix. Here  is a  iden

tity matrix and  is a  vector of ones, i.e., 

ALR is defined similarly. Suppose that the th component 
of compositional vectors is selected as the reference com
ponent. Then ALR is defined as 

where  is the th component of  and  is a 
matrix given by 

ILR involves an orthogonal coordinate system in the sim
plex and is defined as 

where  is a  matrix that satisfies the following 
conditions: 

The matrix  is called the contrast matrix (Pawlowsky-
Glahn, Egozcue, and Tolosana-Delgado 2015). CLR and ILR 
have the following relationship: 

Further, we have 

All three logratio transformation methods are equivalent 
up to linear transformations. ALR does not preserve dis
tances. The CLR method preserves distances but can lead to 
singular covariance matrices. The ILR method avoids these 
drawbacks. 

These logratio transformation methods provide one-to-
one mappings between the real Euclidean space and the 
simplex and allow transforming back to the simplex from 
the Euclidean space without loss of information. The re
verse operation of CLR, for example, is given by 

where  is the transformation of  under the CLR 
method. The reverse operation of ILR is given by 

where  is defined in Equation (4). 

2.2. PCA FOR COMPOSITIONAL DATA 

In this subsection, we introduce some dimension-reduction 
methods for compositional data. In particular, we introduce 
the traditional PCA and the EPCA for compositional data in 
details. The EPCA methodology has recently been shown to 

• It presents a detailed case study of compositional 
data analysis in the insurance context. 

• It produces R code that can be used by practitioners 
and researchers to replicate the analysis and in their 
future work. 
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Table 2. Examples of some convex functions and the        
corresponding Bregman divergences.    

transform compositional data to uncover meaningful struc
tures (Avalos et al. 2018). 

The EPCA method is a generalized PCA method for dis
tributions from the exponential family that was proposed 
and formulated by Collins, Dasgupta, and Schapire (2002) 
based on the same ideas of generalized linear models. To 
describe the traditional PCA and the EPCA methods, let us 
first introduce the -PCA method because both the tradi
tional PCA and the EPCA methods can be derived from the 
-PCA method. 
We consider a data set , consisting of 

 numerical vectors, each of which consists of  compo
nents. For notation purpose, we assume all vectors are col
umn vectors and  is a  matrix. 

Let  be a convex and differentiable function. 
Then the -PCA aims to find matrices  and 

 with  that minimize the following loss 
function: 

where  is the th column of  and  denotes the Breg
man divergence: 

Here  denotes the vector differential operator. A Bregman 
divergence can be thought of as a general distance. Table 
2} gives two examples of convex functions and the corre
sponding Bregman divergences. 

For an exponential family distribution, the conditional 
probability of a value  given a parameter value  has the 
following form: 

where  is a function of  only,  is the natural para
meter of the distribution, and  is a function of  that 
ensures that  is a density function. The negative log-
likelihood function of the exponential family can be ex
pressed through a Bregman divergence. To see this, let  be 
a function defined by 

where  is the derivative of . From the above 
definition, we can show that , where 

. Hence, 

which shows that the negative log-likelihood can be written 
as a Bregman distance plus two terms that are constant 
with respect to . As a result, minimizing the negative log-
likelihood function with respect to  is equivalent to mini
mizing the Bregman divergence. 

The EPCA method aims to find matrices  and 
 with  that maximize the following loss 

function: 

where 

or 

In other words, the EPCA method seeks to find a lower di
mensional subspace of parameter space to approximate the 
original data. The matrix  contains  basis vectors of , 
and  is represented as a linear combi
nation of the basis vectors. The traditional PCA is a special 
case of EPCA when the normal distribution is appropriate 
for the data. In this case, . 

To apply the traditional PCA to compositional data, we 
first need to transform them from the simplex into the real 
Euclidean space by using a logratio transformation method 
(e.g., the CLR method). When the compositional data are 
transformed by the CLR method, the traditional PCA has 
the following loss function: 

where  is the CLR-
transformed data. 

