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Tree-based techniques have recently shown to be an interesting and effective tool to be
used in establishing loss reserves on an individual basis. These new approaches to
tackling the reserving task pose some challenges. After a brief literature review of the
recent research works on the use of these strategies in a loss reserving context, we
propose to investigate in detail methodologies based on survival analysis and the
imputation of missing data to include open files within the loss reserving process.
Through a simulation study, we compare their performance with some classical aggregate
approaches, such as Mack’s Chain-Ladder and generalized linear models.
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1. INTRODUCTION

Non-life insurers face high volatility due to the nature of
the losses they must provide coverage for. Regulation thus
requires them to maintain funds under solvency constraints
to ensure that there will be a minimal probability of being
insolvent up to a particular risk level. Precise guidelines ex-
ist to determine the capital required for an insurer varying
from one country or state/province to another. For property
and casualty insurance companies, United States regulation
as defined by the National Association of Insurance Com-
missioners uses risk-based capital requirements (see Feld-
blum 1996), while the Canadian requirement is set forth as
the conditional tail expectation (CTE) at a 99 % level for in-
surance risk (Office of the Superintendent of Financial In-
stitutions 2018).

There are many classical (or aggregate) methods to eval-
uate such reserves; see Wiithrich and Merz (2008) and
Friedland (2010) for an extensive discussion of existing
methods. However, individual loss reserving approaches,
traced to the 1980s with the development of a mathemati-
cal framework in continuous time by Arjas (1989) and Nor-
berg (1986), have received much attention in recent years.
Many approaches have been proposed, e.g., Larsen (2007),
Zhao, Zhou, and Wang (2009), Pigeon, Antonio, and Denuit
(2013), and Antonio and Plat (2014). On the one hand, sta-
tistical learning techniques are widely used in data ana-

Iytics. On the other hand, only a few approaches based
on these techniques, mainly tree-based machine learning
methods and neural networks, have been developed in loss
reserving using micro-level information. A reader inter-
ested in a broader view of the subject can consult Taylor
(2019). It presents the evolution of loss reserving methods
focusing on recent individual loss reserving methodologies
and machine learning approaches. Comparisons are made,
highlighting their strong points and guiding the choice of
an optimal strategy. In particular, several approaches based
on decision trees have been proposed recently, with real
practical potential. Consequently, we concentrate on tree-
based machine learning methods.

As far as we know, Wiithrich (2018) is the first paper
to apply a tree-based machine learning method, the well-
known Classification And Regression Tree (CART) algo-
rithm introduced by Breiman et al. (1984), in an individual
loss reserving framework. This paper considers regression
trees in a discrete context to only predict the number of
payments. First, the numbers of payments for reported but
not settled (RBNS) claims are predicted using feature com-
ponents on an individual basis. Second, incurred but not re-
ported (IBNR) claims are considered. For such claims, in-
dividual claim-specific information is unknown; hence no
individual predictions can be obtained. Wiithrich (2018) as-
sumes that claim occurrences and the reporting process
can be described by a homogeneous marked Poisson point
process enabling him to apply the Chain-Ladder method to
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obtain the predictions. Then, predictions for closed claims,
RBNS claims, and IBNR claims are aggregated to obtain a
prediction of all payments for all accident years. Finally, a
prediction for the final reserve amount can be calculated
based on these predictions.

The work of Wiithrich (2018) is the foundation of the
work of De Felice and Moriconi (2019), which also uses
CART within their prediction model. Contrary to Wiithrich
(2018), paid amounts are considered within a frequency-
severity model. CARTs are applied in both the frequency
(classification trees) and severity (regression trees) predic-
tions. An essential addition in this work is an assumption of
multiple payment types, meaning that different regimes are
used to handle incurred claims. This double-claim regime
allowing two different types of compensation for the same
claim is shown to be suitable in an application to Italian
Motor Third Party Liability data given that incurred claims
here can be handled under two regimes: direct compensa-
tion and indirect compensation.

Baudry and Robert (2019) proposed a general recursive
approach based on Extremely randomized trees (Extra-
Trees) to assess outstanding liabilities based on all avail-
able information since the reporting of the claim. Appli-
cations are made for specific recursive one-period ahead
predictions as in the framework proposed by Wiithrich
(2018).

Many of those individual loss reserving methodologies
presuppose the availability of many closed files, i.e., files
for which the full development of the claim—from the oc-
currence until the final closure of the file—is known. In
practice, this assumption is never verified, and the actuary
must include open files in the modeling process. This re-
mark is not unique to the valuation of reserves or actuarial
science but is found in many fields, such as biostatistics
or epidemiology. There are generally two families of ap-
proaches to resolving this problem: (A) strategies based on
survival analysis and (B) strategies based on the imputation
of missing data. Recently, two propositions have been de-
veloped in the actuarial literature, each belonging to one of
these families. They make it possible to include open files
in the individual modeling of loss reserves.

As part of the (A) family, Lopez, Milhaud, and Thérond
(2016, 2019) propose an adaptation of the CART algorithm
to censored data (open claims) and implement the proce-
dure to obtain ultimate individual reserves for RBNS claims.
This extension of the CART algorithm introduces a weight-
ing scheme based on a Kaplan-Meier estimator to com-
pensate for the censoring of the data in the sample. More
precisely, a weighted quadratic loss is used as a splitting
criterion rather than the quadratic loss of the classical
CART algorithm (we describe this approach in Section 3). In
Lopez (2019), a construction based on copulas is introduced
in a model similar to the one proposed in Lopez, Milhaud,
and Thérond (2016) based on survival analysis to account
for a possible dependence between the length of time from
the occurrence to the closure of a claim and the amount of
the claim.

Belonging to the (B) family, Duval and Pigeon (2019)
propose an individual loss reserving model based on an
application of the gradient boosting algorithm, more pre-
cisely, the XGBoost algorithm. Based on the prediction dis-
tribution of the RBNS claims, they compare this non-para-
metric approach using a machine learning algorithm with
more classical reserving techniques such as a bootstrapped
version of Mack’s collective model (see England and Verrall
2002), a collective generalized linear model (GLM) (see
Wiithrich and Merz 2008) and an individual GLM loss re-
serving model.

