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We apply a class of linear classifier models under a flexible loss function to study binary 
classification problems. The loss function consists of two penalty terms—one penalizing 
false positive (FP) and the other penalizing false negative (FN)—and can accommodate 
various classification targets by choosing a weighting function to adjust the impact of FP 
and FN on classification. We show, through both a simulated study and an empirical 
analysis, that the linear classifier models under certain parametric weight functions can 
outperform the logistic regression model and can be trained to meet flexible targeted 
rates on FP or FN. 
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1. INTRODUCTION 

Classification is a fundamental type of problem in super
vised machine learning, with data structured as , and 
the objective is to predict the category or class  based 
on the available features or covariates in . Classification 
problems arise in various applications, such as fraud detec
tion (Ngai et al. 2011) and credit risk assessment (Crook, 
Edelman, and Thomas 2007; Lessmann et al. 2015). Such 
problems are also prevalent in actuarial science; prominent 
examples include risk classification in insurance underwrit
ing and ratemaking (Cummins et al. 2013; Gschlössl, 
Schoenmaekers, and Denuit 2011), fraudulent claims detec
tion (Viaene et al. 2002, 2007), and modeling surrender risk 
(Kiermayer 2022). A classification problem is called a binary 
classification if the prediction  has only two categories or 
a multiclass classification if  has three or more categories. 
In this article, we apply the linear classifier models (LCMs), 
first proposed by Eguchi and Copas (2002), to study general 

binary classification problems and demonstrate their prac
ticality in insurance risk scoring and ratemaking. 

Assessing the risk of individuals (e.g., policyholders or 
applicants) is a crucial task in insurance as it directly affects 
the decisions made regarding ratemaking and underwrit
ing. When an individual’s assessed risk score exceeds a 
certain threshold, insurers consider the individual a sub
standard risk, which may result in a demand for a higher 
premium or even the rejection of the application. To make 
such decisions, insurers typically use a binary classification 
model. There are two possible types of errors in binary clas
sification: false positive and false negative. A false positive 
error occurs when a standard risk is classified as substan
dard, and a false negative error occurs when a substandard 
risk is classified as standard. Please refer to Table 1 for the 
confusion matrix of a binary classification problem. Since it 
is often conflicting to minimize both the false positive rate 
(FPR) and the false negative rate (FNR) simultaneously,1 a 
good classification model for risk scoring should allow in
surers to adjust their optimization objectives flexibly on ei
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Table 1. Confusion matrix for binary classification      

Predicted 

Actual 

Positive Negative Total 

Positive True Positive (TP) False Negative (FN) TP + FN 

Negative False Positive (FP) True Negative (TN) FP + TN 

Total TP + FP FN + TN 

ther FPR or FNR or on a weighted combination of FPR and 
FNR. For instance, a small insurer that wants to increase 
its market shares may set a low acceptable FPR but a high 
acceptable FNR; doing so will allow the insurer to accept 
as many applicants as possible, except for those who are 
deemed too risky. Conversely, a mature insurer with domi
nant market shares is likely reluctant to accept policyhold
ers with high-risk profiles; to accommodate this, the in
surer can set a low acceptable FNR but a high acceptable 
FPR. 

A standard approach for classification in actuarial sci
ence is the logistic regression model, but it cannot be fine-
tuned to balance FPR and FNR to suit an insurer’s business 
objective. (Indeed, the optimization objective under the lo
gistic model is fixed; see Example 3.) A suitable approach 
is the LCM family proposed by Eguchi and Copas (2002), 
which consists of two essential components: a linear dis
criminant function  and a loss (risk) func
tion . 

 and  is a vector of the same dimension as ; here
after,  denotes the transpose of a vector. Minimizing the 
loss function  yields the estimates for  and . The model 
then predicts  if  or  if , in 
which  is a threshold determined by the strategic target 
of the binary classification.  and  in the loss function 
are two increasing functions and lead to two penalty terms 
related to two types of errors, one on FPR and the other 
on FNR, respectively. The freedom of choosing the penalty 
functions  and  makes it possible for insurers to 
achieve their targeted FPR or FNR. By imposing mild con
ditions, Eguchi and Copas (2002) show that choosing the 
pair of  boils down to choosing a single function 

, called the (positive) weighting function. The family of 
suitable weighting functions  is of infinite dimension, and 
each  yields a unique LCM. There exist many interest
ing parametric weighting functions for  (see Examples 1 
and 2) in which the parameter controls the relative impact 
of FPR and FNR on the loss function  and eventually on 
the model prediction. The LCM family also nests the stan
dard logistic regression model as a special case when we 
take , , as the weighting function 
(see Example 3). As a quick summary, the LCMs offer great 
generality and flexibility when dealing with binary classifi
cation problems. 

In the actuarial literature, different methods have been 
applied to solve classification problems, including logistic 
regression, decision tree, -nearest neighbor, Bayesian 
learning, and least-squares support vector machine. Zhu et 
al. (2015) use the logistic regression model to analyze in

sured mortality data by incorporating covariates such as 
age, sex, and smoking status. Biddle et al. (2018) propose 
several models, including logistic regression and decision 
tree, to predict mortality and estimate risk in underwriting. 
Heras, Moreno, and Vilar-Zanón (2018) use logistic regres
sion to describe the claim occurrence in the standard two-
part model. Huang and Meng (2019) use the so-called 
telematics variables to model claim occurrence using the 
logistic regression and four machine learning techniques: 
support vector machines, random forests, XGBoost, and ar
tificial neural networks. Wang, Schifano, and Yan (2020) 
describe healthcare claim occurrence using the logistic re
gression with geospatial random effects. Pesantez-Narvaez, 
Guillen, and Alcañiz (2021) use a synthetic penalized logit
boost to model mortgage lending with imbalanced data. 

