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Gaussian processes are receiving increased attention for their use in loss development. 
Their flexibility in fitting time series data and reliable estimates of uncertainty can be 
useful for loss reserving and enterprise risk management. This paper examines a 
multioutput Gaussian process model to learn incremental paid and case loss ratio 
patterns simultaneously. Shared learning of these development patterns benefits the 
projection of both and more accurately identifies uncertainty. Using the NAIC loss 
development database, we show strong predictive performance for both point and 
distribution estimates. 
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1. INTRODUCTION 

Property and casualty insurance claims often have a long 
tail, meaning they can take years, or even decades, to fully 
materialize and realize their full cost. As a result, insurers 
are responsible for estimating a reasonable loss reserve 
to cover future unknown costs that may arise from these 
claims. The adequacy of these loss reserves is a significant 
financial risk for insurers, as excessive or inadequate re
serves can lead to financial strain. In recent years, the dis
cussion on loss reserves has evolved from using reasonable 
point estimates to also considering reliable distributions of 
uncertainty. Such distributions can provide a more com
prehensive assessment of the risk associated with loss re
serves, helping insurers to more accurately gauge the po
tential financial impact of their reserve estimates. 
Stochastic models are a valuable tool for estimating the 

distribution of loss reserves, as they can help actuaries cap
ture the uncertainty inherent in the claims process. Early 
attempts included variations of the chain ladder method 
(Mack 1993, 1994), but such models were limited in their 
ability to provide adequate measures of uncertainty (Mey
ers 2015). To assist researchers in comparing new models, 
Meyers developed a retrospective testing framework to 
evaluate the reserves in terms of both point and distrib
utional accuracy. Among the many different models that 
have been developed for estimating loss reserves, Bayesian 
methods have emerged as a popular choice due to their 
ability to incorporate prior knowledge, model hierarchical 

relationships and complex distributions, quantify uncer
tainty, and handle missing data. 
We will focus on one subset of Bayesian models: Gauss

ian processes (GPs). GPs are a highly flexible modeling 
technique, and they are widely used for analyzing time se
ries data. One of the key strengths of GPs is their ability 
to capture the correlation between different time periods, 
making them well suited for modeling loss development 
patterns. GPs also have the advantage of being able to es
timate multiple sources of uncertainty, which is important 
when dealing with complex and uncertain data. In this pa
per, we also leverage the highly customizable formulation 
of GPs to incorporate known structural information about 
loss ratio triangles and cross-triangle relationships into our 
model. 

1.1. COMPUTATIONAL TRACTABILITY 

Throughout this paper, we refer to models sampled using 
Markov chain Monte Carlo (MCMC) methods. MCMC meth
ods are popular because they can sample from a wide range 
of distributions, including complex distributions that may 
not have an analytical form. In addition, these methods 
have the property of convergence, which means that as 
the training set grows, the sample mean and variance of 
the distribution converge toward the true mean and vari
ance. This makes them a reliable tool for approximating the 
posterior distribution of model parameters given some ob
served data. That said, they can be slow and may not scale 
well with large datasets. 
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Computational tractability is an especially important is
sue in the use of GP models, as the computational complex
ity of exact GP inference grows cubically with the number of 
data points (Rasmussen and Williams 2006). This can make 
it challenging to scale GP models to large datasets. In this 
paper, a single-output GP model for one company, line, and 
loss type combination usually completes in about two min
utes, while a comparable multioutput model takes about 
eight minutes with training sets of 55 and 110 data points, 
respectively. In practice, larger triangles or more triangle 
types could be modeled using the method presented in this 
paper, and it may be beneficial to adjust the data or simula
tion method. 
One alternative to MCMC for GP inference is the use of 

variational approximations, which seek to find a tractable 
distribution that is close to the true posterior. Such meth
ods can be faster than MCMC and are often easier to scale 
to large datasets, but they may not be as accurate. While 
there are efforts to create model-agnostic formulations of 
variational inference (Kucukelbir et al. 2015), the current 
best practice is to develop model-specific calculations, 
which is beyond the scope of this paper. 
Another possibility is to use subset selection methods, 

which select a small subset of the data to use in GP infer
ence and approximate the rest of the data using a cheaper 
method. This can be effective if the data exhibits some form 
of structure or regularity that allows for accurate approxi
mations. This is clearly applicable to loss ratio development 
because loss ratios in later development periods stabilize 
greatly. While early periods may be best modeled in devel
opment quarters, gaps in later periods may extend multiple 
years. Reducing the dataset in this way could sufficiently 
inform the GP while limiting the time spent sampling. 

1.2. GAUSSIAN PROCESSES FOR LOSS DEVELOPMENT 

In recent years, GP modeling has been applied to the analy
sis of loss development patterns in insurance. Two notable 
examples are the studies by Lally and Hartman (2018) and 
Ludkovski and Zail (2021). Both approaches involve repre
senting the loss development triangle as a two-dimensional 
surface and modeling the relationships between points 
within the triangle. 
The use of GP models for loss development analysis has 

several benefits. These include the ability to extrapolate 
losses into tail periods with a tunable structure, quantify 
uncertainty over multiple experience periods, capture cal
endar year trends, and apply a type of actuarial credibility 
from data underlying the historical loss development pat
terns. 
Lally and Hartman (2018) focus on modeling cumulative 

paid losses, which tend to exhibit smooth, monotonically 
increasing patterns. In their approach, they use input warp
ing to restructure the triangle and effectively change the 
parameterization of the GP over time and space. This is par
ticularly useful for capturing the rapid changes that often 
occur in the early stages of loss development, which tend to 
stabilize in later periods. 
Ludkovski and Zail (2021) choose to model incremental 

paid loss ratios instead to adhere to an assumption of spa

tial dependence more closely. They employ a compound co
variance function that shifts to linear extrapolations in ar
eas with limited data and use a hurdle likelihood and virtual 
observations to overcome undesired predictions and inform 
the development shape. The noise in their model is also 
made to vary with the development lag, with the assump
tion that it will progressively decay over time. 

1.3. INCORPORATING ANISOTROPY 

In a standard GP model, the relationship between points is 
defined purely by their distance in input space. This prop
erty, being invariant to rotations of the input space, is re
ferred to as isotropy. Both GP models discussed above al
low their parameterization to differ along the experience 
and development period dimensions. This is referred to as 
anisotropy. This is important to differentiate the impact of 
the trends within an experience period and those across ex
perience periods. 
However, the use of the trend across experience periods 

may effectively disappear when increasing the number of 
observations if the related parameters do not also vary with 
development lag. See Appendix A for an example using the 
Lally and Hartman (LH; 2018) model. 
In cumulative loss or loss ratio models, it is essential 

to consider the relative increase in predictive power as the 
development lag increases for experience period–specific 
patterns. During early development periods, the informa
tion shared across experience periods is generally more in
formative and relevant than the early loss emergence of a 
new experience period. As the experience period develops 
and we gain more knowledge about the specific payout be
havior of its claims, the relative importance of informa
tion shared across experience periods will decrease. Addi
tionally, the cumulative losses across experience periods at 
similar points in development tend to diverge over time, 
which naturally reduces the usefulness of correlation across 
periods. As the experience period develops, the year-spe
cific pattern correlation tends to approach 1, indicating 
that the patterns within the same experience period be
come more informative than patterns across different expe
rience periods. 
In incremental loss ratio models, the cross-period rela

tionships are still more important in early development pe
riods. The change in importance throughout the rest of de
velopment is less clear but should be informed by the data. 
This, like cumulative models, suggests a more flexible in
corporation of anisotropy. 