The main objective of this paper is to investigate the
strategies proposed in Lopez, Milhaud, and Thérond (2016,
2019) and Duval and Pigeon (2019) to include open files
within the loss reserving process. These two propositions
were developed in parallel and have never been compared.
We analyze challenges faced by integrating open claims
into an individual reserve valuation process, and we com-
pare their performance to classical aggregate loss reserving
methods based on sampled datasets. To the best of our
knowledge, this is one of the first times that a comparative
study of several individual approaches is performed from
simulated data. Therefore, it is fully transparent and repro-
ducible.

The paper is structured as follows. In Section 2, we de-
fine both individual and collective frameworks for loss re-
serving and define the loss reserving problem under study.
In Section 3, we present in detail approaches proposed in
Lopez, Milhaud, and Thérond (2016) and Duval and Pigeon
(2019) to include open files in the modeling process. We
perform many simulation studies in Section 4, and finally,
we conclude and present some remarks in Section 5.

2. INDIVIDUAL LOSS RESERVING

In property and casualty insurance, a claim starts with an
accident happening at the occurrence point (see Figure 2).
For some situations, e.g., for bodily injury liability cover-
age, a reporting delay is observed between the occurrence
date and the reporting to the insurance company at the re-
porting point. At this moment, the insurer could observe de-
tails about the accident and some information about the in-
sured. A series of random payments are triggered from this
moment until the closing date of the file. We illustrate in
Figure 1 the development of four individual claims.

The valuation date t., is the moment at which the insur-
ance company wants to evaluate its solvency and calculate
reserves. At this date, we may classify each claim according
to the usual categories in the loss reserving literature: In-
curred But Not Reported, or IBNR; Reported But Not Settled,
or RBNS; and Closed. The paper mainly focuses on RBNS
claims, i.e., claims for which the accident has been reported
to the insurer, but the file still needs to be settled.

We have kept the notation as close as possible to the one
used in survival analysis and censored data analysis to fa-
cilitate parallels between the various sources. Let
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Figure 1. Typical development of four individual
claims. At the valuation date, claim 3 is classified as
IBNR, and claims 1 and 2 are classified as RBNS. Claim
4 is closed.
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Figure 2. Development of an individual claim.

« {Y¥1,...,Y,} bearandom sample1 of duration random
variables from an unknown cumulative distribution
function (cdf) F : Rt — [0, 1]. In the context of loss
reserving, Y; is the time elapsed between the occur-
rence and closure dates for claim i.

e {M,...,M,} be a set of random variables M; € R,
i=1,...,n representing the total paid amount for
the i claim.

« {Cy,...,C,} be a random sample from an unknown

censoring cdf G. The censoring variable C; is the
delay between the occurrence and valuation dates.
Consequently, open and closed claims are considered
censored and uncensored observations, respectively.

e {z1,...,z,} be a set of covariates, z; € X C R?,
1=1,...,n.
We define

where 1(Y; <C;)=1 if Y¥; <C; and 0 elsewhere, and
N; = 6;M;. Thus, Z; and N; represent, for claim 7, the du-
ration and severity observed in the database at the val-
uation date. Without loss of generality, we assume that
71 < Zy<---<Zy, with §; and N;, i=1,...,n, con-
structed accordingly. In this general framework, (M;,Y;)
may not be observed due to the censoring effect of Cj,
but z; are always observed. Thus, in a dataset, we have
{Ni, Zi, 6i,%i},_, . - Finally, we assume that C; is inde-
pendent of (Y;, M;), and
Pr(Y; < C; | My, Y;,2;) =Pr(Y; < C; | Yy, 24),

forl1 <i<n.

Based on that, the main objective is to construct an esti-

mator for

mo = argmin,pE[¢ (M, (Y, z)], (1)
where P is an appropriate subset of a functional space and
¢ is a loss function. Informally, this means that we are
looking for the function m which minimizes a loss func-
tion ¢ calculated between M on one side (the total paid
amount for one claim in the loss reserving context) and
(Y,z) on the other side (the settlement delay and all co-
variates in our case). Using the quadratic loss function and
P = L%(RP) or L?(RP*!), we obtain the classical mean re-
gression model where

mo=E[M | z]ormy =E[M|Y,z|]

In the actuarial literature, censored variables are often dis-
cussed when a contract has a limit or deductible. It is im-
portant to note that in this paper, we are only interested
in the censorship present in the duration of a file, and cen-
sored data corresponds to an open claim at the valuation
date.

Based on this notation, it is now possible to define the
valuation of the reserve according to the granularity, or
level of aggregation, of the underlying database. In what
follows, we distinguish three frameworks: individual, col-
lective, and partially individual. We illustrate these 3
frameworks in Figure 3.

Individual framework. Figure 2 illustrates the structure
of the development of an individual claim with

Mi = th + WtM and NZ =0.
In the loss reserving framework, our main objective is to
construct an estimator J\Z for
E [Mz ‘ Ni, Zi, 51‘, Ii} 5
which is the best L2-predictor of the total paid amount M;.
We call this approach the purely individual framework (IF). A
prediction of the RBNS reserve amount is given by
n
RRBNS _ Z (1\//-71 . m:) :

i=1

1 A set of independent and identically distributed (iid) random variables.
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Figure 3. Small artificial portfolio illustrating the three frameworks: individual (top), partially individual

(center), and collective (bottom).

where m] is the observed total paid amount at the valua-
tion date for claim . It should be noted that for closed files,
we have M; = m?.