However, the majority of the existing works on classifica
tion problems in actuarial literature start with a fixed model 
(objective) and aim to show superiority over a benchmark 
model, often the logistic regression model, under some 
chosen performance measure. As argued earlier, a fixed 
model is unlikely to meet all business objectives of an in
surer; for instance, the insurer may prefer a low FPR for a 
new business but a low FNR for a well-established business. 
Although the insurer can always choose a particular model 
for a specific purpose, it is clearly more advantageous for 
the insurer to adopt a parametric family of models, such 
as the LCMs under a parametric weighting function , and 
then tune the parameter for different use. To the best of 
our knowledge, Viaene et al. (2007) is the only article in 
related actuarial literature that takes into account the cost 
and benefit of both FPR and FNR in detecting fraudulent 
claims. While the authors still use the standard logistic re
gression for detecting fraudulent claims, meaning the loss 
function  is still fixed, the classification threshold  is 
calibrated based on the costs associated with true positive 
(TP), false positive (FP), true negative (TN), and false nega
tive (FN) claims of each policyholder. As a comparison, the 
key feature of the LCMs is the flexibility of the loss function 

; in particular, we consider  in a parametric form and 
use the parameter to control the relative impact of FPR and 
FNR on classification. 

To demonstrate the applicability of the LCMs in insur
ance, we conduct both a simulated study and an empirical 
analysis using the Local Government Property Insurance 
Fund (LGPIF) dataset and compare them with the logistic 
regression model as the benchmark. We show that the 
LCMs, under some parametric families of weighting func
tions (see Examples 1 and 2), can always outperform the 
benchmark as long as the parameter is tuned properly. To 
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be precise, there exists a range of parameter values such 
that the corresponding LCMs can deliver better perfor
mance than the logistic regression model in both the high-
sensitivity and the high-specificity regions and in terms of 
the area under the receiver operating characteristic (ROC) 
curve (AUC) measure. In addition, the LCMs with certain 
parametric weighting functions can help insurers achieve 
their desired target FPRs or FNRs. In the empirical study, 
we focus on the prediction of claim count  on the building 
and contents (BC) coverage. To apply the LCMs, we first di
vide  into two categories,  and , in which 

 is a threshold and takes values from 1 to 4, and then 
adopt the exponential weighting function in (2.6) to pre
dict into which category a policy falls. Our results show 
that the LCMs can achieve desirable classification perfor
mance in both high-sensitivity and high-specificity regions 
regardless of the degree of imbalance in the response vari
able, whereas the benchmark logistic regression model per
forms reasonably well only in the case wherein the region 
of interest is homogeneous to the overall distribution of the 
binary response variable. Apparently, the LCMs can be ap
plied to deal with a wide range of classification problems 
beyond the one considered in the empirical study. For in
stance, insurers can use the LCMs to predict the binding 
policies given a large number of quotes sent out to poten
tial policyholders. Based on the promising performance in 
the numerical studies, the LCMs have the potential to offer 
insurers more efficient data-driven and more personalized 
approaches to decision-making. 

The remainder of the article is organized as follows. Sec
tion 2 presents the LCMs and discusses how they can be cal
ibrated. Section 3 and Section 4 conduct a simulated study 
and an empirical study, respectively, to demonstrate the 
applicability of the LCMs in insurance risk classification. 
We conclude the article in Section 5. 

2. FRAMEWORK 

2.1. MODEL 

We study a general binary classification problem with data 
in the form of , in which  is a binary label 
of the classification class and  is a -dimensional 
vector of covariates. The goal is to use the available infor
mation captured by the covariates vector  to best predict 
the associated class . Such a problem appears in various 
fields and is, in particular, common in actuarial applica
tions. As an illustrative example, think of an individual risk 
assessment problem in insurance underwriting in which 

 (the majority class) labels a standard risk and 
(the minority class) a substandard risk. 

Let us denote a realized observation of  by , 
in which  and . A key component in the 

LCMs is a linear discriminant function 
. 

which assigns a score to each covariates vector . To 
use the linear discriminant function for classification, we 
need to specify a threshold value . Once  is selected, 
the model predicts  if , and  otherwise. 
Note that selecting a larger  will lower FPR but increase 
FNR at the same time.2 Under such a framework, the most 
significant question is to estimate  and , and the estima
tion method distinguishes the LCMs from the popular mod
els in actuarial science, as unfolds in what follows. 

To proceed, we follow Eguchi and Copas (2002) to define 
a loss function  by 

in which  denotes the unconditional expectation operator, 
 is defined in (2.1), and  and  are two general increas

ing functions, often referred to as penalty functions here
after. Minimizing the loss function  yields the estimates 
and  for the parameters  and  in the discriminant func
tion , i.e., 

We discuss the loss function  given by (2.2) in detail as fol
lows. 