1.4. PAID AND INCURRED PROJECTIONS 

The dependency between paid and incurred loss triangles 
has long been an interest of practicing actuaries and re
searchers. The Munich chain ladder (Quarg and Mack 2008) 
extends the Mack chain ladder method to incorporate cor
relations between the paid and incurred development tri
angles. Making use of a paid-to-incurred ratio triangle and 
its reciprocal, the method incorporates deviances from the 
average payout pattern to inform the development factors 
of both paid and incurred losses. Importantly, the authors 
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note, “the paid and incurred development factors con
tribute to the concurrence of paid and incurred” (Quarg and 
Mack 2008, 279). In the context of our GP models, it is likely 
that improvements in the accuracy of both paid and in
curred loss projections can be achieved by correctly incor
porating the dependency between these two types of losses. 
The paid–incurred chain method (Happ and Wüthrich 

2013) was developed to similarly incorporate correlation 
between paid and incurred loss triangles while allowing for 
accident year variation. Rather than two separate projec
tions informed by one another, this method forces the ul
timate paid and incurred claims to converge at the chosen 
ultimate development period. A correlation matrix is devel
oped to model the dependence between loss patterns, as
suming a multivariate Gaussian. 
Like these models, a GP can adapt its loss type–specific 

projections to better adhere to known dependencies be
tween loss types. The model structure we explore captures 
correlation between the paid and case incremental loss ra
tios across development lags, which we expect to increase 
over time. Here, case refers to the case reserves—estimates 
of future payments set by claims adjusters for reported but 
not fully settled claims. Incurred losses represent the to
tal estimated liability and are defined as the sum of paid  
losses and case reserves. We will compare the performance 
of a single-output GP (SOGP) model with that of the multi
output GP (MOGP) model to assess relative performance. 

1.5. CONTRIBUTION 

Our proposed MOGP uses shared learning to incorporate 
known dependencies between loss triangles and provides 
more flexibility in incorporating trends throughout the tri
angle. The model offers a general solution for any set of de
pendent triangles, but for demonstration purposes, we will 
examine results for paid and incurred losses. These cumula
tive losses are predicted by modeling incremental paid and 
case loss ratio triangles. Further segmentation of the losses 
into claim types, coverages, jurisdictions, and more can be 
explored with different datasets. 
Actuaries are accustomed to reviewing separate devel

opment methods on a selected set of homogenous loss 
groups, like paid and incurred losses. A combination of 
multiple methods is generally accepted as a reasonable 
point estimate. Diagnostics to detect changes in the oper
ational or external environment are used to weigh the re
liability of different methods or otherwise adjust the final 
reserves. The primary benefit of the MOGP is to provide 
credible adjustments to loss projections using signal from 
other loss types with relationships derived from the data. 
The presented MOGP implicitly adjusts for common en

vironmental changes such as those in case reserve ade
quacy and settlement rate. Given the relationship between 
incremental paid and case loss ratio patterns and develop
ment time, the ultimate projections shift toward one an
other. For example, if case reserve adjustments are delayed 
in a particular experience period, the paid loss ratio pattern 
will likely adjust the incurred projections upward. 
Shared learning also benefits noisy triangles. Whereas 

any set of triangles may be individually noisy, the available 

signal in each triangle informs the others, effectively reduc
ing uncertainty throughout. For example, if an unusually 
large claim is reported early with a low payout, the model is 
less likely to overstate the incurred projection due to con
vergence toward the paid values over time. Similarly, it will 
also be less likely to understate paid losses. These bene
fits apply to areas of the triangle with limited data as well. 
Late development periods will have only a few data points 
in our training set, so incorporating multiple triangles will 
provide more confidence to the direction. 
Relative to Ludkovski and Zail (2021), the MOGP avoids 

the use of hurdle likelihoods, allowing for triangle esti
mates with negative development. This includes some paid 
development patterns, all case reserve patterns, and most 
incurred patterns. Also, the MOGP uses the sum of one-
dimensional nonstationary kernels to capture changes in 
trends and the relative importance of the year-specific and 
cross-year patterns. This more flexible structure better rep
resents the data and dramatically decreases sampling time. 
Finally, like Meyers (2015) and Ludkovski and Zail 

(2021), we thoroughly test our method on suitable paid and 
incurred loss triangles in the National Association of Insur
ance Commissioners (NAIC) dataset (Meyers and Shi 2021) 
described in the next section. We summarize ultimate loss 
point accuracy by loss type, line of business, and firm size. 
Distributional fits across loss types and lines of business 
are also compared. For each of these, we compare to a set 
of readily available methods, including the Mack chain lad
der, the GP model from Lally and Hartman (2018), and the 
GP model with hurdle likelihoods and virtual observations 
from Ludkovski and Zail (2021). We exclude the Munich 
chain ladder throughout because too many results were 
deemed unreliable by the ChainLadder package available in 
R (Gesmann et al. 2025). 
In alignment with the related work discussed above, we 

use the Stan language with RStan to implement the MOGP. 
This Bayesian modeling software uses Hamiltonian Monte 
Carlo sampling, which is state of the art for probabilistic in
ference. All models are run with default settings. 

1.6. DATA 

We use the NAIC dataset (Meyers and Shi 2021) for develop
ment and testing purposes. The dataset comprises Sched
ule P triangles from 200 companies across six lines of busi
ness. The accident years range from 1988 to 1997 with net 
loss and premium data complete through the calendar year 
1997. 
The use of the NAIC dataset is consistent among authors 

with related topics committed to consistent and robust per
formance testing. In this paper, we only make use of com
panies with 10 complete years of data. The earned premium 
(EP) and loss values must also be positive for all years and 
development periods. Table 1 provides basic descriptions of 
our selected triangles. 
The MOGP trains on a pair of upper-left triangles, each 

with 55 observations, and predicts the related 45 observa
tions of each bottom-right triangle. All testing relies on cu
mulative loss at development lag 10—the last period avail
able. 
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Table 1. Counts of NAIC triangles by line of business and premium group            

Line of business Total count 
Count of EP 

< $10M 
$10M–$50M $50M–$150M > $150M 

Commercial auto 
(comauto) 

84 25 29 15 15 

Medical malpractice 
(medmal) 

