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We explore in depth how categorical data can be processed with embeddings in the 
context of claim severity modeling. We develop several models that range in complexity 
from simple neural networks to state-of-the-art attention-based architectures that utilize 
embeddings. We illustrate the utility of learned embeddings from neural networks as 
pretrained features in generalized linear models and discuss methods for visualizing and 
interpreting embeddings. 

Finally, we explore how attention-based models can contextually augment embeddings, 
leading to enhanced predictive performance. 

1. INTRODUCTION 

Actuaries model categorical data in many different con
texts, from pricing of insurance products to reserving for 
the liabilities generated by those products. Sometimes, 
these data are modeled in an explicit manner. For example, 
when building models that apply across multiple cate
gories, a form of dummy coding is usually used. When 
building models to price the frequency of motor insurance 
claims, for example, the actuary will often model claim ex
perience relating to different types of motor vehicle by in
cluding a (single) factor within models that modifies the 
relative frequency predicted for each type of vehicle. In 
other cases, modeling is performed for each category sepa
rately—thus the categorical data are used within the mod
eling in an implicit manner. For example, it is common 
practice to estimate reserves for different lines of business 
separately, that is to say, with no parameters being shared 
across each of the reserving models. 
Recently, several studies of insurance problems have ap

plied an alternative approach, originally from the natural 
known as categorical embeddings. Instead of trying to cap
ture the differences between categories using a single fac
tor, the categorical embedding approach maps each cate
gory to a low-dimensional numeric vector, which is then 
used in the model as a new predictor variable. 
Such an approach to modeling categorical data has sev

eral advantages over more traditional treatments. Using 
categorical embeddings instead of traditional techniques 
has been shown to increase predictive accuracy of models, 
for example, see Richman (2018) in the context of pricing. 
Models incorporating categorical embeddings can be pre
calibrated to traditional actuarial models, increasing the 

speed with which these models can be calibrated and lead
ing to models with better explainability (Wüthrich and 
Merz 2019). Finally, the similarity between the vectors 
learned for different categories can be inspected, some
times leading to insights into the workings of models (see, 
for example, Kuo (2019)). 
However, several open questions about the use of em

beddings within actuarial work remain, which we aim to ad
dress in this study. First, hyperparameter settings for em
beddings, such as the dimensions of the embedding layer 
and the use of regularization techniques such as dropout 
or normalization, that achieve optimal predictive perfor
mance have not yet been studied in detail in the actuarial 
literature. In this work, we aim to study how embeddings 
using different settings perform in the context of a large-
scale predictive modeling problem and give guidance on 
the process that can be followed to determine this in other 
problems. Although neural networks have been shown to 
achieve excellent predictive accuracy on actuarial tasks, 
many actuaries still prefer to use generalized linear models 
(GLMs) for pricing tasks. Thus, in this paper we consider 
whether transferring embeddings to GLM models can 
achieve better performance. Finally, in the past several 
years a new type of neural network architecture based on 
attention (Vaswani et al. 2017) has been successfully used 
on embeddings in the field of natural language processing, 
and we incorporate attention-based models into our pre
dictive modeling example to demonstrate their use for ac
tuarial purposes. 
In this work, we make use of a National Flood Insurance 

Program (NFIP) dataset (Federal Emergency Management 
Agency 2019) that provides exposure information for poli
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cies written under the NFIP, as well as the claims data re
lating to those exposures. 
The rest of the manuscript is organized as follows. Sec

tion 2 reviews recent applications of embeddings in the ac
tuarial literature. Section 3 provides the notation used in 
the paper and defines GLMs, neural networks, and related 
modeling concepts, including embeddings and attention. In 
Section 4, we provide initial models for the NFIP dataset 
and consider how successfully the embeddings used in the 
neural network model can be transferred to a GLM model 
of the same data and how learned embeddings can be inter
preted. We focus on attention-based models in Section 5. 
Finally, Section 6 provides a discussion of the results of this 
study and considers avenues for future research. 

2. LITERATURE REVIEW 

Categorical data are usually modeled within GLMs and 
other predictive models using indicator variables that cap
ture the effect of each level of the category (see, for exam
ple, Section 2 in Goldburd et al. (2020)) using one of two 
main encoding schemes: dummy coding or one-hot encod
ing. Dummy coding, used in the popular R statistical soft
ware, assigns one level of the category as a baseline, for 
which an indicator variable is not calibrated, and assigns 
the rest of the levels indicator variables, thus producing es
timates within the model of how the effects of each level 
differ from the baselines. One-hot encoding, often used in 
machine learning, is similar to dummy coding but assigns 
indicator variables to each level—in other words, it cali
brates an extra indicator variable compared with dummy 
coding. 
A different approach to modeling categorical data is 

credibility theory (see Bühlmann and Gisler (2005) for an 
overview), which, in the context of rating, can be applied 
to derive premiums that reflect the experience of a particu
lar policyholder by estimating premiums as a weighted av
erage between the premium produced using the collective 
experience (i.e., of all policyholders) and the premium pro
duced using the experience of the particular policyholder. 
The weight used in this average is called a credibility factor 
and is calculated with reference to the variability of the pol
icyholder experience relative to the variability of the group 
experience. In this context, the implicit categorical variable 
is the policyholder under consideration. 
Generalized linear mixed models (GLMMs) are an exten

sion of GLMs that are designed for modeling categorical 
data using a principle very similar to that of credibility the
ory (Klinker 2011). Instead of calibrating indicator variables 
for each level of the category, GLMMs estimate effects for 
each of these levels as a combination of the overall group 
mean and the experience in each level of the category. 
A different approach to the problem of modeling cate

gorical data known as embedding layers has been introduced 
in an actuarial context. Note that in the next section, we re
flect on similarities between the conventional approaches 
discussed above and embedding layers. Richman (2018) re
viewed the concept of embedding layers and connected the 
sharing of information across categories to the familiar 