Since the family of increasing functions is closed under 
positive scaling, there is no need to introduce a separate 
weight factor between the two penalty terms in (2.2). De
note  and  the conditional distribution of 

 given  for , respectively. We can rewrite the 
loss function  in (2.2) by 

in which  denotes taking conditional expectation under 
 for . 
We proceed to argue why the LCMs introduced by Eguchi 

and Copas (2002) are suitable for actuarial applications. Re
call that a key in the LCMs is the linear discriminant  de
fined in (2.1), and linear models have great interpretability 
and are widely used in ratemaking. Since model inter
pretability is essential in actuarial applications (e.g., be
cause of strict regulations), the LCMs can be readily applied 
to actuarial classification problems. Furthermore, the 

• The first term  in (2.2) is equal 
to zero when  and penalizes large scores of 

 when  (since  is an increasing func
tion), which constitutes false positive cases. There
fore, the first term reflects the penalization on FPR. 

• The second term  in (2.2) is equal to 
zero when  and penalizes small scores of 
when , which corresponds to false negative 
cases. As a consequence, the second term measures 
the impact of FNR in the loss function . 

As a common practice, we set  for all predictions in the following sections. However, we need to vary  to plot ROC or similar 
curves (e.g., Figure 5). 

2 
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choice in (2.1) is in fact optimal, in the sense that it yields 
the highest ROC curve among all discriminant functions, if 
certain technical conditions are satisfied. Eguchi and Copas 
call such a condition “consistency under the logistic model” 
(2002, 4) and show that it is equivalent to the penalty func
tions  and  in (2.2) having the following representa
tions: 

in which  is a positive weighting function and  and  are 
some constants. Since the two constants  and  in (2.3) 
play no role in minimizing , we often ignore them by set
ting , unless stated otherwise. 

Since we consider the linear discriminant  in (2.1), 
it is then natural for us to impose the condition in (2.3) 
throughout the article. It can be shown that the minimizer 

 of the loss function  in (2.2) exists and is unique, 
under mild conditions (see Theorem 8 in Owen 2007 for 
proof and Remark 1 below for technical assumptions). Fur
thermore,  satisfies the following asymptotic result: 

in which  denotes the number of observations in class 
  and  is the th covariates vector in class 1. 

In (2.4), the left-hand side limit is taken when the num
ber of observations in the majority class  goes to in
finity, and the right-hand side is the sample mean of the 
covariates in the minority class . Note that the im
balance scenario in actuarial classification problems is of
ten encountered. For instance, the class of no accident in 
automobile insurance dominates the class of accidents; the 
dataset in So, Boucher, and Valdez (2021) shows that the 
former class has a probability of 97.1%. Therefore, the re
sult in (2.4) is extremely useful as it provides a feasible and 
robust approach of finding  for imbalanced data. 

Remark 1.  The existence of  shown in Theorem 8 of 
Owen (2007) relies on two technical assumptions: (1) the tail 
of , the distribution of  in the majority class , can
not be too heavy; (2) the distribution  should “overlap” with 
, the empirical mean of the covariates in the minority class, 

as defined in (2.4). To be precise, the first assumption requires 
that 

holds for any  in which  denotes the standard Eu
clidean norm; the second assumption requires that there exist 
some  and  such that 

holds for all  satisfying . Glasserman and Li 
(2021) impose conditions on the weighting function , 

, and , along with (2.5), and obtain the ex
istence and uniqueness of ; see Section 3 for full details. 
We will assume onward in this article that all the technical as
sumptions in Glasserman and Li (2021) hold so that a unique 

minimizer  exists. As will become clear, such assump
tions on the weighting function  are mild and will be satisfied 
by those introduced in Examples 1–3. 

Given the representations in (2.3), estimating  and 
depends on the choice of the weighting function 

. We introduce several examples for  that will 
be used in later analysis. The weighing function  in Exam
ple 1 first appears in Eguchi and Copas (2002), and  in Ex
ample 3 recovers the logistic model. But to the best of our 
knowledge,  in Example 2 is new. 

Example 1 . In the first example, we consider 
given by 

in which  is a tuning parameter and determines the 
relative impact of FPR and FNR on the loss function . We call 

 an exponential weighting function if it is given by (2.6). Us
ing (2.3) with , we get 

The symmetric case of  in (2.6) yields the loss function 
adopted by the AdaBoost algorithm (see Freund and Schapire 
1997), which is used in several recent articles to handle the im
balance feature of claim frequency data in insurance (see, e.g., 
So, Boucher, and Valdez 2021). 

Example 2 . In the second example, we consider 
 given by 

in which  is a tuning parameter and balances the im
pact of FNR and FPR in classification. By plugging the above 
into (2.3) with , we obtain 

Example 3 . In the third example, we consider 
given by 

A simple calculus yields 

Therefore, minimizing the loss function  in (2.2) under the 
above penalty functions is equivalent to maximizing the log-
likelihood function under the standard logistic regression 
model (see Chapter 11.3 in Frees 2009). For this reason, we 
call  in (2.8) the logistic weighting function. We also note that 
it is straightforward to generalize  in (2.8) into a parametric 
family as , in which . 