12 0 3 2 7 

Other liability (othliab) 95 42 39 9 5 

Private passenger auto 
(ppauto) 

87 11 20 28 28 

Product liability 
(prodliab) 

13 4 4 2 3 

Workers compensation 
(wkcomp) 

57 8 9 13 27 

Total 348 90 104 69 85 

2. GAUSSIAN PROCESS REGRESSION 

A GP is the infinite-dimension generalization of a multi
variate normal distribution. For any finite set of data X, a 
GP produces a random vector f(x) as a multivariate Gaussian 
random vector. Its infinite expansion of parameters trans
lates to a nonparametric regression that can estimate any 
continuous function. 
To efficiently learn the relationships between all points 

in time, the covariance matrix is parameterized with a ker
nel function. This reduces the total number of model para
meters and provides an informed structure to the GP. The 
choice of kernel function is based on the known properties 
of the data. The most popular kernels relate covariance val
ues to the distances between pairs of inputs. Thus, we can 
extend the GP prediction to any point at which we can cal
culate a distance. This is important for loss reserve estima
tion. 
GP regression is defined like any regression with an in

put vector x within a continuous domain: 

The inputs for a development triangle are two-dimensional: 
experience period and development lag. A Gaussian prior 
applies to the function f. We assume a zero mean, which is 
common. In other words, the function relies entirely on the 
parameterized covariance. The model of the function value 
is 

This emphasizes the importance of choosing the correct 
kernel. 

2.1. KERNEL SELECTION 

The squared exponential (SE) kernel is one of the most 
widely used kernels in GP modeling. This kernel uses the 
distance between inputs to estimate the covariance and is 
characterized by two parameters: the lengthscale l and sig
nal variance . The lengthscale determines the smooth
ness of the function. A small lengthscale corresponds to a 

function with rapidly changing values, while a large length
scale corresponds to a function with more gradual changes. 
Large lengthscales also allow for more reliable extrapola
tions. The signal variance, on the other hand, scales the 
variability of the function around the mean: 

Since the covariance between two points relies solely on 
their relative distance, this kernel is stationary. This is in
adequate for modeling loss ratio development, because 

This suggests we need a nonstationary kernel to accu
rately model our data. A nonstationary, generalized form of 
the SE kernel (Gibbs 1997) can be defined as 

In this kernel, the signal variance and lengthscales are de
pendent on x. Exactly how each parameter relates to devel
opment lag can be guided in the prior structure. One idea 
is to use GP priors on each kernel parameter (Heinonen et 
al. 2016), including an additional nonstationary noise term. 
This provides full flexibility but is likely to overcomplicate 
our problem and weaken extrapolation. Instead, we can rely 
on simplifying assumptions to constrain the distributions. 
For example, the lengthscale can remain constant after a 
selected development period. 

2.3. COMPOUND KERNEL 

Compound kernels are a type of kernel used in GP modeling 
to capture complex relationships in the data that cannot be 
modeled by a single kernel function. They are formed, most 
commonly, by combining multiple valid kernels using ei
ther an additive or multiplicative approach (Rasmussen and 
Williams 2006, 95). In the additive approach, the compound 
kernel is formed by summing the individual kernel func

1. loss ratios change rapidly at the beginning of the de
velopment pattern, then stabilize over time, and 

2. the variance of incremental loss ratios decreases over 
time. 
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tions, each representing a different aspect of the data. An 
additive kernel model will suggest a strong relationship be
tween time periods if any of the kernels suggest one. Alter
natively, the multiplicative approach involves multiplying 
the individual kernel functions elementwise. A multiplica
tive kernel model will suggest a strong relationship only 
where all kernels agree. 
For incremental development models, an additive ap

proach makes more sense, while a multiplicative approach 
may be more suitable for cumulative loss models. This is 
due to the varying levels of spatial dependency. The incre
mental model benefits from layering relationships from the 
two dimensions throughout the triangle—hence, an addi
tive kernel. The cumulative model has greater concern for 
removing correlation across experience periods as the de
velopment lag increases. Multiplying kernel values more 
easily allows for this. 
In Section 1.3, we emphasized the importance of em

ploying a nonstationary parameterization for the experi
ence period dimension. Specifically, the impact of experi
ence period should be allowed to vary with development 
lag, as it has a particularly strong influence in the early 
development periods. By adopting this approach, as the 
dataset informing the model expands and larger develop
ment lags become predominant in the sample, the model 
will continue to capture the underlying trends observed in 
the initial stages. 
To accomplish this, we separate each dimension into its 

own kernel. The development and experience period di
mensions will each use the nonstationary squared expo
nential as defined in equation (2.4). Both kernels will have 
their signal variance and lengthscales vary with the de
velopment period dimension. The resultant additive com
pound kernel is 

The x coordinate is defined as , where  is the de
velopment period and  is the experience period. 

2.3. LINEAR MODEL OF COREGIONALIZATION 

To this point, the GP regression has a single output. In an 
MOGP, the covariance matrix must include the cross-co
variance terms between outputs throughout the combined 
input space. The linear model of coregionalization (LMC) 
(Journel and Huijbregts 1978) achieves this with a linear 
combination of covariance matrices formed from the se
lected kernel. The number of matrices Q relates to the 
amount of flexibility needed to accurately model the data. A 
Q-length set of weight matrices is used to produce a linear 
combination of kernels. Given similar inputs for each out
put, the method simplifies to 

The  symbol represents the Kronecker product. For exam
ple, an LMC with Q = 2 and two outputs form the kernel 

where the weight matrix is a symmetric positive definite 
matrix: 

This method can efficiently model a large set of outputs us
ing sparsity-inducing priors to regularize the weight matrix 
(Cheng et al. 2020). However, in Cheng et al.'s model, they 
use a unique implementation to achieve convergence and 
reasonable run times. To sample effectively with standard 
settings in Stan, we use a different prior structure for the 
weight matrix (details in Section 3). 

2.4. INCORPORATING NOISE 

In addition to the kernels described in the prior sections, a 
nonstationary noise variance will be added at the triangle 
level in our model. This is an important distinction for the 
multioutput kernel (discussed in Section 2.3). Specifically, 
this means the noise variance is not included in the kernels 
but is instead added to their weighted product. This is not 
a meaningful distinction for the SOGP, which relies on one 
compound kernel. 
A diagonal matrix  will be added to the chosen kernel. 

For a multioutput model with T triangles, the noise matrix 
is 

Notice the noise parameter will only vary with , i.e., 
there is a separate parameter for each development period 
d to account for the decreasing variance of incremental loss 
ratios within an experience period. Incorporating a noise 
adjustment by experience period may be useful but is not 
explored here. 