Collective framework. Traditionally, insurance compa-
nies aggregate information by accident year and by devel-
opment year. Claims with accident year a, a = 1,...,J, are
all claims that occurred in the ath year after 7, an ad hoc
starting point common to all claims. For a claim 7, a pay-
ment made in development year j, j = 1, ..., J is a payment
made in the jth year after the occurrence t;;, namely a pay-
ment Wy, for which j — 1 < ¢;,, — t;1 < j. For development
years j = 1,...,J, we define

Wj(z) = Z Wi
mES](i)
where S]@ ={m:5—-1<tym—ta <j}, as the total paid
amount for claim ¢ during year j and we define the corre-
sponding cumulative paid amount as

J
@ _ (@)
¢, = 271 W

A collective approach groups every claim in the same acci-
dent year to form the aggregate incremental payment

W= W7,

i€y

aj=1,...,J,

where K, is the set of all claims with accident year a. For
portfolio-level models, a prediction of the reserve is ob-
tained by

J J
RRBNS+IBNR — Z E Waja

a=2 j=J+2—-a

(2)

where the Waj are usually predicted using only the accident
year and the development year. It is the collective framework
(CF). It is worth noting that this framework does not allow
distinguishing the RBNS reserve from the IBNR reserve.
Partially individual framework (PIF). In the collective
framework, each cell contains a series of payments, infor-
mation about the claims, and some information about pol-
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icyholders. These payments can also be modeled within an
individual framework. Hence, a prediction of the total re-
serve amount is given by

J .
RRBNS+IBNR _ Z Z Z Wj(l)

a=2 j=J+2—-aick,

RBNS reserve (3)

J J )
DI D

=2 j=J+2—a i€K:‘a‘“°bs'

IBNR reserve

where KC22°Ps- s the set of IBNR claims with occurrence year
a. It should be noted that in Equations (2) and (3), we as-
sume that there will be no future payments on claims in
the earliest occurrence period (a = 1). We call this approach
the partially individual framework (PIF) because a partial ag-
gregation of the information is made (by development pe-
riod). However, for the remaining part, the information has
been preserved. In this work, we are mainly interested in
the reserve associated with the claims in the database: the
RBNS reserve, which is the first part on the right-hand side
of Equation (3).

3. TWO INDIVIDUAL TREE-BASED MODELS

Assume we have a portfolio S on which we want to train a
model for loss reserving. This portfolio contains open and
closed files that are important to consider in our modeling
process. Considering only non-censored claims, or closed
files, in the training set leads to building the model using
a too high proportion of “simple cases” and underestimat-
ing the risk associated with the portfolio. This result was
clearly shown in Duval and Pigeon (2019). In the context
of this paper, we present two tree-based models recently
developed in the actuarial literature. Each of these mod-
els is based on the CART algorithm (Breiman et al. 1984)
and uses a different strategy to include open cases: correct-
ing the selection bias using an inverse probability of cen-
soring weighting strategy (see Subsection 3.1) and develop-
ing censored claims using a classical model before applying
a statistical learning-based model (see Subsection 3.2). Fi-
nally, it is worth noting that we present a toy example of
these two approaches in Appendix B to help clarify these
two models.

Because both models are based on trees, we start by re-
calling how trees are generally constructed. Subsequently,
we will present how the two models use this algorithm
and how they include open files. To start, we assume that
at each step s € {1,2,...} of the construction of a tree,

the latter contains L(®) leaves {7;.(8)}],:1 L Which are

a peurtition2 of the space 7 =R* x X. An observation
X, = (Y3, X;) belongs to the leaf £ if X; € 7'2(5).

» Step 1: Construction of the maximal tree. At the
beginning of the algorithm (s = 1), there is only one

leaf in the tree corresponding to the set of all uncen-
sored observations. A new tree (s + 1) is created at
each subsequent step by dividing one of the existing
leaves. For the leaf £, this split is made based on an
optimization: (1) for each covariate ) (the j* com-
ponent of Z), one determines the threshold xy) that
minimizes the function £,(j, ! ; ) defined by

ﬂe(L ()):

m/ o(m,m1 (2 € 7)1 (2 < o) dFy(m, 3)
/¢ m, ') T<5) ( )>w§)dF( 2,

where ¢ is a loss function and ' C R; (2) determines

jo=argmin; 1 (£c (,2)).
Finally, two new leaves are created by applying the
splitting rule: a:(]‘]) < x(]") and ac BN w . The em-
pirical distribution function Fn can be easﬂy calcu-
lated without censored data. However, in the pres-
ence of censorship, this distribution is unavailable.
The procedure ends when only one uncensored ob-
servation is left in each leaf or when all the uncen-
sored observations in the same leaf are identical. This
entire step can be performed using the rpart function
available in the rpart package.

» Step 2: Pruning the tree. Let K < n be the number
of leaves in the maximal tree. The final tree is a sub-
tree S, with K5 < K leaves, selected from the set S of
all sub-trees of the maximal tree. The pruning strat-
egy is based on the following optimization problem:

S(a) = argming.g </¢ (m,%s) dF,(m, %) + afs) 7

where

Ks
§ = AuR(2)
(=1

e = arguin, . [ 6(m, mR.()dF, (m,2),

and

Ry(Z) =1((Z) € To) -
In order to determine the optimal value of «, a*, a
cross-validation procedure is applied. Again, this pro-
cedure can be implemented directly using the xval ar-
gument of the rpart function.

Finally, the estimator of m, defined by Equation (1) is
given by
Ky

= ) AR(3)

=1
As mentioned, in the context of loss reserving, the chal-
lenge comes from the unavailability of
E,(m,%) = E,(m,y, ) in the presence of censored data
(open claims).

2 The partition is such that 7}(8) n 7;.,( =(forj+# j,and UL( T

T
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3.1. FIRST MODEL BASED ON SURVIVAL ANALYSIS

This section introduces the main ideas of the weighted
regression tree procedure for censored data proposed in
Lopez, Milhaud, and Thérond (2016). The authors explain
in detail the theoretical bases of their approach and
demonstrate the consistency of the estimator obtained. In
the presence of censorship, they suggest replacing
ﬁn(m, y,z) (in Step 1 and Step 2) by

1 i il (N, <m,Zy <y,zr < x)

n

k=1 (1—@(Zk’))

=Y wll (N <m, Z <y, < ),

F(ma Y, :B) =

where G is given by

k1< n_i >1—5,. W
P n—t+1
and
k-1 Y
wk:(nk+1>zl<nz+1> ’ (5)
k=2,...,n—1,
with wy = 81 /n, and w, =[]0 (255 )6 See Appendix A

for the details on the Kaplan-Meier weights w;.