In Examples 1 and 2, the tuning parameter,  in (2.6) and 
 in (2.7), balances the penalties on false positive and false 

negative predictions, which ensures that the LCMs are flex
ible enough to meet a specific target on FPR or FNR. To il
lustrate this point, let us compare the weighting function 

 given by (2.6) or (2.7) with the logistic weighting func
tion in (2.8) and plot in Figure 1 the penalties as a function 
of the linear predictor  defined by (2.1) under differ
ent . In Figure 1, the -axis is the corresponding penalty, 
measured by  on false positive predictions in the 
left panel and by  on false negative predictions 
in the right panel. An immediate observation is that the 
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Figure 1. Penalties on false positive or false negative under different weighting functions.            

value of  in (2.6) or  in (2.7) controls the degree of penalty 
on false positive and false negative cases, exactly as we 
claimed. When  or  increases, the penalty on false posi
tive decreases, but the penalty on false negative increases 
for large values of . As a result, if we want to achieve a 
small FPR, we should select a small  in (2.6) or  in (2.7), 
and vice versa. We further observe that, in the limit case 
of  (respectively, ), the corresponding right (re
spectively, left) tail exhibits exponential growth. As a com
parison, when the logistic weighting function (2.8) is used, 
the penalties on false positive and false negative are sym
metric and have linear growth. (Similar results apply to the 
weighting function in (2.7) with  being the tuning parame
ter; see lower panels in Figure 1.) Such a difference is key to 
achieving a target on FPR or FNR under the LCMs. 

2.2. CALIBRATION 

We next discuss how to calibrate an LCM with training data. 
For such a purpose, we first choose a weighting function , 
which determines two penalty functions  and  by (2.3) 
and in turn determines the loss function  by (2.2). Next, 
we minimize the loss function  to obtain the estimates of 

estimate . Since  is differentiable, we attempt to 
find the estimates by solving the following equation from 
the first-order condition (FOC): 

As an illustrative example, let us consider the exponential 
weighting function  given by (2.6), in which  is a 
tuning parameter. Now by using (2.6), we can simplify the 
above FOC equation into 

in which  is defined in (2.1). A solution to 
(2.9), denoted by , is indeed the minimizer of the 
loss function  because the determinant of the correspond
ing Hessian matrix  is 

for all . 
Since the logistic model is a special LCM with the 

weighting function  given by (2.8), we can follow the same 
procedure to estimate  under the logistic model. To be pre
cise, the corresponding FOC equation reads as 

Linear Classifier Models for Binary Classification

Variance 5



In this case, the FOC is sufficient as we verify 

3. SIMULATION STUDY 

In this section, we conduct a simulation study to assess the 
applicability of the LCMs introduced in Section 2. We will 
consider all three weighting functions introduced in Exam
ples 1–3 and study their performance in classification, with 
the logistic weighting function in (2.8) of Example 3 serv
ing as the benchmark. 

What we have in mind is a risk classification problem 
in automobile insurance with two classes, in which class 

 represents a standard risk and class  denotes 
a substandard risk. Because of the extreme imbalance be
tween the two classes (see So, Boucher, and Valdez 2021), 
we consider an insurance pool of  standard 
risks  and  substandard risks . For 
illustration purposes, assume there are two covariates, 
and , in this study;  relates to the driver’s age (in the 
unit of 10 years), and  corresponds to the (rescaled) vehi
cle capacity. We use the following conditional distributions 
of  to generate data: 

in which 

and 

in which 

In the above,  denotes a (bivariate) normal distribu
tion with mean  and variance-covariance matrix . Let us 
explain the above distributions of the covariates 
given  as follows. For the simulation study, we expect 
that a smaller  (younger age) or a larger  (bigger vehi
cle) should yield a higher risk score. In that sense, most of 
the substandard risks should have younger ages, when com
pared with the standard risks; this explains why we set the 
mean  to 2.5 (i.e., 25 years of age) with probability of 0.9, 
which is significantly smaller than  for standard 
risks. Conversely, as one ages beyond a certain threshold, 
the chance of being flagged as a substandard risk increases. 
To reflect this fact, we set the second scenario of  to be 
equal to  with probability of 0.1. Because of the 
above choice of , some of the substandard risks are 
mixed together with the standard risks, as shown in Figure 
2, which makes classification a challenging task. 

Recall that we consider three weighting functions from 
Examples 1–3 in the study: the first two choices are para
meterized by  in (2.6) or by  in (2.7), and the last one in 
(2.8) corresponds to the standard logistic model. As shown 

Figure 2. Joint scatter plot of       and  .  

in Figure 1, a larger  or  places more penalty weight on 
FPR in the loss function . We compare the performance 
when  is given by (2.6), (2.7), or (2.8) and plot the find
ings in the region of high sensitivity and high specificity 
in Figure 3. Note that “high sensitivity” refers to situations 
in which an insurer prefers a high true positive rate (TPR) 
or equivalently a low FNR. (TPR is defined by  and 
equals ; see Table 1.) Conversely, “high specificity” 
corresponds to situations in which an insurer aims for a 
high true negative rate (TNR) or equivalently a low FPR. 
(TNR is defined by  and equals ; see Table 1.) 
In the high-sensitivity region (two left panels in Figure 3), 
the -axis is the TPR, ranging from 90% to 100%, while the 
-axis denotes the corresponding FPR under a given TPR. 

The two right panels in the high-specificity region can be 
understood in a similar way. Therefore, in all panels of Fig
ure 3, the lower the curve, the better is the performance. It 
is worth mentioning that the plots in Figure 3 are not ROC 
curves, which are plots of TPR as a function of FPR. 