2.5. EXTRAPOLATION 

GP predictions are conditional on all observations y and re
liant on the selected kernel. Derivations of the posterior for 
any set of hyperparameters or kernels use Bayes’ rule. Sin
gle and multioutput variations follow the same inferential 
formulation, predicting the set of outputs y* for a set of in
put vectors X*: 

The stability of the kernel as x* moves further away from 
the trained observations affects the reliability of extrapola
tion. If the kernel parameters expand toward the range of 
their priors when predicting far into the future, the predic
tion is not likely useful. 
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3. APPLICATION TO LOSS RATIO 
DEVELOPMENT 

Incremental paid and case loss ratio development patterns 
have a strong relationship and converge over time. Each 
can also be individually noisy. Combining the projection of 
these patterns allows for an increase in data without in
creasing the number of input variables (development and 
experience periods). For these reasons, an MOGP is 
uniquely suited to improve predictions and distributions of 
uncertainty. To support this conclusion, we also develop an 
SOGP on incremental paid and incurred loss ratios modeled 
separately with a similar prior structure. 

3.1. TARGET VARIABLE 

We choose to model the incremental paid and case loss ra
tios for a few reasons. First, incremental loss ratios main
tain spatial dependence. This allows the model to interpret 
vertical trends more easily across development lags. Con
versely, cumulative loss ratios within an experience year 
become highly independent from other years as develop
ment lag increases. In this case, the model will likely rely 
solely on experience period–specific data in later devel
opment lags, understating uncertainty and disregarding 
trends in late loss emergence. 
Second, incremental loss ratios have an obvious struc

ture that we can take advantage of in the construction 
of our GP kernels. Within a loss ratio triangle, the cor
relation for each experience year increases toward 1 as it 
reaches ultimate. This is also true when considering rela
tionships between incremental paid and case loss ratios, 
which supports using the LMC method in Section 2.3. Fur
thermore, the noise variance monotonically decreases by 
development lag. Considering these assumptions in the 
prior structure can support stable, long-term extrapolation 
of loss development patterns. 
Finally, we choose to model loss ratios instead of losses 

because the mean is less disrupted by meaningful changes 
in earned premiums. This is important because a GP will 
gravitate toward the mean when modeling noisy or limited 
observations. And like the choice for incremental values, 
this also supports spatial dependence. 
But there is still a potential issue. The formulations of 

GPs in Section 2 rely on a zero mean. This is not a reason
able assumption for incremental loss ratios. We will stan
dardize our target variable to a zero mean and unit vari
ance, but the average incremental loss ratio of a triangle is 
not a reasonable credibility complement when extrapolat
ing to ultimate. 

3.1.1. USER-INFORMED MEAN 

In Section 2, the kernel formulas rely on a zero mean. This 
assumption is best when the GP can effectively model the 
mean through the covariance function. Due to the high 
level of noise in some triangles, as well as the heightened 
noise in most triangles’ early development periods, the zero 
mean assumption is likely insufficient when modeling a 

broad set of carrier sizes and lines of business. To avoid the 
potential for nonsensical ultimate projections in the most 
recent experience periods or throughout noisy triangles, a 
nonzero mean function can be defined. 
One option is to directly model the mean. The chosen 

mean function should be reasonable for fitting develop
ment patterns. This could include different curve fitting or 
stochastic chain ladder procedures presented in the actu
arial literature. While this may be intuitive, the computa
tional complexity and tractability could become a concern. 
To avoid unnecessary complexity in sampling and in

ference calculations, we will subtract a user-selected mean 
vector, or base pattern, from our target variable. This is fit
ting for loss ratio development applications since most ac
tuaries will have access to company target loss ratios and 
either internal or related industry data to form expected 
patterns. The final target z is calculated as 

where  is a selected base incremental loss ratio, t is the 
loss ratio type, e is the experience period, and d is the lag. 
To test this on the NAIC dataset, we will rely on the 

weighted average pattern and historical loss ratios due to 
knowledge constraints and to avoid result manipulation. An 
example can be seen in Appendix B. Each triangle uses all-
year weighted development factors to form the percentage 
of ultimate assumptions by lag. These are multiplied by ex
pected loss ratios formed by the median projection of the 
five most recent experience periods. The median is chosen 
to avoid outlier loss ratios in our smaller, noisier test trian
gles. The more recent years are chosen for the calculation 
because that is where the mean function will contribute 
most to extrapolation. 
In summary, the model predicts the deviation of an ex

perience period’s development pattern from a base pattern. 
The prediction will gravitate toward the base for periods 
with limited or noisy data. All performance testing relies on 
the transformation of the model response back to the cu
mulative loss amount

3.2. MODEL SPECIFICATION 

We specify two models: an SOGP applied to the paid and 
incurred targets separately and an MOGP model that uses 
paid and case targets simultaneously. We do this for two 
reasons. First, we can compare the results of the SOGP with 
those of the MOGP to see how the latter improves predic
tion accuracy and captures relationships between the out
put variables. Second, by understanding the structure of an 
SOGP model, we gain insight into how to specify the MOGP. 
Modeling complex relationships in data with multiple cor
related output variables can lead to parameterization and 
prior ranges that are not as obvious as the SOGP. 

3.2.1. SINGLE-OUTPUT MODEL 

The loss ratio development SOGP is defined as 

Multioutput Gaussian Processes for Loss Ratio Development

Variance 6



where  follows the compound kernel parameteriza
tion defined in formula (2.5) and  follows (2.7) for one tri
angle. The input set X contains triangle coordinates with 
each dimension transformed to a range between zero and 
1.1 The number of development periods included in the 
training and generated portions of the model are defined as 
D. The horizontal patterns are modeled using parameters 
denoted by  equal to 1, while the vertical patterns are mod
eled using parameters denoted by  equal to 2. The prior 
distributions are 

The lengthscales, signal variances, and noise variances are 
all weakly informed. The lengthscale allows for picking up 
short-term trends as well as all-row or all-column averages. 
A Student’s t-distribution provides a heavy tail and ro
bustness to the signal and noise variance parameters. This 
should make the model adaptable to small sample sizes and 
outliers, which may be common in our diverse set of trian
gles. 
For this paper, we estimate each dimension’s set of 

lengthscales separately for each development period. This 
is a simplifying choice when applying the model to many 
different lines and carriers. In practice, the user has several 
options to inform the priors and support stable extrapola
tions. 
First, the lengthscale can be set to a common parameter 

after a selected development period. For example, the 
model may have enough data to estimate separate parame
ters for the first three development periods, but then one 
lengthscale is suitable for all future periods. 
Another approach is to apply a warping function, such 

as a beta warping function. For example, the year-specific 
lengthscale should likely increase over time as development 
converges toward zero and long-term averages are suitable 
for fitting. 
Finally, a combination of the previous two options can 

effectively weigh data-driven parameters with prior knowl
edge. This is a flexible strategy that can be tailored to the 
specific problem at hand. 
It’s worth noting that while we do not perform input 

warping to vary the experience period inputs in this paper, 
the model will converge if input warping is included. This 
would effectively vary the experience period lengthscale in 
both dimensions and could be a useful strategy for further 
improving the model’s performance. 