concept of credibility theory. In that work, two applications 
of embedding layers were demonstrated. The first was in 
a property and casualty (P&C) pricing context, and it was 
shown that the out-of-sample accuracy of a neural network 
trained to predict claims frequencies on motor third-party 
liability was enhanced by modeling the categorical vari
ables within this dataset using embedding layers. Second, 
a neural network with embedding layers was used to model 
all of the mortality rates in the Human Mortality Database, 
where the differences in population mortality across coun
tries and the differences in mortality at different ages were 
modeled with embedding layers, again producing more ac
curate out-of-sample performance than the other models 
tested. 
Contemporaneous with that work was the DeepTriangle 

model of Kuo (2019), which applied recurrent neural net
works to the problem of incurred but not reported (IBNR) 
loss reserving to model jointly the paid and incurred losses 
in the NAIC Schedule P dataset. Kuo used embedding layers 
to capture the effect of differences in reserving delays and 
loss ratios for each company in the Schedule P dataset. 
Many other applications of embeddings have subse

quently appeared in the actuarial literature. Within mortal
ity forecasting, Richman and Wüthrich (2019) and Perla et 
al. (2020) both apply embedding layers to model and fore
cast mortality rates on a large scale. Wüthrich and Merz 
(2019) discuss how embeddings can be calibrated using 
GLM techniques and then incorporated into a combined ac
tuarial neural network, with subsequent contributions in 
P&C pricing by Schelldorfer and Wüthrich (2019) and in 
IBNR reserving by Gabrielli (2019) and Gabrielli et al. 
(2019). Other applications in IBNR reserving are found in 
Kuo (2020) and Delong et al. (2020), who use embedding 
layers to model individual claims development. 

3. THEORETICAL OVERVIEW 

In this study, we are concerned with regression modeling, 
which is the task of predicting an unknown outcome  on 
the basis of information about that outcome contained in 
predictor variables, or features, stored in a matrix . For 
simplicity, we consider only the case of univariate out
comes, i.e., . The outcomes and the rows of the pre
dictor variable matrix are indexed by , where 
represents a particular observation of , where bold 
indicates that we are now dealing with a vector. The 
columns of the predictor variables are indexed by 

, where  represents a particular predictor vari
able, of which  have been observed; thus, we use the nota
tion  to represent the th predictor variable and . 
Formally, we look to build regression models that map from 
the predictor variables  to the outcome  using a function 

 of the form 

In this study, we will use mainly GLMs and neural networks 
to approximate the function . 
The predictor variables that we consider here are of two 

types: continuous variables, taking on numerical values 
and represented by the matrix  with  columns, 
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Table 1. An example of one-hot encoding of the state variable.          

state state_CA state_MD state_ND state_UT state_WA 

CA 1 0 0 0 0 

MD 0 1 0 0 0 

ND 0 0 1 0 0 

UT 0 0 0 1 0 

WA 0 0 0 0 1 

Table 2. An example of dummy encoding of the state variable.          

state state_MD state_ND state_UT state_WA 

CA 0 0 0 0 

MD 1 0 0 0 

ND 0 1 0 0 

UT 0 0 1 0 

WA 0 0 0 1 

and categorical variables, which take on discrete values 
indicating one of several possible categories, represented 
by the matrix  with  columns, such that 

. 

3.1. CATEGORICAL DATA MODELING 

A categorical variable  takes as its value only 
one of a finite number of labels. Let the set of labels be 

, where  is the cardinality, 
or number of levels, in . One-hot encoding maps each 
value  of  to  indicator variables, which take a value 
of  if the label of  corresponds to the level of the indi
cator variable, and  otherwise. An example of one-hot en
coding is shown in Table 1. 
One-hot encoding is often used in the machine learning 

community, whereas the statistical community often favors 
dummy coding, which, instead of assigning  indicator 
variables, assigns one of the levels of the categories as a 
baseline and maps all of the other  variables to indi
cator variables. An example of dummy encoding is shown 
in Table 2. 
After encoding the categorical data in this manner, most 

regression models such as GLMs will then fit coefficients 
for each level of the category in the table (if a tree-based 
model is used, such as decision tree, then splits in the tree 
may occur depending on the presence, or not, of the cate
gorical variable for the data). If one-hot encoding has been 
used,  coefficients will be fit, compared with  co
efficients in the case of dummy coding. 
These coefficients represent the effect that each level 

of the categorical variable will have on the outcome. If it 
is the case that there are no other variables available in 
the dataset, then the coefficients will reflect the average 
value of the outcomes for that level of the categorical vari
able. For example, suppose that the categorical variable is 
a policyholder identifier and the outcomes are the value 

of claims in different years. Then the coefficients will re
flect the average annual claims for each policyholder based 
on the experience. In other words, both of these encoding 
schemes give full credibility to the data available for each 
category; thus, even if a relatively small amount of data is 
available for a specific policyholder, the coefficient that is 
calibrated will only reflect that data. Conversely, a foun
dational technique in actuarial work is the application of 
credibility methods, which are used for experience rating 
and other applications. These techniques provide an esti
mate that reflects not only the experience of the individual 
policyholder but also that of the collective, based on an es
timate of how credible the data for each individual is. While 
we have described the application of credibility in a sim
ple univariate context, it is also possible to apply credibil
ity considerations within GLMs using GLMMs (we refer to 
Klinker (2011) for more details). 
Having described traditional approaches for modeling 

categorical data, we now turn to neural networks and dis
cuss embedding layers for categorical data modeling, which 
we define in more detail in the next section. 