Let us first focus on the upper panels of Figure 3 in the 
case of the exponential weighting function given by (2.6) 
in Example 1. An important observation is that the LCMs 
with  given by (2.6) can outperform the benchmark lo
gistic regression model by choosing an appropriate ; such 
a result is more evident in the region of high sensitivity 
than in the region of high specificity. The upper left panel 
shows that, given a target TPR (between 90% and 100%), a 
larger  yields a lower FPR in most scenarios and is thus 
generally preferred to the insurer. On closer investigation 
of different  values (not shown here), we find that LCMs 
with exponential weighting outperform the benchmark lo
gistic model for  in the high-sensitivity region. Mov
ing to the upper right panel, we find that the FNR overall 
increases with respect to  for a given target TNR (between 
90% and 100%) and that, to outperform the benchmark, the 
insurer needs to choose . When the weighting func
tion is given by (2.7), as in the two lower panels, findings 
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Figure 3. Trade-off between FPR/TPR and FNR/TNR in the simulation study with           .  

similar to those above can be drawn, although the plots are 
less distinguishable compared to those in the upper panels. 

We further observe from Figure 3 that the logistic re
gression model performs poorly in the high-sensitivity re
gion but delivers good performance in the high-specificity 
region. The reason for the latter result is that the generated 
dataset is heavily imbalanced, with about  of observa
tions in the class  (i.e., the actual negative rate is 

), and the TNR is between 90% and 100% in 
the high-specificity region. In other words, the high-speci
ficity region in Figure 3 represents the simulated dataset 
well, and under such a scenario, which is of course not al
ways true in real applications, the good performance from 
the logistic regression model is expected. To further illus
trate this point, we consider a “reversed” dataset compared 
to the previous one, in which we relabel the 500 risks in 
the minority class as  (“negative”) and the 10,000 
risks in the majority class as  (“positive”). As a re
sult, this reverse dataset has an actual positive rate of 95% 
and thus is approximated well by the high-sensitivity re
gion, which has a TPR between 90% and 100%. Our previ
ous claim then predicts that the logistic regression model 
will deliver good performance in the high-sensitivity re

gion but not in the high-specificity region for the reversed 
dataset with (“positive”) . This prediction is 
exactly what Figure 4 implies. As a comparison, LCMs un
der the exponential weighting function still can deliver ex
cellent performance in the high-specificity region when a 
small  is chosen; indeed, those with  outperform 
the benchmark logistic model. To summarize, LCMs with 
suitable parametric weighting functions (e.g., Examples 1 
and 2) can be effectively tuned to achieve excellent per
formance in either the high-sensitivity or the high-speci
ficity region, whereas the benchmark logistic model per
forms well only in the region that is representative of the 
actual data. 

Recall that the graphs in Figure 3 are plotted for high 
sensitivity (i.e., high TPR) or high specificity (i.e., high 
TNR) between 0.90 and 1.00. As such, the findings above 
are for those regions only and may not hold over the entire 
region when TPR or TNR is between 0 and 1. To have an 
overview of the performance, we consider two LCM models: 
the first model has an exponential weighting function with 

, and the second model is the logistic model with 
given by (2.8). We plot the ROC curves for these two mod
els in Figure 5. We easily observe from Figure 5 that the 
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Figure 4. Trade-off between FPR/TPR and FNR/TNR in the simulation study with           .  

Figure 5. ROC curves when      is given by (2.6) with      
  and by (2.8).    

first model with  outperforms the logistic model in 
the gray-shaded region, which has a TPR between 0.9 and 1 
and corresponds to the high-sensitivity region in Figure 3. 
In that regard, Figures 3 and 5 offer consistent findings. 

To gain a more accurate comparison of different models 
over the entire region, a better choice is the AUC, which 
can be understood as a measure of the probability of correct 
classifications and is thus always between 0.0000 and 
1.0000. For a classifier, the higher the AUC, the better is its 
performance. A perfect classifier yields an AUC of 1, while 
an uninformative classifier produces 0.5, which is the area 

under the diagonal line. We calculate the AUC for the LCMs 
under different  or  and for the logistic model in Table 2. 
We find that all models, including the benchmark logistic 
model, perform well, with AUCs all larger than 0.97. How
ever, the parametric models with  or  greater than 0.5 still 
can outperform the logistic model. 

The results from the simulation study above show that 
LCMs with parametric weighting functions given by (2.6) or 
(2.7) have a twofold advantage over the benchmark logistic 
model. First, they are highly flexible and can be tuned by 
users to achieve a specific target on FPR or FNR while the 
benchmark logistic model cannot. Second, they can always 
outperform the benchmark logistic model under an appro
priate tuning parameter. 

3.1. DISCUSSION ABOUT HYPERPARAMETER SELECTION 

We consider LCMs with parametric weighting function  for 
their tractability and applicability. Examples 1 and 2 pre
sent two useful choices for such a , in which the hyper
parameter  or  plays a key role in the prediction per
formance. A natural question then is how to select the 
hyperparameter(s) of the weighting function . The goal 
of this subsection is to offer discussion about this question 
when  is given by the exponential weighting function of 
Example 1 (Example 2 or other parametric weighting func
tions can be analyzed similarly). 