Moreover, in order to determine the optimal value of «
(Step 2), they propose a cross-validation procedure mini-
mizing

e 536 (N, 7°)
= 1-G (Z ._)

J
For closed claims (§; = 1), we simply have M, = m}, the ob-
served total paid amount. For §; = 0, several estimators are
possible. Here we focus on two of the main ones. The first
one is based on

Mi(1 1) (m],zi, z;)
:E[Ml | M; > m},Y; > z;, z]
E[MI(M; >m!Y; > z;) | =]
PI‘(MZ‘ > m:‘,Yl > z; | Ii)
E [yh2 (m], 2i) | =i]
E[tp1 (m}, zi) | =]
T2 (-’Dz)
T (Zl) ’
where P1(m, z) =1(M >m,Y > 2) and
Pa(m, z) = M1(m, z). In Lopez, Milhaud, and Thérond
(2019), the authors propose to define
A'(l) _ %2(2:1‘) ’ (6)
L T(w)
where both estimators are constructed using the regression
tree procedure introduced previously with Kaplan-Meier
weights. These weights equal 0 for open (censored) claims;
otherwise, the larger the delay between the occurrence date
and the valuation date, the higher the weight. It compen-
sates for the fact that only a few claims with large observed
development are observed in a dataset.
A second strategy is using one single tree and directly
estimating

MP = M (N, Y, =)
= 75 (2i, Ni, V)
=E[M; | N, Y, z;].
Because Y; is unknown for open claims (censored), we need,
as a preliminary step, to obtain a predicted value ;. Thus,
the steps are
1. construct a model for (Y;|Y; > z;, z;):
E[YI(Y; > z) | zi]
Pr (sz > z; | :Ei)
_ E[s(z) | =i
E[¢s (zi) | =i
4 (z;)
73 () ’
where ¥4(z) = Y93(2), and ¢3(2) = I(Y > 2);
2. for an open claim, obtain a prediction for the duration
%4(1:1')
T3(zi)
using regression trees with Kaplan-Meier weights;
and
3. for an open claim, obtain a prediction

Y, =EY;|Y; > z,x] =

P =

—

MZ(Z) = Mz(2) (Nivgh xi) . (7)
3.2. SECOND MODEL BASED ON IMPUTATION OF
MISSING DATA

In this section, we introduce the main ideas of the approach
proposed in Duval and Pigeon (2019). In the initial paper,
the model is built using a gradient boosting algorithm but
can be directly modified to be used with a tree-based
model. In order to be able to study better the impact of the
strategy used to include open cases, we replace the gradi-
ent boosting algorithm with a simple tree model such as the
one described at the beginning of Section 3, but with equal
weights replacing weights based on Kaplan-Meier.

The main idea is as follows: artificially generating val-
ues, or pseudo-responses, for all open files to “complete”
the portfolio. Then, it becomes possible to calculate
E,(m,y,z).

In the collective framework, we assume that incremental
aggregate payments W,; are independent, and W,; ~ Exp.
family = with the expected value given by
G(E [Wes)) = (1) = Bo + Ka + B; + vaj, where g() is the
link function, k.,a = 2,3,...,J is the accident period ef-
fect, 8,5 =2,3,...,J is the development period effect, G
is the intercept, and v,; is an offset term for the volume
of payments in cell (a,j). Moreover, we have
Var [W,;] = ¢V (E [W,;]), where V() is the variance func-
tion and ¢ is the dispersion parameter (see Wiithrich and
Merz 2008). The predicted expected value is given by

ﬁaj = g_l(ﬂO + /"Ea + ﬂj + Vaj)'
Back to the PIF, we have, for an open claim with accident
period a;,

0 J+1-a; (@) J

~(2 2 ~

Hy = E w;” + E Hajs
j=1 j=J+2—a;

observed part

and
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e = p1
i C(Il)

(2),

which is the level ¢ quantile of the distribution of C’,(,i)
with expected value ﬁf,i). This quantile can be obtained us-
ing various procedures, such as simulations and bootstrap.
As suggested in Duval and Pigeon (2019), we estimate the
level g using cross-validation. For closed claims, we set
]\71.(3) = M;. We can now fit the tree model described at
the beginning of Section 3 using this artificially completed
database:

MY —E [0 | 2] = M (2). (8)
It is also possible to replace the GLM with a classic col-
lective model such as Mack’s model (see Duval and Pigeon
2019).

We can adapt this model to the PIF, which will make it
possible to include individual covariates, such as the status
of the files (open or closed) and information on the acci-
dent. The implementation of the model is quite similar (see
Duval and Pigeon 2019 and Charpentier and Pigeon 2016
for the details). Finally, in the PIF, we assume that covari-
ates remain identical after the valuation date, which is not
precisely accurate in the presence of dynamic variables.

For an open claim with accident period a;, we have

ﬁ;i) =g (Eo +Bi+ M?i) ;

U S e S0

1 1 ~(7

oy => w '+ > &y
=1

j=J+2—a;
and

7 @) -
Mi = Faé) (q)7

where X is a vector of parameters. Finally, using a tree
model, we have

MO =E [0 | 2] = MY (). 9)

1

4. NUMERICAL ANALYSIS

To respect replicability criteria, we use simulated data by
the Individual Claims History Simulation Machine, or ICHSM,
described in Gabrielli and Wiithrich (2018) in our analysis.
The ICHSM project aimed to develop a stochastic simula-
tion machine that generates individual claims histories of
non-life insurance claims. The simulation machine is based
on neural networks calibrated on actual, unknown to us and
the public, non-life insurance data. This database contains
four unidentified lines of business, and the available covari-
ates suggest that these are bodily injury coverages. Thus,
we have access to the following covariates: line of busi-
ness (LoB), labor sector of the injured (cc), age of the in-
jured (age), part of the body injured (inj_part) and report-
ing delay (RepDel). The ICHSM did not allow us to include
adjuster-set case reserves in our analysis. However, if they
are available and consistent over time, they could be used
as a covariate in the model (see Antonio and Plat 2014 for
example). Moreover, the simulated individual data are ag-
gregated annually: we thus have 12 annual photographs of
each claim from the accident date. Finally, we assume there
is no possible reopening or reimbursement to simplify the
analysis. Appendices A and C in the paper Gabrielli and

Outstanding

Information datasec

used for pred. ; 7

N\

Available <
dataset

. » Unused
dataset

Training N
dataset 1 — Pred. 1
Training )
dataset N - — — Pred. N

Figure 4. General structure of our analysis using the
ICHSM.

Wiithrich (2018) provide more details regarding the data-
base used to calibrate the ICHSM.