3.2. NEURAL NETWORKS 

Neural networks are flexible machine learning models that 
have been applied to a number of problems with P&C in
surance. Here we provide a brief overview of these models, 
and we refer the reader to Richman (2018) for a more de
tailed overview. Neural networks are characterized by mul
tiple layers of nonlinear regression functions that are used 
to learn a new representation of the data input to the net
work that is then used to make predictions. Here we focus 
on the most common type of neural networks, fully con
nected networks (FCNs), which provide as the output of 
each set of nonlinear functions to the subsequent layer of 
functions. Formally, a -layer neural network is as follows: 
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where the regression parameters (weights) for each layer 
, for example, the mean squared error 

( ). Then, the parameters of the network are changed 
such that the loss decreases (formally, this is done using the 
technique of backpropagation). Finally, training is stopped 
once the predictive performance of the network on unseen 
data is suitably good. 
If  is set equal to , then Equation (1) reduces to a form 

similar to the GLM, where  is analogous to the link func
tion and  the linear predictor. A neural network 
with  is called a shallow neural network, and one with 

 is called a deep neural network. The matrix  of 
data input to the network can be composed of both con
tinuous variables and categorical variables, which can be 
preprocessed using one-hot or dummy encoding. As men
tioned above, a different option is to use encodings, which 
we discuss in more detail next. 

3.2.1. EMBEDDINGS 

Common issues with the traditional encoding schemes for 
categorical data occur when the number of levels for each 
variable is very large. Often, in these cases, models do not 
converge quickly, and the very large matrices that result 
from applying these schemes often cause computational 
difficulties. Besides these practical issues, a deeper issue is 
that one-hot or dummy encoded data assumes that each 
category is entirely independent of the rest of the cate
gories; in other words, there are no similarities between 
categories that could enable more robust estimation of 
models. In technical terms, this is because the columns of 
the matrices created by one-hot encoding are all orthogonal 
to each other. (These arguments appear in a similar form in 
Guo and Berkhahn (2016).) Solutions to these problems are 
provided by embedding layers. 
An embedding layer is a neural network component that 

maps each level of the categorical data to a low-dimen
sional vector of parameters that is learned together with 
the rest of the GLM or neural network that is used for the 
modeling problem. Formally, an embedding is as follows: 

where  is the dimension of the embedding for the th cat
egorical variable and  is an implicit function that maps 
from the particular element of the labels  to the embed
ding space. Equation (2) states that an embedding maps a 
level of a categorical variable to a numerical vector. This 
function is left implicit—that is to say, we allow the embed
dings to be derived during the process of fitting the model 
and do not attempt to specify exactly how the embeddings 
can be derived from the input data. In Table 3 we show an 
example of two-dimensional embeddings for the state vari
ables, where these have been generated randomly. 

When applying embeddings in a data modeling context 
using neural networks, the values of the embeddings will 
be calibrated during the same fitting process that calibrates 
the parameters of the neural network. The following equa
tion shows how the first layer of a neural network incorpo
rating embeddings might be written: 

where we represent the output of embedding layers con
catenated together with any numerical inputs as . 

3.2.2. ATTENTION 

Attention mechanisms have been widely applied in the 
deep learning literature to give more flexibility to RNNs 
(Bahdanau et al. 2015) and subsequently as a replacement 
for FCNs in the so-called transformer architecture, which is 
now widely used in natural language processing (Vaswani 
et al. 2017); more recently, such mechanisms have been ap
plied to computer vision and tabular modeling tasks. At
tention mechanisms allow deep neural nets to weight the 
covariates entering the model in a flexible manner; these 
types of applications in natural language processing are 
demonstrated in, for example, Vaswani et al. (2017). In an 
actuarial context, attention mechanisms can be understood 
as giving greater weight to covariates that are important for 
the modeling task. In this section we provide a theoreti
cal introduction to attention mechanisms and then discuss 
applications of attention to modeling tabular data. In the 
following sections of this paper, we then consider whether 
adding attention to a model that uses embeddings can pro
vide better predictive accuracy. The following is intended as 
a high-level review of some of the relevant theory behind 
attention-based approaches; for more technical details the 
sources quoted in this section can be consulted. 
At a high level, attention mechanisms reweight the co

variates  within a predictive model to give greater weight 
to covariates that are more predictive for a particular prob
lem. The attention weights can be derived in several dif
ferent manners. Earlier works, such as Bahdanau, Cho, and 
Bengio (2015), used so-called “additive” attention scores 
derived as the output of a neural network taking the covari
ates as inputs. Currently, the most popular form of atten
tion is the “scaled dot-product” attention of Vaswani et al. 
(2017), which we describe in what follows. We also mention 
that usually, so-called “self-attention” is applied, which is 
to say that the importance scores for the covariates are de
rived using the covariates themselves (i.e., in what follows, 
the attention scores are derived in Equation (5) using the 
transformed covariates). Other options, such as using a dif
ferent source of data to derive the attention scores, are also 
possible. 
An attention mechanism is a mapping: 

where  is a matrix of query vectors,  is a 
matrix of key vectors,  is a matrix of value vec
tors, and , the output of the attention mecha
nism, is a new matrix of values that have been reweighted 
according to their importance for the modeling problem. 
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Table 3. An example of (random) embeddings of the state variable.          

state dimension1 dimension2 

CO 1.5115220 2.2866454 

DC -0.0946590 -1.3888607 

ME 2.0184237 -0.2787888 

PA -0.0627141 -0.1333213 

UT 1.3048697 0.6359504 

As noted above, several different options for the mapping 
in Equation (4) exist in the literature; here we describe 
the scaled dot-product self-attention mechanism used in 
Vaswani et al. (2017). In more detail, consider that  is 
a matrix of covariates relating to a regression problem, 
which, in the case of tabular data, will usually be composed 
of embeddings of the same dimension for several different 
categorical or numerical variables. In the case discussed 
here we have  covariates mapped to embeddings of dimen
sion . For clarity, note that in Equation (3) we have used 
the symbol  to denote the vector of embeddings and nu
merical inputs that is passed into the neural network. We 
slightly overload this notation, and, in what follows, we 
now use the symbol  to refer to the matrix of embeddings 
of dimension . 
We wish to apply the attention mechanism to  to as

sign weights to the most important embeddings for the 
regression problem; this is done from the “perspective” 
of each covariate represented by the  rows of . To do 
this, we formulate a so-called query matrix  that contains 
information about the regression problem at hand; this 
is usually done by passing  through a neural network 
trained to derive queries from the covariates. Similarly, the 
matrix  contains the relevance of each row of  for the 
regression problem and is also usually derived by passing 
each row of  through another neural network. Finally, the 
matrix  can be left as is or processed through another 
neural network. The first step of the attention mechanism 
is to derive a matrix  of attention scores: 

and where the division by  is done elementwise. The at
tention scores  are then normalized, or made to sum to 
unity, across the columns of  using a so-called softmax 
function, i.e., 