3.2.2. MULTIOUTPUT MODEL 

The loss ratio development MOGP is similarly defined as 

where  follows the linear model of coregionaliza
tion formula (2.6) with Q = 2 using the compound kernel 
parameterization defined in formula (2.5). The noise para
meter  follows formula (2.7) for the case and paid trian
gles. The prior distributions for parameters of the kernels 
and weight matrices are 

This prior structure is like the SOGP with a couple of im
portant differences. Mainly, prior ranges for signal variance 
parameters are larger. In this model, a large value can in
dicate the relative importance of an individual kernel or di
rectional pattern. The LMC weights will fit the final kernel 
values to an intuitive range. Just like the SOGP, the prior 
distributions of the kernel parameters heavily depend on 
data to inform the model. 
In addition to the parameters of the kernels, we para

meterize the weight matrix. This allows us to create rela
tionships between the paid and case triangles across devel
opment and experience periods. Each weight matrix uses 
the Cholesky Lewandowski-Kurowicka-Joe (LKJ) correlation 
distribution to efficiently sample for symmetric positive-
definite matrices. 
The parameter of the LKJ distribution determines how 

sharp the density peaks around a correlation of zero (Stan 
Development Team 2024). Our chosen prior distribution 
has a peak at correlations of zero and low densities near 1 
and −1. This selection likely wasn’t important as our data 
will strongly inform the correlation. 
The Cholesky decomposition of the LKJ distribution is 

used to drastically speed up the simulation of the corre
lation matrix. One reason the Cholesky decomposition is 
faster and more efficient than these other methods is that 
it avoids the need to compute the inverse of the correlation 
matrix. Computing the inverse of a matrix can be compu
tationally intensive, particularly for large matrices, and can 
also be prone to numerical errors. The Cholesky decompo
sition avoids this issue by decomposing the matrix into a 
product of simpler matrices, which can be computed more 
efficiently. 
Finally, we convert the sample correlation matrix into a 

more diverse weight matrix using a diagonal matrix formed 
from vector . The weight vector  is weakly informed to 
be greater than zero to avoid sampling issues. 

The input set of development lags and experience periods, , is transformed to 
 to simplify prior distribution selection. 

1 
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Figure 1. Red relates to incurred loss ratios and blue to paid loss ratios. The line indicates the median prediction.                   
Three levels of shading represent the middle 50th, 80th, and 98th prediction percentiles. The dots represent the                  
actual loss ratios.    

4. EXAMPLE 

In this section, we compare the predictions of the SOGP 
and MOGP models for incremental loss ratio development. 
The SOGP model is applied separately to each of the paid 
and incurred loss ratio targets (defined by formula (3.1)), 
while the MOGP model is applied simultaneously to the 
paid and case targets. The predicted paid and case values of 
the MOGP are added to compare incurred values with the 
SOGP. We use the NAIC triangles of a large private passen
ger auto carrier (NAIC code 4839). The training data and se
lected mean vectors are provided in Appendix B. The claims 
are fast to develop and settle, and the accident year loss ra
tios are relatively stable. Comparing predictions on trian
gles with limited noise will more easily provide insight into 
how each model identifies and uses trends in the data. Fig
ure 1 shows the predictions for the most recent three acci
dent years. 
The predictions of the SOGP and MOGP models are sim

ilar, though the MOGP introduces a slightly higher level 
of uncertainty. This is most noticeable during the initial 
lags of the incurred pattern for accident year 1997. One po
tential explanation for the incurred pattern is the MOGP’s 
use of the sum of paid and case loss ratio predictions, as 
opposed to directly including incurred loss ratios in the 
model. Another factor affecting both loss types could be 
the MOGP’s ability to detect additional genuine uncertainty 
considering the interaction between triangles. An examina
tion of results across a broader range of triangles in Section 
5 may provide insight into which factor is more likely. 

The most recent accident year, 1997, contributes the 
most to the total reserve estimate. The initial loss ratios for 
1997 are similar to those of prior years, leading the mod
els to predict a similar central estimate. However, in real
ity, the loss ratio developed lower than the recent history. 
Nonetheless, both the SOGP and MOGP models contained 
these loss ratios well within their predictive ranges. 
Figure 2 shows the estimate of ultimate loss across acci

dent years. The predicted means of both models were close 
to the actual losses. The MOGP had slightly more variance 
in its prediction and a greater likelihood for lower reserves. 
Like the predicted ranges, the model paths are largely 

similar. Both models find significant correlation between 
development lags and experience period loss ratios 
throughout the triangle. Figure 3 shows a median predic
tion of the training data correlation matrix for both in
curred and paid loss ratios across accident years for the 
SOGP. 
The two covariance matrices are largely similar. The 

main difference between the paid and incurred correlation 
matrices is the speed at which they reach correlations near 
1. The incurred pattern, as expected, increases faster to
ward high correlation between development periods. The 
paid pattern finds weaker relationships in the first few de
velopment periods. Less correlation or higher noise in
creases the reliance on the mean vector, which is subjec
tively chosen and may not provide the best possible 
estimate. 
The MOGP covariance matrix is displayed in Figure 4. 

The relationship between paid and case loss ratios is nega
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Figure 2. The predicted distributions of ultimate loss using the incurred projections at time 10.              

Figure 3. The left square represents incremental incurred loss ratio correlations for the training data. The right                
relates to incremental paid loss ratios. Within each matrix, the oldest accident year is in the top left, and the                     
years progress along the diagonal, including their available development lags.           

tive, as expected. Compared to the SOGP, correlation across 
development periods increases faster within the paid trian
gles. This may suggest we are relying less on the mean vec
tor and improving the use of the available data after incor
porating cross-triangle relationships. The cross-correlation 
terms exhibit similar patterns related to development and 
experience periods. 
The stronger correlation is also partially due to reduced 

noise in the MOGP model. Explicitly, the signal-to-noise 
ratio increases faster over the development periods com
pared with the SOGP models. Figure 5 shows the signal-to-

noise ratio for each model and output. Drawing attention 
to the conclusions derived from the preceding figures, it is 
evident that both models identify similar patterns. How
ever, the SOGP exhibits a greater degree of noise across the 
entire triangle, whereas the MOGP diminishes noise and 
leverages the available data more effectively, resulting in a 
broader spectrum of developmental patterns. 
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Figure 4. The incremental loss ratio correlations for the case loss ratios (top left), the paid loss ratios (bottom                  
right), and the relationship between the two (bottom left and top right) for the training data. The oldest accident                    
year is in the top left of each quadrant and the years progress along each diagonal including their available                    
development lags.   