Avalos et al. (2018) proposed the following EPCA method 
for compositional data: 

where  is the Bregman divergence corresponding 
to the  function. With this setup, we employ an opti
mization procedure to find  and  such that the loss func
tion is minimized. 

2.3. REGRESSION WITH COMPOSITIONAL COVARIATES 

Compositional data in regression models are a set of pre
dictor variables that describes parts of some whole and is 
commonly presented as vectors of proportions, percent
ages, concentrations, or frequencies. 

Pawlowsky-Glahn, Egozcue, and Tolosana-Delgado 
(2015) presented a linear regression model with composi
tional covariates. The linear regression model is formulated 
as follows: 

where  is a real intercept and  is the Aitchison inner 
product defined by 
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Here  denotes the geometric mean. The sum of squared 
errors is given by 

which suggests that the actual fitting can be done using 
the ILR-transformed coordinates, that is, a linear regres
sion can be simply fitted to the response as a linear func
tion of . CLR should not be used because it requires 
the generalized inversion of singular matrices. 

Since the response variable of the mine data set is a 
count variable, it is not suitable to use linear regression 
models. Instead, we will use generalized linear models to 
model the count variable. Common generalized linear mod
els for count data include Poisson regression models and 
negative binomial models (Frees 2009). Poisson models are 
simple but restrictive as the Poisson distribution has only 
one parameter. The negative binomial distribution has two 
parameters. In this study, we use negative binomial models 
as they provide more flexibility than do Poisson models. 

Let , , ,  denote the predictors from  observa
tions. The predictors can be selected in different ways. For 
example, the predictors can be the ILR-transformed data 
or the principal components produced by a dimension-re
duction method such as the traditional PCA and the EPCA 
methods. For , let  be the response corre
sponding to . In a negative binomial regression model, we 
assume that the response variable follows a negative bino
mial distribution: 

where  and  are parameters and  denotes 
the gamma function. The mean and the variance of a vari
able  are given by 

To incorporate covariates in a negative binomial regression 
model, we let the parameter  vary by observation. In par
ticular, we incorporate the covariates as follows: 

where  and  are parameters to be estimated and  is 
the exposure. For the mine data set, we use the variable 
AVG_EMP_TOTAL as the exposure. This is similar to modeling 
the number of claims in a Property and Casualty data set 
where the time to maturity of an auto insurance policy is 
used as the exposure (Frees 2009; Gan and Valdez 2018). 
The method of maximum likelihood can be used to estimate 
the parameters. 

In this study, we compare four negative binomial mod
els. Table 3 describes the covariates of the four models. In 
the first model, we use the original compositional compo
nents as the covariates. Since the sum of the compositional 
components is equal to 1, we exclude the first component in 
the regression model to avoid overparameterization. In the 
second model, we use the compositional components trans
formed by the ILR method that is defined in Equation (3). In 

Table 3. Description of negative binomial regression      
models for the mine dataset.      

Model Covariates 

NB 
TYPE_OF_MINE and the original compositional 
components 

NBILR 
TYPE_OF_MINE and the ILR-transformed 
compositional components 

NBPCA 
TYPE_OF_MINE and principal components from 
the traditional PCA method 

NBEPCA 
TYPE_OF_MINE and principal components from 
the EPCA method 

the third model, we use the first few principal components 
obtained from the traditional PCA method that is defined 
in Equation (10). In the fourth model, we use the first few 
principal components obtained from the EPCA method that 
is defined in Equation (11). 

2.4. VALIDATION MEASURE 

To measure the accuracy of regression models for count 
variables, it is common to use Pearson’s chi-square statis
tic, which is defined as 

where  is the observed number of mines that have  in
juries,  is the predicted number of mines that have  in
juries, and  is the maximum number of injuries consid
ered over all mines. Between two models, we prefer the 
model with a lower chi-square statistic. 

The observed number of mines that have  injuries is ob
tained by 

where  is an indicator function. The predicted number of 
mines that have  injuries is calculated as follows: 

where  and  are estimated values of the parameters. 
From Figure 2, we see that the maximum observed num

ber of injuries is 86. To calculate the validation measure, we 
use , that is, we use the first 100 terms of s and 

s. The remaining terms are too close to zero and will be 
ignored. 