Finally, a linear combination of  is formed to give the 
new matrix of covariates : 

An intuitive explanation of the attention formula is as fol
lows: We start by considering the importance of all of the 
covariates that we have for our modeling problem in the 
context of each individual covariate. This is done by as
signing a score between 0 and 1 to each covariate in the 
modeling problem, and we repeat this process for each of 
the covariates. Then, we replace each of the original covari

ates with a new covariate that has been formed by taking a 
weighted average of the covariates and the scores. 

3.2.3. TRANSFORMER MODELS 

Self-attention is the main building block of the current 
state-of-the-art model for natural language processing, i.e., 
the transformer model (Vaswani et al. 2017). A basic trans
former model applies self-attention to the covariate matrix 
, which is fed into the model to produce a new matrix of 

covariates . These two matrices, the input matrix  and 
the output matrix , are added (in an elementwise man
ner) together and then normalized. This matrix is then fur
ther processed through a neural network and, subsequently, 
these processed covariates are used in the machine learning 
task. The stages of the transformer model help to make the 
optimization of the network easier than if we were to apply 
scaled self-attention directly to the matrix of covariates . 
Multiple transformer network “blocks” can be added to a 

network to create a deep transformer network. 
The transformer model is much more accurate on nat

ural language processing tasks than using the raw covari
ates before processing with a transformer, to the extent 
that this model now underlies most natural language pro
cessing applications that use deep learning. 

3.2.4. ATTENTION MODELING FOR TABULAR DATA 

The literature reveals several different approaches to apply
ing attention within the modeling of tabular data. Perhaps 
the simplest way of doing so is to insert an attention layer 
between the embeddings and the rest of the neural net
work. Mathematically, we can modify Equation (3) as fol
lows: 

where  is the matrix of embeddings after concate
nating  embeddings of dimension  together,  repre
sents the matrix of embeddings  after processing with 
attention, and  is the attention function defined in Equa
tions 4 to 7. Below, we demonstrate the effect of adding this 
simple application of attention to a tabular model. 
Huang et al. (2020) refine this approach in a model they 

call the TabTransformer, which implements two main 
changes to the approach shown in Equation (8). In the first 
of these changes, instead of using the matrix of embed
dings after processing with self-attention ( ) directly in 
the model, the output of a transformer model is used. In the 

Embeddings and Attention in Predictive Modeling

Variance 5



second refinement, for each of the  covariates with an em
bedding in the matrix , we include a new row embedding 
that denotes which covariate each embedding relates to. 
Thus, in the TabTransformer model, we augment the em
bedding matrix with extra columns, so that the dimension 
of this matrix is , where  is the dimension 
of the row embedding. Huang et al. (2020) find that includ
ing this identifier improves the performance of the model. 
We compare the results of the TabTransformer model to the 
other models tested below. We refer the reader to Section 5, 
where the TabTransformer model is shown diagramatically. 
Finally, Arık and Pfister (2019) propose yet another way 

of incorporating attention into the modeling of tabular 
data. They refer to their model as TabNet, the main idea 
of which is to try to emulate the excellent performance of 
decision trees on tabular data modeling using deep neural 
networks. This is done by structuring the neural networks 
to emulate a key aspect of decision tree modeling, which is 
the efficient selection of relevant covariates for the model 
task. In TabNet, an attention-based model is used to select 
features by estimating attention scores for each covariate 
within . The covariates are multiplied by the attention 
scores to down-weight less relevant features for the predic
tion problem. Other less important details of the TabNet 
model are given in Arık and Pfister (2019). 

4. PREDICTIVE MODELING WITH EMBEDDINGS 

In this section, we walk through a simple predictive mod
eling exercise to illustrate the application of embeddings. 
First, we pose a supervised regression problem based on 
flood insurance claim severity. We then develop GLMs and 
neural networks utilizing embeddings for this problem and 
inspect the trained parameters. Finally, we provide details 
of model optimization, inference, and performance. 

4.1. PROBLEM DESCRIPTION AND EXPERIMENT SETUP 

The working example for our experiments is as follows: 
Given a set of claim characteristics, we predict the losses 
paid on the property coverage of the policy. The data we 
use comes from the NFIP and is made available by the 
OpenFEMA initiative of the Federal Emergency Manage
ment Agency (FEMA).1 Two datasets are made available by 
OpenFEMA: a policies dataset with exposure information 
and a claims dataset with claims transactions, including 
paid amounts. Because there is no way to associate records 
of the two datasets, we are limited to fitting severity models 
on the claims dataset. While the complete dataset contains 
more than 2 million transactions, for the purposes of our 
experiments, we limit ourselves to data from 2000 to 2019 
and further subsample 100,000 data points to make exper
iments feasible on a CPU. The dataset includes a rich vari
ety of variables, from occupancy type to flood zone, and a 
brief exploratory data analysis can be found in Appendix 7. 