Before describing in more detail and analyzing the re-
sults of each scenario, we present our analysis’s general
structure (see Figure 4). Using the ICHSM, we generate a
database for each of the three scenarios by setting some
parameters: seed, number of lines (s) of business, inflation
rate(s), and severity parameter. In this dataset, we have
access to the complete development of all claims. There-
fore, we can choose various valuation dates ¢, and split
the dataset into an available dataset (everything before t,.)),
an outstanding dataset (everything after t,, about claims
with occurrence dates before ¢,.1), and an unused dataset (all
claims with occurrence dates after ¢,,). Then, by using the
ICHSM again and the same parameters (except the seed),
we generate N training databases. Each of these is used to
train the model and estimate all parameters and hyper-pa-
rameters. This estimated model is then combined with the
information present at the valuation date in the available
database to predict the total reserve amount. These N pre-
dictions form the predictive distribution of the reserve, com-
pared with the actual amount observed in the outstanding
dataset. It is worth noting that the two main tree-based
approaches compared in our paper do not explicitly model
the development of a claim between the valuation and the
closing date. Thus, comparing individual trajectories (par-
tial payment amounts, payment schedules) is impossible.

Using this procedure, we compare the performance of
several approaches:

e Mack’s model with bootstrap (Gamma distribution);

» collective over-dispersed Poisson model for reserves
(see Wiithrich and Merz 2008);

» tree-based model using strategies based on survival
analysis (estimators J\//.Ti(l) and ]\//.71.(2)); and

» tree-based model using strategies based on imputa-
tion (estimators J\/Ii(?’) and J\//.Ti(‘l)).

All approaches are applied to three scenarios: (1) one
line of business without inflation, (2) two lines of business

Variance 7



A Comparison of Two Individual Tree-Based Loss Reserving Methods

Table 1. Run-off triangle based on Figure 3

Occurrence period Development period

1 2 3
1 Wi Wia Wis
2 Way Was
3 Ws1

without inflation, and (3) two lines of business with infla-
tion in the frequency.

Scenario I: 1 line of business without inflation. We
construct a validation dataset containing 1,060 claims,
1,060 x 12 = 12,720 annual photographs, and accident
years between 1994 and 2005. This dataset assumes only
one line of business and no inflation for frequency. We pre-
sent some descriptive statistics in Table 12 and Figure 12 in
Appendix C, as well as in Table 2.

In order to build our estimators, we generate training
databases using ICHSM again. As a preliminary step, for
the estimators defined by Equations (8) and (9), we must
first determine the level g to be used in the completion of
the databases. To do this, we generate databases of 2,000
and calculate the mean absolute error of prediction (MAE)
for a grid of q. For the two estimators, the results are pre-
sented in Figure 5 for valuation date 01/01/2011. Graphs for
valuation dates 01/01/2006 and 01/01/2010 are similar and

are not presented here. Selected values are §(2006:3) = .85,
6(2006,4) =0.85, q'*(2010,3) =0.8, é(2010,4) =07 q(2012,3) = 0.6
(2012,4)

and § = 0.4, where ¢ is the selected quantile for
estimator j and valuation year . Table 3 presents covariates
used in all models. It is important to note that the limited
number of covariates available in the simulated databases
is not the best scenario for tree-based models. Unfortu-
nately, the ICHSM used does not provide access to more
covariates. When it comes to individual approaches, the
availability of a detailed dataset is key, and there is not,
at present and to our knowledge, this kind of data openly
available in the scientific community. However, we believe
that the limited number of covariates does not have a major
impact on the validity of the analysis made in this report.
However, ensuring a larger number of covariates in an ap-
plication on a real portfolio would be necessary.

Table 2. Validation dataset (in $1,000) for Scenario I

Eval. date 01/01/2012 - Scenario |

MAE
66+05 8e+05 1e+06
| |

4e+05
|

2e+05
|

+00

0.2 0.4 06 0.8 1.0

level q

Figure 5. Mean absolute error of prediction as a
function of the level g for estimator ]\//.71.(3) (solid line)
and estimator J\@M) (broken line).

Then, we evaluate the four estimators defined using sev-
eral values for the size of the training database (7train)-
Based on these results, we conclude that training databases
of 2,000 — 5,000 seem sufficient to obtain relatively stable
results in a reasonable time. We present some of the results
in Table 4.

Table 4, Table 6 and Table 8 present the expected values
of the reserves using Tree ]\/4\1.(1), Tree ]\//.Ti(z), Tree ]\/Zf’) and
Tree J\//.7i(4) models for 3 levels of portfolio maturity: 01/01/
2006, 01/01/2010 and 01/01/2012. It is much more informa-
tive to look at the predictive distributions of the reserves,
which are illustrated in Figure 6. Remember that the most
recent occurrence year is 2005; therefore, for the subse-
quent valuation dates, there is no new claim after Decem-
ber 31, 2005. Figure 6 presents the predictive distributions
for the total reserve, IBNR, and RBNS, because, with the
collective models, it is impossible to separate the two types
of the reserve. For the valuation dates 01/01/2010 and 01/
01/2012, this is not a problem since there is no longer an
IBNR claim in the database. For the valuation date 01/01/
2006, we added the true observed value of the IBNR re-

Valuation date % of censored data RBNS amount IBNR amount
01/01/2005 11.9 350

01/01/2006 11.7 406 8
01/01/2007 7.7 260 1
01/01/2008 6.6 192 1
01/01/2009 5.4 162 0
01/01/2010 4.2 124 0
01/01/2011 3.7 93 0
01/01/2012 2.6 68 0
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Table 3. Covariates used in models

Model Component Covariates
Mack - acc. year, dev. year
GLM-ODP - acc. year, dev. year
J\/J\i(l) w1 (x;) age, RepDel, cc, inj_part
o (z;) age, RepDel, cc, inj_part
J\/I\i@) w3(x;) age, RepDel, cc, inj_part
ma(x;) age, RepDel, cc, inj_part
ms(xi, Niy Y3) age, RepDel, cc, inj_part, Y
]\/l\i(3) imputation acc. year, dev. year
tree acc. year, Last Paid, RepDel, cc, inj_part
1\7}“ imputation acc. year, dev. year, cc, age, inj_part, RepDel, Status
tree acc. year, Last Paid, RepDel, cc, inj_part

Table 4. Predicted reserve (in $1,000) for Scenario I

e T T R 5
2012 (2.6%) 787 27 58 57 13 29
(68)