In addition to the chi-square statistic, we compare the 
average observed number of injuries and the predicted 
number of injuries. To do that, we use the following mean 
prediction error: 

where  is the number of observations,  denotes the ob
served number of injuries in the th mine, and  denotes 
the predicted number of injuries in the th mine. Between 
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Figure 2. A frequency distribution of the response       
variable.  

two models, we prefer the model with a lower absolute 
value of the mean prediction error. 

3. DATA ANALYSIS 

In this section, we demonstrate the performance of the 
models described in the previous section to a mine injury 
data set obtained from the Internet. Although our research 
was motivated by telematics data, we do not have access to 
real telematics data. As a result, we use this mine injury 
data set to showcase the application of compositional data 
analysis in actuarial science and insurance. 

3.1. DESCRIPTION OF THE DATA 

We use a data set from the U.S. Mine Safety and Health 
Administration from 2013 to 2016. The data set was used 
in the Predictive Analytics exam administered by the Soci
ety of Actuaries in December 2018.1 This data set contains 
53,746 observations described by 20 variables, including 
compositional variables. Table 4 shows the 20 variables and 
their descriptions. Among the 20 variables, 10 of them (i.e., 
the proportion of employee hours in different categories) 
are compositional components. 

In our study, we ignore the following variables: YEAR, 
US_STATE, COMMODITY, PRIMARY, SEAM_HEIGHT, MINE_STATUS, and 
EMP_HRS_TOTAL. We do not use YEAR in our regression models 
as we do not study the temporal effect of the data. However, 
we use YEAR to split the data into a training set and a test 
set. The variables COMMODITY, PRIMARY, and SEAM_HEIGHT are 
related to the variable TYPE_OF_MINE, which we will use in 
our models. The variable EMP_HRS_TOTAL is highly correlated 
to the variable AVG_EMP_TOTAL, with a correlation coefficient 
of 0.9942. We use only one of them in our models. 

Table 5 shows summary statistics of the categorical vari
able TYPE_OF_MINE. We also show the number of observations 
in different years. From the table, we see that there are ap

Table 4. Description of the 20 variables of the mine         
dataset.  

Variable Description 

YEAR Calendar year of experience 

US_STATE U.S. state where mine is located 

COMMODITY Class of commodity mined 

PRIMARY Primary commodity mined 

SEAM_HEIGHT Coal seam height in inches (coal 
mines only) 

TYPE_OF_MINE Type of mine 

MINE_STATUS Status of operation of mine 

AVG_EMP_TOTAL Average number of employees 

EMP_HRS_TOTAL Total number of employee hours 

PCT_HRS_UNDERGROUND Proportion of employee hours in 
underground operations 

PCT_HRS_SURFACE 
Proportion of employee hours at 
surface operations of 
underground mine 

PCT_HRS_STRIP Proportion of employee hours at 
strip mine 

PCT_HRS_AUGER Proportion of employee hours in 
auger mining 

PCT_HRS_CULM_BANK Proportion of employee hours in 
culm bank operations 

PCT_HRS_DREDGE Proportion of employee hours in 
dredge operations 

PCT_HRS_OTHER_SURFACE Proportion of employee hours in 
other surface mining operations 

PCT_HRS_SHOP_YARD Proportion of employee hours in 
independent shops and yards 

PCT_HRS_MILL_PREP Proportion of employee hours in 
mills or prep plants 

PCT_HRS_OFFICE Proportion of employee hours in 
offices 

NUM_INJURIES Total number of accidents 
reported 

proximately the same number of observations from differ
ent years and that most mines are sand and gravel as well 
as surface mines. 

Table 6 shows some summary statistics of the numerical 
variables. From the table, we see that the average number 
of employee ranges from 1 to 3115. The compositional com
ponents are those variables that start with PCT; each com
ponent refers to the proportion of employee hours spent 
in various types or methods of mining work such as strip
ping and auger mining. In the data, all compositional com
ponents contain zeros. In additional, most compositional 
components are skewed as the 3rd quantiles are zero. Table 
7 shows the percentages of zeros of the compositional vari
ables. From the table, we see that most values of many 
compositional variables are just zeros. 