For our models, we work with a few selected variables that 
represent continuous and discrete variables of low and high 
cardinalities, which we list in Table 4. 
The response variable we take from the dataset is 

“Amount paid on building claim,” which is a numeric vari
able. 
For our experiments, we set up a fivefold cross-valida

tion scheme and apply it to each of the models we intro
duce. In Sections 4.2 and 4.3, the tables and figures are 
based on a single fold of the cross-validation split. In Sec
tion 4.4, we provide the cross-validated performance met
rics of each of the models. 
Whereas the main focus of our contribution is on ap

plications of categorical embeddings in predictive model
ing, we have fine-tuned the neural network models in this 
(and the next) sections using the same fivefold cross-val
idation scheme described above, but applied to a separate 
100,000 data point subsample of the NFIP data. The results 
of this fine-tuning are reported in detail in the appendix, 
and this separate subsample of the NFIP data is not used 
for any other purpose in this study. The performance met
rics in this, and the next, section are based on the optimal 
models found through this process. Our aim is to show 
that one can quite easily develop performant predictive 
models using categorical embeddings and that one can en
hance those models using suitable architectures utilizing 
attention mechanisms. As we describe the modeling proce
dure and results, we provide further commentary on recom
mended practices in practical applications, especially with 
respect to the neural network models. 

4.2. MODELS 

In this subsection, we develop the following models: 

These model architectures are relatively uncomplicated 
by today’s standards, and they are so chosen to better high
light the embedding components. Later, in Section 5, we 
investigate more involved architectures using embeddings 
that represent the state of the art for modeling tabular data. 

4.2.1. MODEL 1: GLM 

While this paper focuses on embeddings in neural net
works, we begin with a GLM to provide a common frame of 
reference, since most actuaries are familiar with the tech
nique. Although GLMs are commonplace and well studied 

1. A GLM with gamma distribution and log-link func
tion 

2. A neural network with one-dimensional categorical 
embeddings 

3. A GLM with the categorical predictors replaced by the 
learned embeddings from Model 2 

4. A neural network with multidimensional categorical 
embeddings 

https://www.fema.gov/about/reports-and-data/openfema. 1 
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Table 4. Predictor variables.   

Variable Type 

Building insurance coverage Numeric 

Community rating system discount Numeric 

Basement enclosure type Categorical 

Occupancy type Categorical 

Number of floors in the insured building Categorical (binned in original dataset) 

Flood zone Categorical (high cardinality) 

Primary residence Categorical (binary indicator) 

in the actuarial literature, there are still plenty of decisions 
to be made in the modeling process—see, for example, 
Goldburd et al. (2020) for an in-depth discussion. For our 
purpose of establishing a baseline, we proceed with what 
we perceive as reasonable decisions with regard to feature 
engineering and model structure, outlined thus: 

We take the log of the continuous predictor building_in
surance_coverage, which allows the scale of the predictor to 
match that of the target variable. Because the flood_zone 
variable in the original data contains 60 levels, we take the 
prefix of the zone code, which corresponds to the level of 
risk as determined by FEMA.2 For example, "A01", "A02", and 
so on are recoded as simply "A". A log link together with the 
gamma distribution is a standard choice for severity model
ing, which provides a multiplicative structure where the re
sponse is positive. Following the notation in 3.1, the num
ber of parameters in the GLM is 

one for the intercept, one for each numeric variable, and 
the numbers of levels minus one (due to dummy coding) for 
each categorical variable. 
In Table 5, we exhibit an excerpt of the relativities, or ex

ponentiated fitted coefficients, of a couple of the categor
ical variables. Recall that the choice of the log link gives 
a multiplicative structure, so the interpretation of 1.35 for 
occupancy_type = "Non-residential building" is that, all else 
equal, the expected loss for a policy for a nonresidential 
building is 1.35 times that of a policy for a single-family 
home, which is the base, or reference, level for the factor. 

4.2.2. MODEL 2: NEURAL NETWORK WITH 
UNIDIMENSIONAL EMBEDDINGS 

For Model 2, we build a feedforward neural network whose 
architecture is shown in Figure 1. The categorical inputs go 
through one-dimensional embedding layers where they are 
each mapped to a scalar. The embeddings are then concate
nated with the numeric predictors, which have been nor
malized in data preprocessing, before being passed through 
a feedforward layer (with eight hidden units and ReLU ac
tivation) to finally obtain a scalar value between 0 and 1, 
as constrained by a sigmoid output activation. Some regu
larization is applied within this network using the dropout 
technique of Srivastava et al. (2014) with a dropout rate of 
2.5% and by early-stopping the fitting of the network by 
selecting the model weights that relate to the lowest esti
mated mean squared error (MSE) score on a 5% validation 
sample. Dropout functions by setting some components of 
the network randomly to 0 during each epoch of training. 
This forces each component of the network to learn a some
what independent representation of the data, thus help
ing to avoid overfitting by preventing components of the 
network from becoming too specialized. This scalar out
put represents the proportion of coverage amount that is 
paid out, which we then multiply by the dollar amount of 
the coverage amount to obtain our prediction of the claims 
paid. For optimization, we use the MSE loss function. 
With a single hidden layer, this architecture is relatively 

simple; without the hidden layer and corresponding ReLU 
activation, we would actually recover a type of logistic re
gression structure. The choice of one for the embedding di
mension is also due to simplicity: It is easily interpretable 
as the representation of each factor level as a point on the 
real number line; also, the trained embeddings are eas
ily incorporated into a GLM, which we will see in Model 
3. In practice, the embedding dimension is a hyperpara
meter one can tune, for example via cross-validation, and 
can vary for each variable. However, we also note that the 
choice of one for the embedding output dimension is not an 
unreasonable one, especially when the cardinalities of the 
categorical variables are not large (i.e., when they are in the 
10s). 

• Target variable: Amount paid on building claim 
• Predictors: 

• Link function: 
• Distribution: gamma 

◦  building_insurance_coverage 
◦ basement_enclosure_type, 
◦ number_of_floors_in_the_insured_building 
◦ prefix of flood_zone 
◦ primary_residence 

https://www.floodsmart.gov/flood-zones-and-maps/what-is-my-flood-risk. 2 
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Table 5. Excerpt of relativities for Model 1.       