4.1.1. POTENTIAL FOR IMPROVEMENT 

The SOGP and MOGP are highly flexible for fitting loss de
velopment triangles. With that flexibility, low volume or 
noisy data can lead to slow convergence, inaccurate point 
predictions, or excessive uncertainty. To reduce the chance 
of each of these outcomes, we can do the following: in
crease the amount of data with quarterly lags, increase the 
amount of data with hierarchical structure, or create a more 
informed prior structure. 
Increasing the amount of data with quarterly lags has 

the simplest implementation. The shape of the develop
ment curve would become more apparent, and the noise 
vector would have more parameters to monotonically de
crease. On the downside, quarterly lags may dramatically 
increase run time depending on the number of experience 
years. 
Alternatively, a hierarchical structure using multiple tri

angles of the same loss type (or group of loss types for the 
MOGP) could be constructed in two ways. The traditional 
approach would be to allow each triangle to fit its own GP 
using prior ranges informed by all triangles. This would de
mand slight changes in the prior structure defined in this 
paper. Another approach would be to model a set of kernels 
of which each triangle could determine weights. This would 
reduce the number of parameters estimated in the model 

and help the user discover underlying trends across the tri
angles. If the triangles chosen to model together are also 
expected to have a correlated structure, the LMC could be 
used to further support trend detection. 
And lastly, a more informed prior structure could force 

what we’ve learned from a larger dataset onto the smaller. 
For instance, we could set a smaller prior range on signal 
variances within an experience period, especially as it ap
proaches large development lags. This may be effective, but 
the user should be careful not to suppress reasonable un
certainty or real differences between triangles. 

5. PERFORMANCE TESTING 

Retrospective testing for development methods on the 
NAIC dataset is well established to assess point and distri
bution estimates (Meyers 2015), and our metrics are bor
rowed directly from that framework. We repurpose open-
source functions provided in Ludkovski and Zail (2021) to 
ensure comparable metrics across methods. Note that we 
copy the Ludkovski and Zail (LZ) results directly from their 
tables due to run time. Throughout, the LZ model will have 
one additional triangle in other liability (othliab) that was 
removed from the other methods due to having negative in
curred loss, which disrupts the Mack chain ladder. Overall, 
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Figure 5. The signal-to-noise ratio for the SOGP paid model, SOGP incurred model, and the MOGP model,                
including case and paid projections by development lag.         

this has no impact on relative model performance conclu
sions. 
The following point accuracy metrics will be reviewed by 

line, loss ratio type, and premium group: 

In the preceding,  is a triangle within the set of triangles 
,  is the sum of triangle ’s cumulative loss at lag 
10, and  is the total premium of a triangle .  is the 
model prediction of cumulative loss. The weighted root 
mean squared error (RMSE) is the more interpretable result 
(Ludkovski and Zail 2021) since one or a few large carriers 
can dominate the RMSE. 
The following distribution metrics will be reviewed by 

line and loss ratio type: 

Reviewing these metrics together should help us achieve 
a comprehensive understanding of how well each model 
fits the data. We will confirm our insights by reviewing P-

• Root mean squared error: 

• Weighted root mean squared error: 

• Coverage: A coverage metric evaluates the propor
tion of the data captured by a given probability distri
bution. We’ll test coverage of the middle 90%. A met
ric value near 0.90 suggests a good fit, while lower 
values suggest insufficient variance is captured by the 
model and higher values suggest excess variance is 
captured. 

• Continuous rank probability score (CRPS):     The 
CRPS is the squared difference between the predicted 

cumulative distribution function (CDF) and the actual 
distribution of observations. This provides informa
tion about the accuracy of the full probability distrib
ution. We compare the sum of the squared differences 
across NAIC triangles. A lower CRPS indicates a bet
ter fit. 

• Negative log probability density (NLPD):     The 
NLPD measures the quality of a probability density 
estimate. It compares the estimated density with the 
true density of the data, with a lower NLPD indicating 
a better fit. This approach penalizes models that as
sign low probabilities to the observed data. This is 
commonly used to determine the best model for a 
given dataset. We compare the sums of NLPDs across 
NAIC triangles. 

• Kolmogrov-Smirnov (K-S) statistic:   The K-S statis
tic is the maximum absolute difference between an 
empirical distribution  and another . We 
will use an empirical CDF from our actual cumulative 
losses and compare it with the estimated CDF from 
the MOGP. The null hypothesis is that the samples 
come from the same distribution. We reject this hy
pothesis at the 5% level if the statistic exceeds  In 
other words, the lower the K-S statistic, the better. 
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Table 2. Point accuracy metrics summarized across the selected NAIC triangles by loss type and line of business                 

Incurred cumulative losses 

Weighted root mean squared error Root mean squared error 

Line SOGP MOGP LH LZ Mack SOGP MOGP LH LZ Mack 

comauto .068 .065 - - .057 13151 13162 - - 13103 

medmal .067 .063 - - .094 12618 12755 - - 21088 

othliab .089 .091 - - .078 17361 22251 - - 13030 

ppauto .051 .053 - - .046 794992 517070 - - 194342 

prodliab .099 .069 - - .047 15979 17509 - - 24267 

wkcomp .068 .067 - - .061 29942 28103 - - 27923 

Total .071 .071 - - .063 209568 259160 - - 98463 

 

Paid cumulative losses 

comauto .076 .068 .081 .146 .057 10985 10177 16125 10211 8783 

medmal .052 .050 .091 .116 .151 18831 18155 30703 24987 100311 

othliab .061 .058 .082 .124 .062 20618 20997 20847 31890 46556 

ppauto .052 .046 .063 .103 .049 57905 124155 48126 65730 116336 

prodliab .093 .088 .131 .098 .147 53646 49945 87219 40521 49851 

wkcomp .056 .050 .056 .079 .049 35363 37670 48741 39577 24715 

Total .064 .058 .076 .118 .066 36166 65848 38292 41476 67333 

P plots and histograms of predicted and observed ultimate 
loss percentiles. 

5.1. POINT ACCURACY 

The MOGP shows strong accuracy results on paid cumula
tive losses relative to other methods but generally under
performs the Mack chain ladder on incurred losses. Table 2 
provides both accuracy metrics by line and in total. Empha
sis is added to the top model for each line, metric, and loss 
type. 
The initial conclusion for the MOGP is that shared learn

ing seems to benefit the point prediction of paid dollars. 
Incorporating the incremental incurred loss ratios into the 
MOGP in addition to the case ratios may further improve 
the predictions. 
Relative to other GP models, the MOGP produced con

sistently stronger results across all lines of business, while 
the SOGP generally outperforms all but the MOGP. The 
weighted RMSE metric clearly shows this, while the un
weighted metric is more susceptible to distortion from a 
single data point. For example, one triangle contributes 
nearly 80% of the MOGP’s error for private passenger auto 
paid losses. As an alternative, we can review our weighted 
metric by premium group. 
Table 3 provides the weighted accuracy metric split by 

premium group, and the results are consistent with prior 
conclusions. The unweighted metric is not included be
cause the loss amounts would be dominated by private pas
senger auto. 
The SOGP and MOGP both improve their relative per

formance as the volume of a triangle grows, showing their 
ability to better capture trends or understand patterns in 
the data. For small triangles such as those with less than 

$10 million in premium, we can pursue alternatives to in
crease the amount of data in the model (see Section 4.1.1). 
In Figure 6, we resample the weighted squared errors of 

the MOGP and Mack chain ladder model to produce dis
tributions around the total for each. This further strength
ens our conclusion that the accuracy of the selected MOGP 
model in predicting incurred losses is likely inferior to that 
of the Mack model, while it is expected to perform better in 
predicting paid losses. 