The data set is available at https://www.soa.org/globalassets/assets/files/edu/2018/2018-12-exam-pa-data-file.zip. 1 
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Table 5. Summary of categorical variables.     

YEAR Number of observations TYPE_OF_MINE Number of observations 

2013 13,759 Mill 2,578 

2014 13,604 Sand and gravel 25,414 

2015 13,294 Surface 23,091 

2016 13,089 Underground 2,663 

Table 6. Summary of numerical variables.     

Variable Min 1st Q Median Mean 3rd Q Max 

AVG_EMP_TOTAL 1 3 5 17.8419 12 3,115 

PCT_HRS_UNDERGROUND 0 0 0 0.0345 0 1 

PCT_HRS_SURFACE 0 0 0 0.0087 0 1 

PCT_HRS_STRIP 0 0.3299 0.8887 0.6801 1 1 

PCT_HRS_AUGER 0 0 0 0.0046 0 1 

PCT_HRS_CULM_BANK 0 0 0 0.0046 0 1 

PCT_HRS_DREDGE 0 0 0 0.045 0 1 

PCT_HRS_OTHER_SURFACE 0 0 0 0.0007 0 1 

PCT_HRS_SHOP_YARD 0 0 0 0.0036 0 1 

PCT_HRS_MILL_PREP 0 0 0 0.106 0 1 

PCT_HRS_OFFICE 0 0 0.0312 0.1122 0.1685 1 

NUM_INJURIES 0 0 0 0.4705 0 86 

Table 7. Percentage of zeros of the compositional       
variables.  

Variable Percentage of zeros 

PCT_HRS_UNDERGROUND 95.34 

PCT_HRS_SURFACE 95.99 

PCT_HRS_STRIP 18.42 

PCT_HRS_AUGER 99.49 

PCT_HRS_CULM_BANK 99.46 

PCT_HRS_DREDGE 94.61 

PCT_HRS_OTHER_SURFACE 99.91 

PCT_HRS_SHOP_YARD 99.59 

PCT_HRS_MILL_PREP 81.24 

PCT_HRS_OFFICE 36.93 

Figure 1(a) shows the proportions of employee hours in 
different categories from the first ten observations. Fig
ure 1(b) shows the boxplots of the compositional variables. 
From the figures, we also see that the compositional vari
ables have many zero values. Zeros in compositional data 
are irregular values. Pawlowsky-Glahn, Egozcue, and 
Tolosana-Delgado (2015) discussed several strategies to 
handle such irregular values. One strategy is to replace ze
ros by small positive values. In the mine dataset, we can 
treat zeros as rounded zeros below a detection limit. In this 

paper, we replace zero components with 10−6, which corre
sponds to a detection limit of one hour among one million 
employee hours. 

The response variable is the total number of injuries re
ported. Figure 2 shows a frequency distribution of the re
sponse variable. The summary statistics given in Table 6 
and Figure 2 show that the response variable is also highly 
skewed with many zeros. Figure 3 shows a scatter plot be
tween the variable AVG_EMP_TOTAL and the response variable 
NUM_INJURIES. From the figure, we see that the two variables 
have a positive relationship. In our models, we will use the 
variable AVG_EMP_TOTAL as the exposure. 

3.2. RESULTS 

In this subsection, we present the results of fitting the four 
negative binomial regression models (see Table 3) to the 
mine data set. We follow the following procedure to fit and 
test the models NBILR, NBPCA, and NBEPCA: 

1. Replace zeros with small positive values (i.e., ). 
2. Transform the compositional variables for the whole 

mine data set. For the model NBILR, we transform 
the compositional variables with the ILR method. For 
the model NBPCA, we first transform the composi
tional variables with the CLR method and then apply 
the standard PCA to the transformed data. Both the 
ILR method and the CLR method are available in the 
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Figure 1. Compositional variables of the mine dataset.       
The left figure shows the barplots of the compositional components of 10 observations. The small red bars represent zero proportions. The right figure shows the boxplots of the 
compositional covariates. 