Variable Label Relativity 

occupancy_type Single-family residence 1.00 

occupancy_type 2- to 4-unit residential building 1.11 

occupancy_type Nonresidential building 1.35 

occupancy_type Residential building with more than 4 units 1.57 

flood_zone C 1.00 

flood_zone A 1.37 

flood_zone X 1.15 

flood_zone B 1.64 

flood_zone V 1.35 

flood_zone D 1.50 

Figure 1. Architecture of Models 2 and 4.       

In Tables 6 and 7, we show the learned embeddings for 
occupancy_type and an excerpt of them for flood_zone. While 
it may be tempting to compare these values to those in 
Table 5, they represent fundamentally different concepts. It 
is helpful to think of the embedding values for each variable 
as a continuous representation of the variable itself, rather 
than a “coefficient” associated with the variable. Note that 
it is not straightforward to inspect the embeddings from a 
table and infer relationships to the response variable, even 
in a shallow network such as ours, due to nonlinearities 
within the model. Also note that we now have a way to 
incorporate the full granularity of the flood_zone variable, 
which is why more levels are shown in Table 7 than in Table 
5. In Section 4.3, we discuss techniques to visualize these 
embeddings. 

4.2.3. MODEL 3: GLM WITH NEURAL NETWORK 
EMBEDDINGS 

For Model 3, we return to the GLM, but now we replace 
the categorical variables with the trained embeddings from 
Model 2. In other words, our model now contains only 

Table 6. Learned embeddings for    occupancy_typeoccupancy_type  in Model 2.    

Level Embedding 

2- to 4-unit residential building -0.20 

Nonresidential building -0.02 

Residential building with more than 4 units -0.03 

Single-family residence -0.16 

continuous variables, and each categorical factor is repre
sented as a scalar value and obtains its own coefficient. In 
contrast with the number of parameters computed in Equa
tion (9), we have fewer parameters for this model: 

Hence, the model can be written as 

where  represents the embedding value for the th in
stance of the categorical column . 
Although, in this particular example, we incorporate 

one-dimensional embeddings, one can easily include mul
tidimensional embeddings, which would increase the 
model’s flexibility. The modeler would need to balance the 
potential additional lift with overfitting and some loss of 
interpretability, since, with one-dimensional embeddings, 
our GLM structure dictates that there is a monotonic rela
tionship between the predicted response and the input em
bedding, which could be desirable in certain use cases (and 
undesirable in others). 
Regardless of the hyperparameters chosen, care needs to 

be taken in ensuring the integrity of the model validation 
process, since when we train the embeddings, we utilize 
the information from the response variables. Therefore, the 
holdout data must not be seen by the neural network train
ing process or the GLM fitting process. 
Since we only have a few parameters in this model, we 

exhibit the full list of fitted coefficients in Table 8. For each 
categorical variable, there is only one coefficient estimate. 
This is because each categorical variable has been replaced 
by a single scalar value, so we treat it as if it were any other 
continuous predictor. 
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Table 7. Excerpt of learned embeddings for      flood_zoneflood_zone  in Model 2.    

Level Embedding Level Embedding Level Embedding Level Embedding Level Embedding 

A -0.20 A09 -0.11 A18 -0.26 A30 -0.25 D -0.26 

A00 -0.31 A0B -0.30 A19 -0.19 A99 -0.11 V -0.44 

A01 -0.09 A10 -0.09 A20 -0.26 AE -0.15 V01 -0.33 

A02 -0.05 A11 -0.07 A21 -0.51 AH -0.18 V02 -0.47 

A03 0.01 A12 -0.06 A22 -0.21 AHB -0.30 V03 -0.32 

A04 -0.05 A13 -0.36 A23 -0.31 AO -0.11 V04 -0.37 

A05 -0.17 A14 -0.04 A24 0.15 AOB -0.09 V05 -0.52 

A06 -0.17 A15 -0.26 A25 -0.30 AR -0.36 V06 -0.02 

A07 -0.26 A16 -0.22 A26 0.09 B -0.07 V07 -0.16 

A08 -0.19 A17 -0.29 A27 -0.07 C -0.20 V08 -0.13 

Table 8. Fitted coefficients of Model 3.      

Term Estimate 

(Intercept) 5.579 

total_building_insurance_coverage 0.959 

basement_enclosure_crawlspace_type -2.243 

number_of_floors_in_the_insured_building 1.254 

occupancy_type 2.000 

flood_zone 2.552 

primary_residence 0.552 

community_rating_system_discount 0.042 

An interesting ramification of our choice of embedding 
dimension of 1 in this example is that we can compute the 
“implied relativities” of the factor levels in the new GLM. 
Since each level corresponds to a unique scalar value, we 
can obtain its contribution to the linear predictor by mul
tiplying by the coefficient estimate of the variable. For ex
ample, multiplying the estimate of 2 for occupancy_type in 
Table 8 by each value in Table 7, we obtain the unnor
malized contributions of each level, which can then be ex
ponentiated and normalized with respect to the base level 
Single-family residence in order to obtain the implied rela
tivities, which could then be compared with the first GLM’s 
output in Table 5. 

4.2.4. MODEL 4: NEURAL NETWORK WITH 
MULTIDIMENSIONAL EMBEDDINGS 

Model 4 is architecturally identical to Model 2, with the 
only difference being the number of embedding dimen
sions. Instead of mapping factor levels to real numbers, 
we map them to points in Euclidean space, where the di
mension of the space is the ceiling of the factor’s cardinal
ity divided by 2. Formally, in the notation of Section 3.1, 

 for variable . Following the discussion thus 
far, we list the learned embeddings for a couple of variables 
in Tables 9 and 10. Note that for flood_zone, we are display
ing the embedding for only one level. 