2010 (4.2%) 282 189 215 206 69 64
(124)

2006 (11.7%) 677 209 480 650 217 234
(414)

serve to the simulated values of the RBNS reserve for Tree
J\/Zi(l), Tree ]\/4\2.(2), Tree ]\//.71.(3) and Tree J\/J\im models (sim-
ilar to what is done in Duval and Pigeon 2019). Because
the IBNR reserve ($8,000) is a tiny part of the total re-
serve ($414,000), the impact on the analysis is negligible.
Of course, suppose IBNR represents a significant part of the
total amount of the reserve. In that case, comparing the re-
sults based on individual approaches with those based on
collective approaches will then be strongly biased. For ex-
ample, this bias can be corrected in an analysis by subtract-
ing the amount actually paid for IBNR claims from the total
amount of the reserve obtained from a collective approach
(see Duval and Pigeon 2019 for an example). Alternatively,
one can complete the individual approach with a simple
model for the frequency and severity of IBNR claims (e.g.,
see Wiithrich 2018 and Baudry and Robert 2019).

In order to determine if the integration of open claims
improves the results of the methods tested, we present in
Figure 7 predictive distributions of the reserve amount us-
ing all claims and only closed claims in the calibration
process. In practically all cases, not considering the open
files in the calibration process leads to underestimating the
risk. This underestimation is particularly important for es-
timators based on Tree ]\//.71.(3) and Tree ]\//.72.(4). In addition,
this conclusion is similar to that obtained following the
analysis made in Duval and Pigeon (2019). Therefore, a

simplistic strategy in which open files would be removed
from the calibration process is not advisable.

Scenario II: 2 lines of business with no inflation. We
construct a validation dataset containing 1,063 claims,
1,063 x 12 = 12,756 annual photographs and accident
years between 1994 and 2005. This dataset assumes two
lines of business, LoB 1 and 2, and no inflation for fre-
quency. We present some descriptive statistics in Table 12
and Figure 12 in Appendix C, as well as in Table 5. Selected
values are §(2006:3) — 0,80, §(20064) — (.30, §(2010:3) = .95,
6(2010,4) =0.95, q(2012,3) = 0.95 and 6(2012’4) =0.9.

We present results in Table 6. Figure 8 presents the pre-
dictive distribution of the reserve amount using all models
for the same 3 levels of portfolio maturity.

Scenario III: 2 lines of business with inflation (fre-
quency). We construct a validation dataset containing
1,060 claims, 1,060 x 12 = 12,720 annual photographs and
accident years between 1994 and 2005. This dataset as-
sumes two lines of business, LoB 1 and 2, and an inflation
rate of 5%/year for frequency. We present some descriptive
statistics in Table 12 and Figure 12 in Appendix C and in
Table 7. Selected values are §(2006:3) — (.8, §(20064) — (.4,
q"(2010,3) =0.9, é(2010,4) =0.9, 6(2012,3) =0.95 and
q"(2012,4) =0.95.

We present results in Table 8. Figure 9 presents the pre-
dictive distribution of the reserve amount using all models
for the same 3 levels of portfolio maturity.
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Figure 6. Predictive distribution of the reserve amount. The observed value is $414,000 for 2006 (top, left),
$124,000 for 2010 (top, right) and $68,000 for 2012 (bottom).

For all scenarios, we note that the Tree ]\//.71.(1) model (blue
line) produces very variable reserves resulting in very high
expected values and significantly flattened predictive dis-
tributions. This instability is explained by the structure of
the estimator, which suffers from the lack of data related to
the estimation of I (M > m,Y > z). This effect is less pro-
nounced for a more mature portfolio because fewer open
claims exist. The Tree J\//.Ti(z) model (red line) is much more
stable, which is because there is more data to estimate
I(Y > z) than I(M > m,Y > z), and that Y is a variable
generally less dispersed than M. This conclusion confirms
that made in a study (Lopez and Milhaud 2021) which,
among these two estimators, suggests “... we recommend to
use the strategy (B)a) [Tree J/\/.Ti(r‘)) model] to make the reserve
predictions, as it outperforms all other methods and shows
stable results in terms of prediction error....”

In all situations, estimators J/\/Ti(g) and 1\71.(4) offer similar
performance, which seems to indicate that the use of in-
dividual explanatory variables when imputing missing val-
ues does not significantly improve the performance of the
model. We still add a caveat to this remark due to the small
number of micro-level covariates in the database. Further-

more, estimators J\//.TZ.@) and ]\2(4) require much shorter com-
putation times than estimators ]\//.Ti(l) and J\/ZZ@) . For scenar-
ios II and III, although Tree J\/ZZ@) , Tree J\/Zi(g) and Tree J\/J\i(‘l)
models seem appropriate (see Figures 8 and 9), we would
recommend the use of Tree J/\/Ti(?’) model for its simplicity
and its saving in computation time.

As a concluding remark, for some scenarios and some
estimators, the expected values for the reserve are some-
times far from the observed values. However, for all three
scenarios, the observed value is always within the range of
plausible values. Moreover, we notice a skewed predictive
distribution in several cases (for example, scenario III), re-
sulting in an empirical median consistently lower than the
empirical mean. Thus, the latter is strongly impacted by the
slightly more extreme cases observed in the distribution’s
right tail.

5. CONCLUSION

The main objective of this paper is to analyze how open
claims should be integrated into an individual reserve val-
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Figure 7. Predictive distribution of the reserve amount using all claims (solid lines) and only closed claims

(broken lines) in the calibration process.

uation process when tree-based approaches are used. We
provide a detailed literature review to establish the state-
of-the-art regarding tree-based techniques in a loss reserv-
ing context. We then pursue a more detailed analysis of two
tree-based methodologies proposed to include open files
within the valuation of reserves process. More precisely,
we present and discuss the approach of Lopez, Milhaud,
and Thérond (2016, 2019) using corrective weights based on
survival analysis and the one of Duval and Pigeon (2019)
using missing data imputation.