First, we observe an approximately increasing (respec
tively, decreasing) relationship between  and performance 
in the high-sensitivity region (respectively, high-specificity 
region); see Figure 3. It is worth pointing out that such a 
result holds true in general; indeed, the same observation 
holds in the empirical analysis (see Figure 8). As such, this 
result offers important guidance about selecting the para
meter . 
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Table 2. AUC values under different weighting functions         with the simulated data     

 given by (2.6)  given by (2.7) 
Logistic  given by (2.8) 

0.9732 0.9748 0.9707 0.9737 0.9717 0.9708 0.9715 

Continuing the above discussion, we know that insurers 
should use small  in the high-specificity region or large 
in the high-sensitivity region. Using the training data and 
considering several  can reveal more useful information. 
As an example, by considering , the above 
simulation study indicates that insurers should choose 

 to outperform the logistic model in the high-speci
ficity region. Conducting such a comparison analysis gives 
an approximate range for the hyperparameter once insurers 
set their target TNRs or TPRs. However, the specific result 
(for example,  in this case) may depend heavily on 
the training data and should not be taken as a universal 
rule. 

With the above problem in mind, we proceed to discuss 
how the idea of cross-validation can be applied to select a 
suitable tuning parameter for an LCM. To be precise, the 
procedure of selecting a suitable  consists of the following 
four steps: 

The approach above for selecting a  is general enough 
to be applicable in most cases. However, two difficulties re
main in actual applications. First, what kind of  (perfor
mance measure) should we use? Second, how do we solve 
the optimization problem in (3.2), which is often non
smooth and nonconcave? Both problems are well known 
and can be very challenging, and so far neither has a gen
erally accepted solution. That said, we will not attempt 
to address either problem in this article because such a 

task goes far beyond the scope of the current work. Never
theless, we will conduct an illustrative example using the 
same simulation dataset to demonstrate the potential use 
of the above procedure. For that purpose, we assume that 
the insurer is interested in the high-specificity region (with 

) and adopts the following value function : 

Note that in (3.3), each probability is the conditional proba
bility of correctly classifying a substandard risk under a tar
geted TNR between 0.90 and 1.00. As a result, maximizing 

 in (3.1) is consistent with the insurer’s business target of 
a high TNR. To find the maximizer  as defined in (3.2), 
we conduct a naïve grid search over 
(with a step size of 0.01 over ) and plot  as a function 
of  in Figure 6. We find that the maximizer  is 0.04, 
which is less than 0.1, as previously suggested by Figure 3. 

4. EMPIRICAL ANALYSIS 

In this section, we continue to apply the LCMs to study risk 
classification problems in insurance and assess their per
formance. However, in contrast to the simulated study with 
simplified covariates in the previous section, we will use the 
LGPIF data (publicly available at https://sites.google.com/
a/wisc.edu/jed-frees/#h.lf91xe62gizk), collected in the state 
of Wisconsin, to conduct an empirical analysis. For an 
overview of this dataset, see Frees, Lee, and Yang (2016); 
recent actuarial applications using this dataset can be 
found in Lee and Shi (2019), Jeong and Zou (2022), and 
Jeong, Tzougas, and Fung (2023), among others. In Section 
3, we considered the LCMs under two parametric weighting 
functions, (2.6) and (2.7), and they deliver similar perfor
mances in terms of AUC (see Table 2). However, Figure 3 
suggests that the models with (2.6) are more flexible than 
those with (2.7) in the high-sensitivity and high-specificity 
regions. In addition, the penalty functions  and  are 
more tractable under (2.6) than under (2.7), as shown in Ex
amples 1 and 2. As such, we will focus on the exponential 
weighting function (2.8), along with the logistic weighting 
function (2.6), in the empirical study. Recall that 
is the tuning parameter in (2.6); similar to what we did in 
Section 3, we consider three levels for  at 0.1, 0.5, and 0.9. 
For convenience, we will refer to the LCMs with exponential 
weighting as exponential LCMs in this section. 

1. Fix a value function (performance measure) 
3 in which  and  are from (2.1) and  is 

the validation dataset. 
2. Split the training dataset into  parts (a usual choice 

is  or ); set aside the  part, denoted by 
, for the cross-validation purpose; and use the re

maining  parts, denoted by , to calibrate 
the model. 

3. For , we first use the dataset  to 
obtain the estimates for  and , denoted by 
and , respectively, and then compute 

. 
4. Define the average value function  by 

A suitable choice for the hyperparameter  is then the 
maximizer, denoted by , of , i.e., 

The value function  clearly depends on the hyperparameter  as well, but such dependence is suppressed in notation. 3 
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Figure 6.   in (3.1) as a function      .  

4.1. DATA DESCRIPTION AND CALIBRATION 

While the LGPIF dataset provides information about policy 
characteristics and claims on multiple lines of coverage, we 
focus on the BC coverage in the empirical analysis. The 
dataset has a total of 6,775 observations that are recorded 
from 2006 to 2011; we will use the 5,677 observations from 
2006 to 2010 as the training set to calibrate the classifi
cation models and the remaining 1,098 observations from 
2011 for out-of-sample validation. There are seven categor
ical covariates and two continuous covariates, as seen in 
Table 3; since a policy is assigned a “type” from the avail
able six categories, one type covariate is redundant, and 
thus the covariates vector  is of dimension . The re
sponse variable is the number of BC claims in a year. Sum
mary statistics of the observed policy characteristics and 
the claim counts in the training set are provided in Table 3. 