4.3. VISUALIZATION TECHNIQUES FOR 
INTERPRETATION 

With artificial intelligence and machine learning coming 
into the mainstream across industries and use cases, the 
topic of model explainability has received increasing atten
tion. In insurance pricing, Kuo and Lupton (2020) propose a 
framework for model interpretability in the context of reg
ulation and actuarial standards of practice, while Henck
aerts et al. (2020) investigate algorithm-specific techniques 
to inspect tree-based models. Kuo and Lupton (2020) and 
references therein also discuss commonly used model-ag
nostic explanation techniques, such as permutation vari
able importance and partial dependence plots, that can be 
applied to the neural networks we consider in this paper. 
In this section, we focus on ways to visualize the learned 

embeddings. In the authors’ experiences, oftentimes the 
formats of the visualizations—basic line and scatter
plots—even more so than the content of the data, are help
ful in explaining the concept to stakeholders. 
For Model 2, the neural network with one-dimensional 

embeddings, the task is simple: We can plot the levels on a 
line, as in Figure 2. In the case of flood_zone, where we hap
pen to have the luxury of knowing a priori the meaning of 
the prefixes, we can plot them separately, as in Figure 3, to 
see how the model mapped them. 
For Model 4, the neural network with multidimensional 

embeddings, we would need to treat the learned values be
fore we can plot them. Specifically, we need to reduce the 
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Table 9. Learned embeddings for    occupancy_typeoccupancy_type  in Model 4.    

Level e1 e2 e3 

2- to 4-unit residential building 0.14 -0.01 0.11 

Nonresidential building -0.10 0.06 -0.08 

Residential building with more than 4 units -0.05 0.20 0.04 

Single-family residence 0.09 -0.04 0.10 

Table 10. Learned embeddings for level     "A00""A00"  of variable   flood_zoneflood_zone  in Model 4.    

Dimension Value Dimension Value Dimension Value Dimension Value 

e1 0.1605 e11 0.0439 e21 -0.1335 e31 -0.0847 

e2 0.0783 e12 0.1183 e22 0.0075 e32 0.0115 

e3 0.0716 e13 -0.1515 e23 0.1771 e33 0.1238 

e4 -0.0420 e14 -0.0875 e24 -0.1250 e34 -0.1007 

e5 -0.1034 e15 0.0427 e25 0.1037 

e6 -0.0892 e16 -0.0302 e26 0.1054 

e7 0.1485 e17 -0.1293 e27 -0.0525 

e8 -0.0633 e18 0.1022 e28 -0.0650 

e9 0.0680 e19 0.1327 e29 -0.0313 

e10 -0.1160 e20 -0.0708 e30 0.0709 

Figure 2. Learned embeddings of occupancy type      
visualized on a number line.      

dimension of the data to 2D for embeddings with more 
than two dimensions. The standard approaches for this are 
principal component analysis (PCA; Shlens (2014)) and t-
distributed stochastic neighbor embedding (t-SNE; Maaten 
and Hinton (2008)), both of which we illustrate. For a tech
nical review of these methods, refer to Appendix 9. 
In Figure 4, we plot the learned embeddings for 

flood_zone in Model 3 on the coordinate system defined by 
the first two principle components. In our case, however, 
we are not able to identify discernible clusters in the plot. 
From inspecting the matrix decomposition results, we see 
that the cumulative proportion of variance for the first two 
principal components is just 0.38, which is a relatively low 
proportion, suggesting that perhaps PCA is not the most 
appropriate dimensionality reduction technique in this 

Figure 3. Learned embeddings of    flood_zoneflood_zone  by prefix.   

case. Additionally, this indicates that each of the dimen
sions of the calibrated embeddings is important, implying 
that the embedding has been well calibrated. 
In Figure 5, we display the t-SNE of the learned embed

dings for flood_zone in Model 3 with various perplexity set
tings: 2, 3, 5, and 10; the learning rate and the number of 
steps are fixed at 100 and 10,000, respectively, for all plots. 
In the first three plots, we can see the semblance of clusters 
forming. In particular, flood zone B appears at the extreme 
of the plot, which implies it is relatively far away from other 
levels in the embedding space, as seen by the model. We also 
observe that flood zones C and X lie close to each other, re
gardless of the perplexity parameter, and a similar observa
tion can be made for flood zones B and D. Using those two 
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Figure 4. First two principal components of learned       
embeddings of   flood_zoneflood_zone  in Model 4.    

sets of points as anchors within these plots, we can finally 
observe that the learned embeddings for flood zones A and 
V appear to be divided into two main groups. While t-SNE 
is a powerful visualization technique, there are a few points 
the modeler should be mindful of in practice. We refer the 
reader to Wattenberg et al. (2016) for a more thorough dis
cussion but stress here that the resulting plot can be very 
sensitive to the perplexity hyperparameter. In addition, for 
our use case, which is to explore the learned embeddings, 
we have fewer data points than most other applications in 
the literature. Accordingly, our reasonable range of hyper
parameter values is adjusted down. 

4.4. TRAINING AND INFERENCE 

For the GLMs, Models 1 and 3, we follow the standard 
optimization procedure using iteratively reweighted least 
squares without regularization. For the neural networks, 
Models 2 and 4, we utilize the Adam optimizer (Kingma and 
Ba 2014) with a learning rate of 0.001 and a minibatch 
size of 1,024. Using a fivefold cross-validation approach, we 
split the dateset into analysis and assessment sets, contain
ing 80% and 20% of the rows, respectively, and further se
lect a 5% sample of the analysis set as a validation set to es
timate the out-of-sample performance of each model. This 
is repeated five times on non-overlapping subsets of the 
dataset. For each of the five splits of the data, we train on 
the analysis set for a maximum of 150 epochs and select the 
best model from the 150 epochs as measured by the vali
dation set. Finally, as mentioned above, in addition to this 
form of early stopping, we also apply the dropout technique 
with a rate of dropout of 2.5%. 
During inference, or scoring, care must be taken to ac

commodate the categorical levels that are unseen during 

Figure 5. t-SNE plots of learned embeddings of       
flood_zoneflood_zone  in Model 4, with various perplexity values.        
From left to right, then top to bottom: 2, 3, 5, and 10.              