With simulated databases obtained using Gabrielli and
Wiithrich’s simulation machine and for three different sce-
narios, we compare the performance of these two method-

Variance

ologies and two classical collective loss reserving strate-
gies. From this case study, we take away the following
elements:

» strategy in which open files would be removed from
the calibration process is not advisable;

e the two estimators (]\/J\i(l) and ]\7}2)) proposed in
Lopez, Milhaud, and Thérond (2016, 2019) behave
quite differently in all scenarios. The estimator J\/J\i@)
should be preferred given the stability it has shown
compared to ]\71.(1) which varies greatly;

+ the performance of the estimators (]\71.(3) and J/\/Ti(4))
based on Duval and Pigeon (2019) is rather similar in

the three scenarios, indicating that the individual in-
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Table 5. Validation dataset (in $1,000) for Scenario II

A Comparison of Two Individual Tree-Based Loss Reserving Methods

Valuation date % of censored data RBNS amount IBNR amount
01/01/2005 8.4 90 19
01/01/2006 8.1 54 9
01/01/2007 4.1 10 6
01/01/2008 3.3 4 6
01/01/2009 2.7 7 0
01/01/2010 2.2 7 0
01/01/2011 1.7 3 0
01/01/2012 1.0 3 0

Table 6. Predicted Reserve (in $1,000) for Scenario II
lobsreatue) s R mMC) R @ oo
2012 (1.0%) 152 98 -1 -3 1 1
(3)
2010 (2.2%) 176 93 13 11 5 9
(7)
2006 (8.1%) 1,135 256 178 237 90 110
(63)

formation embedded in the covariates used in the im-
putation of missing data does not guide the model to

better results;

» the two estimators (]\/Zi(3) and ]\71.(4)) outperform the
ones of Lopez, Milhaud, and Thérond (2016, 2019)
based on Kaplan-Meier weights regarding computa-

tion time.

In future work, it would be interesting to reproduce this
analysis using a database with more covariates; some could

be dynamic.
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Figure 8. Predictive distribution of the reserve amount. The observed value is $63,000 for 2006 (top, left), $7,000
for 2010 (top, right) and $3,000 for 2012 (bottom).
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Table 7. Validation dataset (in $1,000) for Scenario III

Valuation date % of censored data RBNS amount IBNR amount
01/01/2005 9.5 46 19
01/01/2006 10.5 52 8
01/01/2007 4.5 6 6
01/01/2008 3.4 5 6
01/01/2009 2.8 9 0
01/01/2010 2.1 8 0
01/01/2011 1.9 6 0
01/01/2012 1.6 6 0
Table 8. Predicted Reserve (in $1,000) for Scenario III
?’a" year (7% cens. E[M V] E[M?)] E[M®)] E[M™)] Mack GLM-ODP
obs. value) i i i i
2012 (1.6%) 152 233 23 19 1 1
(6)
2010(2.1%) 164 308 26 23 2 5
(8)
2006 (10.5%) 269 1,493 249 420 115 123
(60)
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APPENDICES

A. KAPLAN-MEIER WEIGHTS

Kaplan-Meier (KM) weights are defined by
g

n(1-G(Z,))

In order to estimate G(t) = Pr(C < t), Lopez, Milhaud, and

Thérond (2016) use the KM estimator given by1

A 1-4;
Goy=1-]] <1—Z§”_1H(Cj20i)>'

Ci<t

W = (10)

In order to evaluate KM weights, we can simplify the previ-
ous equation to (remember that Z; < Z, < --- < Z,)

5 1-6,
G(Z,)=1- (1n—’>
’ Cg; Zj:lﬂ(cj > ()

16
=1- l-——— %~
ng( Y 1(Z > Zi))

()

zi<Z;

kel N1
=1-J7 (=) .
H(n—i—i—l)

i=1

Based on that, the KM weights defined in Lopez, Milhaud,

and Thérond (2016) are given by
1 k 5k

~

_ = - n—i_\1=4
n(1-G(Zy)) oIl (25)
Ok AL i —it1 n—it1\ "
n )4 n—1 n—1
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where w; = §;/n. Finally, the authors apply the tail correc-
tion suggested by Efron (1967):

n—1 . §;
n—1t
w=11(5507)

i=1

WE =

These weights can be calculated in R using the
aft.kmweight function from the imputeYn package.

B. A TOY EXAMPLE

To illustrate both strategies, we consider a small artificial
portfolio made up of 7 claims and presented in Table 9. The
valuation date is January 1st, 2003. We explain below how
the components for both models are obtained. However, we
do not do model fitting because the database size is too
small to perform cross-validation.

Using the notation presented previously, we have that
M; is the total paid amount for claim i, e.g.,
M; = 200 + 400 + 100 = 700. Y; is the time elapsed be-
tween the occurrence date and the closure date for claim 3

(for now, we assume that all events happen on January 1st),
e.g., Y1 = 2 years. C; is the delay between the occurrence
date and the valuation date for claim 4, e.g., C3 = 2 years.

In Table 10, we present all information for the strategy
based on survival analysis and KM weights. The “duration”
column corresponds to the development period (in years)
slightly modified by a random number (the jitter function
in R) in order to avoid the difficulties linked to equal values
in the calculation of weights. We have

wKM = #a

1-G(Z;)

where §; is the status of claim 4 (§; = 0 for an open claim
and §; = 1 for a closed claim), Z; is as defined in Section
2.2 and G is given by Equation (4). Thus, using a strategy
based on survival analysis, the model is adjusted using the
weights presented in column w¥M rather than those pre-
sented in column w2,

In this toy example, the response variable is the total
paid amount, and we use only the duration as a covariate.
We are now considering the classic procedure, i.e., with the
weights given in column w®,

Now, using the procedure modified by Lopez, Milhaud,
and Thérond (2016), i.e., using the weights presented in
column w®M, we obtain a different maximal tree. Because
of the small size of the database in this example, it is im-
possible to use cross-validation to obtain an optimal tree
(step 2).

Therefore, we use this maximal tree in order to obtain
a predicted value for each of the open files in the database
(see Table 10) and for the expected reserve:

RRBNS — (950 — 700) + (950 — 800)
+(950 — 400) + (950 — 200) = 1, 700.
We present the R code for this toy example in Figure 10.