Figure 3. A scatter plot between the average number of         
employees and the total number of injuries reported.         

We follow similar procedures to fit and test the model 
NB except that we do not transform the compositional vari
ables. 

We fitted the four models described in Table 3 to the 
mine dataset according to the afore-mentioned procedure. 
Table 8 shows the in-sample and out-of-sample chi-square 
statistics, as well as the mean prediction error (ME), pro
duced by the four models. From the table, we see that the 
negative binomial model with EPCA transformed data per
forms the best among the four models. The model NBEPCA 
produced the lowest chi-square statistics for both the train
ing data and the test data. A similar conclusion can be 
drawn based on the mean prediction error. 

Figure 4 and Figure 5 show the scatter plots of the ob
served number of mines with different number of injuries 
and that predicted by the models at  scales. That is, 
the scatter plots show the relationship between 
and  for . We use  scale here 
because the  's and  's have big differences for different 
 's. From the scatter plots, we see that all the models pre

dict the number of mines with different number of injuries 
quite well. We cannot tell the differences of the four mod
els from the scatter plots. However, the chi-square statistics 
shown in Table 8 numerically demonstrates the superiority 
of the NBEPCA model. 

For the NBPCA model, we selected the first five principal 
components produced by applying the standard PCA to the 
CLR-transformed data. Figure 6 shows the proportion of 

R package compositions. For the model NBEPCA, we 
transform the compositional variable with the EPCA 
method implemented by Avalos et al. (2018).2 

3. Split the transformed data into a training set and a 
test set. In particular, we use data from 2013 to 2015 
as the training data and use data from 2016 as the test 
data. 

4. Estimate parameters based on the training set. 
5. Make predictions for the test set and calculate the 

out-of-sample validation measures. 

The R code of the EPCA method is available at https://github.com/sistm/CoDa-PCA. 2 

Compositional Data Regression in Insurance with Exponential Family PCA

Variance 8

https://github.com/sistm/CoDa-PCA


Table 8. In-sample and out-of-sample validation measures produced by the four models.           

Model 
In-sample Out-of-sample In-sample mean prediction 

error 
Out-of-sample mean prediction 

error 

NB 316.0295 113.1281 –0.0155 –0.0295 

NBILR 334.9093 113.1498 –0.0178 –0.0377 

NBPCA 338.4336 114.2693 –0.0174 –0.0366 

NBEPCA 303.9178 111.8998 –0.0024 –0.0246 

Figure 4. Scatter plots of the observed number of mines with di           erent number of injuries and that predicted by         
models NB, NBILR, and NBPCA at log scales.         

variation explained by different numbers of principal com
ponents. The first five principal components can explain 
more than 95% of the variation of the original data. For the 
NBEPCA model, we selected the first five principal compo
nents for the same reason. The EPCA method used to trans
form the compositional variables is slow and took a normal 
desktop about 20 minutes to finish the computation. The 
reason is that the EPCA method we used is implemented in 
R, which is a scripting language that may not be efficient 
for iterative optimization. 

Table 9 shows the estimated regression coefficients of 
the model NB. In this model, we used the original compo
sitional variables by assuming that these variables contain 
absolute information. Since the sum of the compositional 
variables equals 1, we excluded the first compositional vari
able to avoid overparameterization. Table 9 shows the es
timated regression coefficients for the nine compositional 
variables. The P values of these coefficients show that all 
the compositional variables are statistically significant. 

Table 10 shows the estimated regression coefficients of 
the model NBILR. As shown: in Table 10(a), the ten compo
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Figure 5. Scatter plots of the observed number of mines with di           erent number of injuries and that predicted by         
the model NBEPCA at log scales.       

Table 9. Estimated regression coefficients of the model NB.        