As shown in Figure 7, most policyholders did not file a 
claim within a year, but there are still some policyholders 
who filed multiple claims within a year. There are 11 classes 
(with claim number ) in Figure 7, and the 
linear classification framework is for a binary problem, so it 
is necessary to select a threshold  for the claim number 
and divide all policies into two classes. Once  is selected, 
we define the majority class  and the minority class 

 by 

in which  denotes the number of claims filed in a year. For 
robustness concern over the choice of , we will consider 
four thresholds, , in the analysis.4 

Following the procedure documented in Section 2.2, we 
calibrate the exponential LCMs under different  by using 
the observations from 2006–2010 in the LGPIF dataset. The 
estimated model parameters,  and  (see (2.1) for the 
meanings of  and ), are presented in Table 4. For each 
column in Table 4 under a given threshold  (see (4.1) for 
the meaning of ), the value in the “(Intercept)” row is 
the estimated , and the value under each covariate corre
sponds to the estimated component of  for that covariate 
where  is defined accordingly. All the estimates for the lo
gistic regression model are close to those under the expo
nential LCM with . Detailed discussions about  and 

 follow. 
• Discussion about : The exponential LCM with 

 has the largest  among the four models con
sidered. Furthermore,  decreases first and then in
creases when  increases from 0.1 to 0.9, exhibiting a 
convex shape with steeper growth for larger  values. 
Comparing across choices of the threshold , we find 
that  is the smallest when  but that there is no 
obvious relation between  and . 

As will become clear from Figure 8 and Table 3, the choice of  affects the model performance, as expected. But there is no “optimal” 
because insurers should choose  to suit their analysis objective, not to maximize AUC. For instance, several insurers in the US offer 
“first-time claim forgiveness” in their automobile insurance line, and for this case, it is appropriate to set . If the business itself 
does not suggest a suitable value for , insurers can either run parallel analysis for multiple values of , just like what we do in this sec
tion, or run nested analysis from the smallest  to the largest  (or the opposite order). 

4 
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Table 3. Summary statistics of the policy characteristics and BC claims          

Categorical covariates Description Proportions 

TypeCity Indicator for city entity: Y=1 14.00 % 

TypeCounty Indicator for county entity: Y=1 5.78 % 

TypeMisc Indicator for miscellaneous entity: Y=1 11.04 % 

TypeSchool Indicator for school entity: Y=1 28.17 % 

TypeTown Indicator for town entity: Y=1 17.28 % 

TypeVillage Indicator for village entity: Y=1 23.73 % 

NoClaimCreditBC No BC claim in three consecutive prior years: Y=1 32.83 % 

Continuous covariates Minimum Mean Maximum 

CoverageBC Log coverage amount of BC claim in mm 0 37.05 2444.80 

lnDeductBC Log deductible amount for BC claim 0 7.14 11.51 

Response variable Minimum Mean Maximum 

FreqBC Number of BC claims in a year 0 0.88 231 

Figure 7. Distribution of FreqBC in the training set.        

4.2. RESULTS 

With the model parameters calibrated in Table 4, we are 
now ready to investigate the performance of the four mod
els (see Table 4 in the empirical study). Note that all four 
models belong to the LCM family introduced in Section 2: 
the first three models are under the exponential weighting 
function (2.6) but with different , and the last one is the 
logistic regression model with  given by (2.8). We use the 
observations from 2011 to conduct out-of-sample valida
tion to evaluate the performance of those four models. 

Recall that high specificity is associated with high TNR 
and high sensitivity is associated with high TPR, both from 
0.90 to 1.00 in our examples, as in Figure 3. Since achieving 
high TNR often conflicts with achieving high TPR, just as 
when minimizing Type I and Type II errors, we need to de

• Discussion about : Recall that there are eight co
variates in . The first six are categorical variables, 
and the last two are the continuous variables with 
their names in the first column of Table 4. For conve
nience, let us denote , the estimated  for the th 
covariate variable, where . The first im
portant observation is that most s have the same 
sign for all four models. Note that for a given , a 
positive  means the larger the  of a policy, the 
more likely it is that the policy is classified as a sub
standard risk. As such, the estimation results overall 
are consistent with our intuition. For instance, 
and  imply that a larger coverage  or a 
smaller deductible  is riskier to the insurer. 
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Table 4. Estimated    and    under different     and  

Logistic Logistic Logistic Logistic 

(Intercept) 0.3059 –0.2090 –0.0511 0.0348 –0.4827 –1.0164 –0.7752 –0.6866 0.6796 –1.8299 –1.9182 –1.8802 –3.1300 –4.0962 –3.6797 –3.6785 

TypeCity 1.1263 1.3553 1.4384 1.4044 1.2744 1.6773 1.7561 1.7287 1.8978 2.2351 2.2600 2.2239 2.2784 2.6550 2.6420 2.5475 

TypeCounty 1.7530 2.1427 2.3128 2.0955 1.8656 2.4385 2.6440 2.3643 2.7025 2.9375 3.0792 2.7266 2.8426 3.2176 3.4030 2.8367 

TypeMisc –1.5759 –1.4878 –1.5597 –1.9299 –1.1564 –0.8628 –0.9531 –1.5590 –1.2043 –0.6816 –0.7195 –2.0694 –0.1927 –0.2823 –0.4527 –4.0961 