Using a GLM with the over-dispersed Poisson distrib-
ution and a logarithmic link function, we obtain the fol-
lowing estimated values: Eo = 5.4917, Kogor = 0.2283,
Raooz = 0.2121, B> = 0.5179 and B3 = —0.6634. Then, we
use these estimated parameters to complete all open claims
in the portfolio, e.g.,

Al = 200 + exp (5.4917 + 0.2121 + 0.5179)
+ exp (5.4917 + 0.2121 — 0.6634) = 858.0904.
We present results in Table 11.

For open claims, we obtain pseudo-responses using a
quantile g of the over-dispersed Poisson distribution
MY = ﬁgg})(q) with expected value ﬁ:(f), i=3,4,6,7. This

T

quantile should be obtained by cross-validation, but we
need more than the database size to allow us to do this. So,
we assume that ¢ = 0.9 and obtain the pseudo-responses
shown in Table 11. Finally, in the algorithm detailed at the

1 Note that because we are estimating the censoring cumulative distribution function, we “observe” C; = Z; only for uncensored cases

where §; = 0.
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Table 9. Portfolio for the toy example

Claimid Acc.year Dev.year1 Dev. year 2 Dev. year 3 Status (val. date)
1 2000 200 400 100 Closed
2 2000 300 400 150 Closed
3 2001 250 450 - Open
4 2001 300 500 - Open
5 2001 350 600 - Closed
6 2002 400 - - Open
7 2002 200 - — Open
Table 10. Portfolio for a strategy based on survival analysis
Claimid Total paid amount Duration (2) Status (val. date) welass. wkM Pred. value
1 700 2.9930 Closed 1/7 0.4 -
2 850 3.0040 Closed 1/7 0.4 -
3 700 2.0013 Open 1/7 0 950
4 800 2.0024 Open 1/7 0 950
5 950 1.9911 Closed 1/7 0.2 —
6 400 0.9935 Open 1/7 0 950
7 200 1.0095 Open 1/7 0 950
library (imputeYn)
library (rpart)
library(rpart.plot)
set.seed(6789)
#i#i# Creating the dataset
dataU <- data.frame(CliD = ¢(1,2,3,4,5,6,7), Y = ¢(3,3,2,2,2,1,1), value = c(700, 850,

700, 800, 950, 400, 200), status
dataU$Y <- jitter(dataU$Y, factor = 0.05)
dataU <- dataU[with(dataU, order(Y)), ]
dataU$w <- unlist(aft.kmweight(Y = matrix(data=dataU$Y, nrow=nrow(dataU), ncol=1),
delta=matrix(data=dataU$status, nrow=nrow(datal), ncol=1)), use.names=F)

c(1,1,0,0,1,0,0))

### Adjusting the classical tree
tree <- rpart(value ~ Y, data datal,
control = rpart.control (minsplit

=2, cp = -1))

### Adjusting the first model (Lopez et al.)

fitl <- rpart(value ~ Y, data datalU, weights = w, control =
rpart.control(minsplit = 2, cp = -1))

### Calculating the RBSN reserve
sum(predict(fitl) - dataU$value)

Figure 10. R code (first part).

beginning of Section 3, we can estimate the empirical cu-
mulative distribution function using 7 (artificially) closed

REBNS — (934.5 — 700) + (934.5 — 800)
+(1,100 — 400) + (934.5 — 200) = 1, 788.

claims. We assume that the complexity parameter is
¢ = 0.09, and we obtain the optimal tree. Using this tree, we
can calculate a predicted value for each of the open files in
the database and calculate the expected reserve:

Vari

We present the second part of the R code in Figure 11.
Given this example’s completely artificial nature, we will
not comment on the values obtained for the reserves.
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Table 11. Portfolio for a strategy based on imputation of missing data

A Comparison of Two Individual Tree-Based Loss Reserving Methods

Claimid Total paid amount Status (val. date) Exp. value Pseudo-resp. Pred. value
1 700 Closed - 700 —

2 850 Closed - 850 -

3 700 Open 857 895 934.5

4 800 Open 957 997 934.5

5 950 Closed - 950 -

6 400 Open 1,058 1,100 1,100

7 200 Open 858 896 934.5

Variance
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C. DESCRIPTIVE STATISTICS

Table 12. Descriptive Statistics

Scenario LoB Mean Median Sdt. Dev. Interval 95 quantile 99" quantile

I - 1,507 292 11,825 (0 — 307,058) 3,188 15,235
Overall 1,838 214 26,829 (0 — 863, 600) 4,167 10, 345

I 1(49.2%) 689 276 1,820 (0 — 25,248) 2,285 6,639
2(50.8%) 2,952 0 37,583 (0 — 863,600) 5,496 13,666
Overall 1,748 236 13,662 (0 — 358,335) 4,718 18,229

11 1(49.1%) 878 279 2,947 (0 — 38,181) 2,469 11,349
2(50.9%) 2,587 0 18,902 (0 — 358,335) 5,923 32,446

### (second part)
library(ChainLadder)
set.seed(6789)

### Creating datasets

tri <- as.triangle(matrix(c(500, 900, 600, 800, 1550, NA, 250, NA, NA), ncol = 3))
trilONG <- as.LongTriangle(tri)
trilONG$w <- c(2, 3, 2, 2, 3, 2)

triNEW <- data.frame(origin = c(2, 3, 3), dev = c(3, 2, 3), w = c(1, 1, 1))
### Adjusting the OD-Poisson GLM

m2 <- glm(value ~ as.factor(origin) + as.factor(dev), family = poisson, data = triLONG,
offset = log(w))

### Calculating exp. values and pseudo-responses
predict (m2, type = "response", newdata = triNEW)
mu <- c(857, 957, 1058, 858)

qpois (0.9, mu)

### Adjusting the tree-based model

datad <- data.frame(CliD = c¢(1,2,3,4,5,6,7), value = c(700, 850, 895, 997, 950,
1100, 896), Y = ¢(3,3,2,2,2,1,1))
dataA$Y <- jitter(dataA$Y, factor = 0.05)
treeGLM <- rpart(value ~ Y, data = datad, control = rpart.control(minsplit = 2,
cp = 0.09))

### Calculating the RBSN reserve
sum(predict (treeGLM) - dataU$value)

Figure 11. R code (second part).
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Scenario | Scenario Il

duration duration

Scenario Il

duration

Figure 12. Duration for scenario I (top, left), scenario II (top, right) and scenario III (bottom). The observed mean
values are 1:40, 0:97 and 1:05, respectively.
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