5.2. DISTRIBUTION QUALITY 

The SOGP and MOGP produces strong distributional fits 
on ultimate losses relative to the other methods. Table 4 
shows the distributional accuracy metrics for commercial 
auto triangles. Emphasis is added to the top performer for 
the CRPS and NLPD metrics, while values indicating the 
failure to reject the K-S null hypothesis are italicized. 
The MOGP model exhibits a potential underfitting issue 

with incurred losses, while providing a reasonable distribu
tion around paid losses. To address this, incorporating in
cremental incurred losses directly into the MOGP, instead 
of summing the predictions of paid and case losses, may 
improve the distributional fit. 
In comparison with the SOGP, the MOGP consistently 

improves all distributional metrics for paid losses across 
lines of business (see Appendix C). Furthermore, the MOGP 
tends to display a wider range of total paid losses. This sug
gests that shared learning in the MOGP helps to uncover 
additional uncertainty or potential development patterns 
that may not be considered in a single-output model. 
The MOGP struggled on the K-S test and coverage sta

tistic in private passenger auto and workers compensation 
for paid triangles. This is generally due to the actual losses 
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Table 3. Point accuracy metrics summarized across the selected NAIC triangles by loss type and premium size                
group  

Incurred cumulative losses 

Weighted root mean squared error 

Premium group SOGP MOGP LH Mack 

< $10M .081 .079 - 0.066 

$10M–$50M .069 .069 - 0.059 

$50M–$150M .072 .072 - 0.073 

> $150M .059 .064 - 0.056 

 

Paid cumulative losses 

< $10M .093 .082 .088 0.077 

$10M–$50M .053 .050 .079 0.057 

$50M–$150M .040 .039 .059 0.038 

> $150M .051 .048 .076 0.081 

Figure 6. Bootstrap distributions of weighted RMSE by loss type and model.           

coming in below the median of our predicted distributions. 
There are a few possible explanations for this. 
First, the model may be relying too much on prior lag 

development. If there is insufficient data in surrounding 
experience periods for a particular development lag, the 
model will more likely continue the development seen 
within the experience period to that point. When projecting 
paid development, that means we would more likely over
state ultimate losses. 
Second, there may be insufficient data to pick up mean

ingful vertical trends. Like the first consideration, the 
model may not trust meaningful trends that are detected 
with only a few data points. This is a good feature as it may 
avoid overfitting, but following the ideas in Section 4.1.1 to 
expand the dataset can be considered. 
Lastly, there may be additional factors not considered or 

easily detected in our data that are affecting development. 
A more advanced model can consider additional variables 

to adjust for known legal or underwriting changes, for ex
ample. The NAIC dataset we are using shows a dispropor
tionate amount of low loss ratios in the more recent years. 
This suggests the existence of larger industry or economic 
variables affecting results that the current models are not 
able to recognize and extrapolate. Modeling mean vector 
adjustments related to external variables by experience pe
riod is a possible solution. 
Figure 7 displays histograms and P-P plots for SOGP and 

MOGP models using commercial auto triangles. This shows 
how they may generally overstate paid losses. The actual 
percentiles are overrepresented below the theoretical line. 
Considering our coverage metric across lines of business, 

it seems that directly modeling the signal and noise vari
ance and its relationship with development lag for both tri
angle dimensions is sufficient in capturing uncertainty in 
incurred patterns but may be insufficient for some paid pat
terns. Future improvements may scale the noise variance 
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Table 4. Distributional accuracy metrics summarized across NAIC triangles by loss type for commercial auto              

Commercial auto—K-S critical value = .148 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP .952 259885 1306 .102 

MOGP .976 256555 1300 .147 

MACK .774 266073 1403 .083 

 

Paid cumulative losses 

SOGP .857 220135 1299 .114 

MOGP .905 202021 1270 .101 

LH .869 360976 1364 .142 

LZ .893 276313 1373 .202 

MACK .786 216800 1348 .192 

Figure 7. Histograms (left) and P-P plots (right) of cumulative paid loss percentiles for commercial auto               
triangles. The dotted lines represent the deviation necessary to reach K-S critical values.              

with relative experience period premium size or include an
other source of uncertainty. 

6. CONCLUSION 

The MOGP for loss development is a flexible time series 
model actuaries can use to estimate the distribution of ul
timate loss reserves for multiple triangles. Using an addi

tive kernel of the two triangle dimensions, we can increase 
parameter complexity and use multiple loss types with rea
sonable run times. The MOGP simultaneously learns incre
mental paid and case loss ratio patterns, improving the paid 
point predictions and estimates of uncertainty. Testing on 
the NAIC dataset shows arguably the best public model re
sults to date. 
The presented model is suited to estimate and share in

formation across any number of loss ratio triangles. This 

Multioutput Gaussian Processes for Loss Ratio Development

Variance 14



may include ratios based on claim type, jurisdiction, or cov
erage code, for example. The main barrier is computational 
tractability. To overcome this, a variational inference pro
cedure may be developed. 
GPs are highly customizable and can account for many 

time series patterns and sources of uncertainty. They con
tinue to be a strong framework for considering loss reserve 
models. The MOGP is another step toward an accurate, gen
eral development model for all lines of insurance. 
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APPENDICES 

A. EXAMPLE IMPACT OF INCREASED OBSERVATIONS ON 
SPATIAL LENGTHSCALES 

The horizontal signal in a development triangle is stronger 
than the vertical, especially as lag increases. We use our 
private passenger auto example triangle and its original 
training data (see Appendix B) to test the impact of in
creased observations on the vertical lengthscale. The exam
ple paid loss triangle is particularly useful because it has 
limited noise. There is also a clear upward trend in losses 
across experience periods. Thus, the model has an incentive 
to incorporate vertical trends. 
The mean lengthscales for the LH model with a squared 

exponential kernel are as follows: 

The lengthscale prior is a gamma with the middle-90 per
centile range [0.34, 1.94]. We then train on all but one ob
servation—1997, lag 10. The new mean lengthscales are as 
follows: 

This pushes the lengthscale of the vertical trend to the tail 
of the prior distribution. Expanding the prior and increas
ing the size of the dataset, one can expect the divergence in 
lengthscales to continue. Effectively, the model is remov
ing the impact of the vertical trend to take advantage of the 
horizontal. This diminishes the predictive power for new 
experience periods because they cannot rely on their hori
zontal trend for extrapolation. 
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B. Example Triangle and Selected Mean       