TypeSchool –0.0726 0.3926 0.6203 0.4691 –0.2746 0.4223 0.7404 0.5521 –0.2816 0.3322 0.7243 0.4832 1.0304 0.6515 1.0937 0.6589 

TypeTown –1.5423 –1.5337 –1.5243 –1.5161 –1.4150 –1.4070 –1.4371 –1.4252 –3.1209 –2.3359 –2.1297 –2.0747 –1.2617 –1.1406 –1.0904 –1.0404 

NoClaimCreditBC –1.1097 –1.1188 –1.1524 –1.1152 –1.8798 –1.9265 –1.9854 –2.0270 –2.6383 –2.1140 –2.0253 –2.1034 –4.4461 –2.6637 –2.6514 –3.1903 

CoverageBC 0.0107 0.0043 0.0033 0.0057 0.0132 0.0051 0.0039 0.0066 0.0175 0.0057 0.0041 0.0070 0.0218 0.0058 0.0041 0.0081 

lnDeductBC –0.3936 –0.3102 –0.3372 –0.3545 –0.4402 –0.3525 –0.3891 –0.4057 –0.7723 –0.3826 –0.3619 –0.3690 –0.4676 –0.2039 –0.2396 –0.2388 
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Figure 8. Trade-offs between FPR/TPR under different        with the LGPIF dataset.     

cide which target is preferred in the study. In insurance un
derwriting, if an insurer adopts a strategy with high sen
sitivity, that means the insurer is willing to accept all 
applications, except those deemed too risky. For the LGPIF 
dataset, the fund is set to provide affordable and accessible 
insurance for state-owned properties, and the State of Wis
consin acts as the public insurer. Therefore, it is clear that 
we should aim for high TPR and focus on model perfor
mance in the high-sensitivity region in our empirical study. 

We plot FPR against TPR in the high-sensitivity region 
with TPR between 0.90 and 1.00 for all four models in Fig
ure 8; each panel corresponds to a particular choice of , 
which defines the majority and minority classes by (4.1). 
For the three exponential LCMs, we observe an overall de
creasing relation between FPR and the tuning parameter 
, i.e., a larger  leads to a smaller FPR in most scenarios 

and is thus more preferred to the insurer. Indeed, the model 
with  has the best performance, in terms of FPR, 
among all four models; in particular, it outperforms the 
benchmark logistic regression model by a significant mar
gin for all choices of the threshold parameter . Also, the 
exponential LCMs are more robust than the logistic model 
with respect to . 

We next study model performance over the entire region 
instead of the high-sensitivity region with TPR between 
0.90 and 1.00. To that end, we use the AUC measure and 
calculate it for all four models in Table 3. While all four 
models show satisfactory classification performance overall 
with AUC larger than 0.8, it is clear that the exponential 
LCM with  is the best one. This is partially due to 
its superior performance in the high-sensitivity region. We 
also see an increasing relationship between AUC and the 
threshold parameter . As is clear from Figure 8, when 
increases from 1 to 4, the probability of the minority class 

 decreases quickly to near 0, which 
naturally leads to a much easier classification task and a 
larger AUC value. 

5. CONCLUSIONS 

We apply the LCMs of Eguchi and Copas (2002) under a flex
ible loss function to study binary classification problems. 
There are two penalty terms in the loss function: the first 
term penalizes false positive cases, and the second term pe
nalizes false negative cases. Under reasonable conditions, 
the loss function can be represented uniquely by a positive 
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Table 5. AUC values under different       and    with the LGPIF dataset     

Exponential LCMs 
Logistic model 

1 0.8625 0.8448 0.8376 0.8453 

2 0.9034 0.8903 0.8825 0.8893 

3 0.9225 0.9075 0.9019 0.9099 

4 0.9299 0.9127 0.9048 0.9041 

weighting function , and its choice determines the im
pact of false positive and false negative on classification. 
The choice for such  is unlimited, and we introduce two 
parametric families that both are tractable and easily can be 
tuned to meet targeted rates on false positive or false neg
ative. The first one is proposed in Eguchi and Copas (2002), 
and the second one is new, to our awareness. We also show 
that one particular choice of  recovers the standard logis
tic regression model, making it a special case nested under 
the LCMs. 

To illustrate the usefulness of the LCMs in actuarial ap
plications, we consider both a simulated study and an em
pirical analysis. The simulated study is based on a highly 
imbalanced dataset related to risk classification in automo
bile insurance, and the results show that the LCMs under 
the two parametric weighting functions in Examples 1 and 
2 can always outperform the logistic regression model in 
both the high-sensitivity and high-specificity regions and 
also under the AUC measure. Moreover, those models show 
great flexibility, upon the choice of an appropriate tun
ing parameter, to achieve a target rate on false positive or 
false negative predictions. The empirical analysis uses the 
LGPIF dataset and focuses on the prediction of claim fre
quency  (per year). We first select a threshold parameter 

 and divide  into two classification classes 

 and . The promising findings from the 
simulated study apply in a parallel way to the empirical 
study; the LCMs under the exponential weighting function 
in (2.6) can be tuned to outperform the logistic model. Fur
thermore, the outstanding classification performance is ro
bust to the choice of the threshold parameter . 

ELECTRONIC SUPPLEMENTARY MATERIAL 

The R codes for simulation and empirical data analysis are 
available at https://github.com/ssauljin/linearscore. 
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