Predictor Coefficient Standard Error z value  value 

(Intercept) –2.5173 0.1221 –20.6184 0 

Sand and gravel –0.0423 0.0649 –0.6521 0.5143 

Surface 0.1602 0.0506 3.169 0.0015 

Underground –0.2895 0.1121 –2.582 0.0098 

PCT_HRS_SURFACE –1.4454 0.2305 –6.2709 0 

PCT_HRS_STRIP –1.5714 0.1238 –12.6966 0 

PCT_HRS_AUGER –1.182 0.2555 –4.6264 0 

PCT_HRS_CULM_BANK –1.6338 0.2886 –5.6615 0 

PCT_HRS_DREDGE –1.2183 0.147 –8.2891 0 

PCT_HRS_OTHER_SURFACE –1.2585 0.4022 –3.1286 0.0018 

PCT_HRS_SHOP_YARD –1.2796 0.2217 –5.7722 0 

PCT_HRS_MILL_PREP –0.9255 0.1205 –7.6801 0 

PCT_HRS_OFFICE –2.2877 0.1494 –15.3078 0 

Figure 6. Proportion of variation explained with di       
erent principal components.    

sitional variables are transformed to nine variables by the 
ILR method. Table 10(b) shows the regression coefficients 
transformed back to the CLR proportions by the inverse op
eration of the ILR method. From Table 10(b), we see that 
the coefficients of the ten compositional variables are sim
ilar and are quite different from the coefficients of the ILR 
variables  to . From the  values shown in Table 10(a), 
we see that some of the ILR transformed variables are not 
significant. For example, the variable V5 has a  value of 
0.9652 and the variable  has a  value of 0.1649 . Both 
variables have a  value greater than 0.1 . This suggests 
that it is appropriate to reduce the dimensionality of the 
compositional variables. 

The regression coefficients of the ILR transformed vari
ables  to  shown in Table 10 vary a lot. It is challeng
ing to interpret those coefficients. From the  values shown 
in Table 10(a), we see that some of the ILR transformed 
variables are not significant. For example, the variable V5 
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Table 10. Estimated regression coefficients of the      
model NBILR. Table (a) shows the coefficients of ILR          
transformed data. Table (b) shows the coefficients        
transformed back to the CLR proportions.       

has a  value of 0.9652 and the variable V7 has a  value of 
0.1649 . Both variables have a  value greater than 0.1. This 
suggests that it is appropriate to reduce the dimensionality 
of the compositional variables. 

Table 11 shows the estimated regression coefficients of 
the models NBPCA and NBEPCA. We used five principal 
components in both models. From Table 11(b), we see that 
all principal components produced by the EPCA method 
are significant. However, Table 11(a) shows that the third 
principal component PC3 produced by the traditional PCA 
method is not significant as it has a  value of 0.8214. 

In summary, our numerical results show that the EPCA 
method is able to produce better principal components 
than the traditional PCA method and that using the princi
pal components produced by the EPCA method can improve 
the prediction accuracy of the negative binomial models 
with compositional covariates. 

4. CONCLUSIONS 

It is important to recognize the unique aspects of compo
sitional data when using and fitting them as feature vari
ables in predictive models. Compositional data are com
monly presented as vectors of proportions, percentages, 
concentrations, or frequencies. A peculiarity of these vec
tors is that their sum is constrained to be some fixed con
stant, e.g., 100%. Due to such constraints, compositional 

Table 11. Estimated regression coefficients of the      
models NBPCA and NBEPCA.     

data have the following properties: they carry relative in
formation (scale invariance); equivalent results should be 
yielded when the ordering of the parts in the composition 
is changed (permutation invariance); and results should re
main consistent if a noninformative part is removed (sub
composition coherence). 

In this article, we offer methods to handle regression 
models with compositional covariates using a mine data 
set for empirical investigation. We built negative binomial 
regression models to predict the number of injuries from 
different mines. In particular, we built four negative bino
mial regression models: a model with the original compo
sitional components, a model with ILR-transformed com
positional variables, a model with principal components 
produced by the traditional PCA, and a model with principal 
components produced by the EPCA. Our numerical results 
show that the EPCA method for controlling compositional 
covariates produces principal components that are signif
icant predictors and improve the prediction accuracy of 
the regression model. However, the EPCA method may un
avoidably have some limitations. For example, interpreting 
the regression coefficients is not straightforward due to 
the transformation. In addition, the log transformation re
quires dealing with zeros in the data. 
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