Incurred Loss 

AY 1 2 3 4 5 6 7 8 9 10 Ultimate Net EP Proj LR 

1988 225414 208497 207803 208583 208035 206341 206188 206039 205881 205997 205,997 258,278 

1989 247731 232846 233104 232197 229821 228243 227930 227703 227651 227,779 277,280 

1990 290505 269680 268524 265149 263004 261447 261109 260842 260,863 316,221 

1991 303790 282919 274778 271232 269510 267925 267632 267,406 359,146 

1992 343457 306462 299060 294903 292479 291705 291,127 407,777 

1993 376913 330855 320521 315124 313454 311,052 440,132 70.7% 

1994 402824 365186 354292 350261 345,193 468,723 73.6% 

1995 417102 385604 376371 367,017 499,637 73.5% 

1996 438743 390974 373,639 517,336 72.2% 

1997 444654 386,796 533,638 72.5% 

 

wt avg LDF 0.910 0.980 0.989 0.993 0.994 0.999 0.999 1.000 1.001 1.000 

wt avg CDF 0.870 0.956 0.975 0.986 0.992 0.998 0.999 1.000 1.001 1.000 

% of Ultimate 1.150 1.046 1.025 1.015 1.008 1.002 1.001 1.000 0.999 1.000 

 

Median Proj LR 0.725 

GP Mean 83.3% 75.8% 74.3% 73.5% 73.0% 72.6% 72.5% 72.5% 72.4% 72.5% 

 

Paid Loss 

AY 1 2 3 4 5 6 7 8 9 10 Ultimate 
Est Pd/
Inc 

1988 102260 168086 190196 199058 203783 204531 205280 205779 205911 205921 205,921 1.000 

1989 113438 188826 211976 221104 225131 226632 227314 227532 227553 227,564 0.999 

1990 128209 213190 241623 253582 257674 259489 259970 260062 260,166 0.997 

1991 129181 218195 248903 259789 264556 266188 266822 267,241 

1992 139085 242303 271847 282231 286041 288748 289,971 

1993 154914 262070 291947 303199 307179 310,575 

1994 172025 291837 322487 334928 344,294 

1995 188892 304583 337595 361,649 
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1996 191839 306832 368,275 

1997 196865 393,129 

 

wt avg LDF 1.664 1.120 1.042 1.017 1.007 1.003 1.001 1.000 1.000 1.000 

wt avg CDF 1.997 1.200 1.071 1.028 1.011 1.004 1.002 1.000 1.000 1.000 

% of Ultimate 0.501 0.833 0.933 0.973 0.989 0.996 0.998 1.000 1.000 1.000 

 

Median Pd/Inc 0.999 

GP Mean 36.3% 60.3% 67.6% 70.4% 71.6% 72.1% 72.3% 72.4% 72.4% 72.4% 

 

Incremental Mean Vectors for SOGP and MOGP Models 

Incurred 83.3% –7.5% –1.5% –0.8% –0.5% –0.4% –0.1% –0.1% –0.035% 0.041% 

Paid 36.3% 24.1% 7.3% 2.8% 1.2% 0.5% 0.2% 0.1% 0.0% 0.004% 

Case 47.1% –31.5% –8.8% –3.6% –1.7% –0.9% –0.3% –0.2% –0.1% 0.037% 
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C. Distributional Fit Tests for All Lines of Business          

Commercial auto—K-S critical value = .148 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP .952 259885 1306 .102 

MOGP .976 256555 1300 .147 

MACK .774 266073 1403 .083 

 

Paid cumulative losses 

SOGP .857 220135 1299 .114 

MOGP .905 202021 1270 .101 

LH .869 360976 1364 .142 

LZ .893 276313 1373 .202 

MACK .786 216800 1348 .192 

Medical malpractice—K-S critical value = .393 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP 1.00 87782 233 .199 

MOGP 1.00 94325 236 .205 

MACK .833 135192 249 .334 

 

Paid cumulative losses 

SOGP .833 106487 233 .236 

MOGP .917 95969 230 .164 

LH .833 164966 241 .382 

LZ .917 144724 247 .279 

MACK .500 425263 264 .235 

Other liability—K-S critical value = .140 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP .916 295194 1355 .114 

MOGP .937 329339 1373 .131 

MACK .789 239801 1351 .135 

 

Paid cumulative losses 

SOGP .832 240473 1361 .136 

MOGP .853 232252 1329 .140 

LH .873 261515 1404 .163 

LZ .896 309136 1390 .187 

MACK .832 447635 1308 .085 

Private passenger auto—K-S critical value = .146 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP .920 3914355 1454 .119 

MOGP .954 5465156 1464 .132 

MACK .678 2386029 1536 .153 
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Commercial auto—K-S critical value = .148 
Incurred cumulative losses 

Paid cumulative losses 

SOGP .782 876685 1486 .325 

MOGP .839 1307097 1440 .255 

LH .943 923668 1513 .088 

LZ .920 1202087 1557 .357 

MACK .655 1283189 1531 .366 

Product liability—K-S critical value = .377 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP 1.00 96084 213 .266 

MOGP 1.00 72934 213 .270 

MACK .846 81502 212 .257 

 

Paid cumulative losses 

SOGP .692 221264 280 .137 

MOGP .769 191615 237 .120 

LH .692 346736 240 .405 

LZ .846 143834 223 .251 

MACK .769 172959 221 .249 

Workers compensation—K-S critical value = .180 
Incurred cumulative losses 

Line COV CRPS NLPD K-S 

SOGP .842 537613 1046 .163 

MOGP .912 534430 1036 .136 

MACK .632 525526 1145 .316 

 

Paid cumulative losses 

SOGP .596 634521 1081 .383 

MOGP .789 589378 1013 .310 

LH .877 672436 1037 .135 

LZ .895 604892 1072 .142 

MACK .561 388602 1493 .315 

Multioutput Gaussian Processes for Loss Ratio Development

Variance 21


	Multioutput Gaussian Processes for Loss Ratio Development
	1. Introduction
	1.1. Computational tractability
	1.2. Gaussian processes for loss development
	1.3. Incorporating anisotropy
	1.4. Paid and incurred projections
	1.5. Contribution
	1.6. Data

	2. Gaussian process regression
	2.1. Kernel selection
	2.3. Compound kernel
	2.3. Linear model of coregionalization
	2.4. Incorporating noise
	2.5. Extrapolation

	3. Application to loss ratio development
	3.1. Target variable
	3.1.1. User-informed mean

	3.2. Model specification
	3.2.1. Single-output model
	3.2.2. Multioutput model


	4. Example
	4.1.1. Potential for improvement

	5. Performance testing
	5.1. Point accuracy
	5.2. Distribution quality

	6. Conclusion
	Acknowledgment

	References
	Appendices
	A. Example Impact of Increased Observations on Spatial Lengthscales