training. While we allow for an extra key in the embedding 
dictionary, the initial weights are not updated during train
ing, which could lead to nonsensical predictions in the val
idation or test sets. To circumvent this issue, before ap
plying the trained model but after the final optimization 
epoch, we update the weights for the unseen levels manu
ally. In practice, a common approach is to take an average 
value of some sort of the weights of the other levels. In our 
case, we take the median (if there are multiple, the lower of 
the two), but a mean, a mean weighted by frequency of ob
servations, or a trimmed mean could be used. 
In Table 11, we exhibit the cross-validated performance 

metrics of each of the models. We report both the root 
mean squared error (RMSE) and the mean absolute error 
(MAE); we note that these are just two of many potential 
metrics we could use, and they are so chosen for their inter
pretability and prevalence in the literature for comparing 
different types of models. Recall that, between the two met
rics, RMSE penalizes large mispredictions than MAE. Also, 
in the optimization process, a GLM with a gamma distribu
tion optimizes the deviance, rather than MSE directly. 
We see that the neural networks outperform the GLMs in 

all cases, as would be expected. What is more interesting is 
that using learned embeddings in place of categorical lev
els improves the GLM, at least from the RMSE perspective. 
This indicates that using neural networks to derive embed
dings for categorical variables for subsequent use in GLMs 
is a strategy that modelers should consider when building 
GLM models for ratemaking. 
While linear regression (i.e., the specific case of a GLM 

with a Gaussian distribution and identity link function) is 
not commonly used for severity modeling, we add it into 
the mix as a benchmark, a practice we recommend in order 
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Table 11. Cross-validation results.   

Model RMSE MAE 

Model 1: GLM (gamma/log link) 65,676 38,431 

Model 2: MLP with one-dimensional embeddings 60,214 37,392 

Model 3: GLM (gamma/log link), categorical variables replaced with embeddings 63,733 37,987 

Model 4: MLP with multidimensional embeddings 60,772 37,587 

Linear regression, predictions capped below at 0.01 61,285 38,962 

to check the reasonableness of other models’ results. Be
cause it is possible for a linear regression to output negative 
values, we cap the predictions below by 0.01 during scoring. 
Somewhat surprisingly, in the problem we are considering, 
the linear model performs slightly worse than the more 
complex neural network models in the RMSE metric but 
significantly better than the other GLM models. This may 
be because this model optimizes for the RMSE metric, as 
the unit deviance of the normal distribution corresponds to 
MSE. Conversely, the linear model’s performance is quite 
significantly worse on the MAE metric. Another observa
tion is that Model 4 performs slightly worse than Model 2, 
perhaps as a result of some overfitting resulting from the 
multidimensional embeddings in Model 4. If further tuning 
were to be applied, it would be sensible to apply extra reg
ularization to Model 4; however, we refrain from doing so 
here. 

5. ATTENTION-BASED MODELING 

In this section, we investigate whether we can improve the 
predictive performance of the models applied to the NFIP 
dataset by applying the attention-based models defined in 
Section 3.2.2. We discuss the implementation of each of the 
simple attention, TabTransformer, and TabNet models in 
the following subsection. We then discuss how the modifi
cations made to the embeddings through the application of 
attention can be visualized in the following subsection. We 
conclude with a discussion of the model results. 

5.1. MODELS 

In this subsection, we develop the following models: 

Compared with the models presented in the previous 
section, the models presented here are closer to state-of-
the-art models that might be used for tabular data model
ing problems. To the best of our knowledge, this is the first 
analysis of these architectures in the actuarial literature. 

Figure 6. Architecture of Model 5.     

Figure 7. Architecture of Model 6.     

5.1.1. MODEL 5: SIMPLE ATTENTION NETWORK 

Model 5 is conceptually similar to Model 4, except for the 
following two aspects. First, we standardize the dimension 
of the embedding layers to eight dimensions for each cate
gorical covariate. This is done to allow for the application of 
the attention component, which requires the embeddings 
for each covariate to have the same dimension. Second, we 
apply a self-attention mechanism within the network, as 
shown in Equation (8). We illustrate this architecture in 
Figure 6. 

5.1.2. MODEL 6: TABTRANSFORMER 

Whereas Model 5 makes a simple modification to the struc
ture of Model 4, the TabTransformer model is slightly more 
complex. With respect to similarities between Models 5 
and 6, both use embeddings with a standard eight dimen
sions for each categorical covariate. In terms of differences, 
Model 6 uses a transformer layer in place of self-attention 
and a positional encoding of a single dimension, i.e., 

. The TabTransformer architecture is shown in Fig
ure 7. 

5.1.3. MODEL 7: TABNET 

The final model we consider in this subsection is the Tab
Net architecture. In TabNet, similar to decision trees, by 

1. A neural network based on the design of Model 4, 
with an attention component 

2. Similar to Model 5, a neural network implementing 
the TabTransformer architecture 

3. A neural network implementing the TabNet architec
ture 
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which it is inspired, the input features are processed se
quentially in a number of decision steps. In each decision 
step, a different subset of features are weighted more than 
the rest based on masks defined by attention modules ap
plied to information from the previous step. The output of 
each step consists of information for the next decision step 
and also an output representation that is set aside and then 
aggregated at the end, along with other decision step out
puts, in order to produce the final model output. Due to the 
complexity, we refer the reader to Arık and Pfister (2019) for 
the full architectural details. 

5.2. TRAINING AND INFERENCE 

We follow a training setup for the three attention-based 
models similar to that used for the neural networks dis
cussed in the previous section. For Models 5 and 6, we 
use the Adam optimizer as before, and similar to the models 
in the previous section, we use a learning rate of 0.001. 
Similarly, we train on the analysis set for a maximum of 
150 epochs and select the best model based on the lowest 
loss achieved on the assessment. Moreover, because these 
models are significantly more complex than those tested in 
the previous section, we also add extra regularization us
ing dropout to the attention layers, to prevent overfitting. 
In this section, we drop out components with a probability 
of 2.5%. A final detail is that, for both of these models, we 
use an embedding dimension of size 16 for each of the cat
egorical covariates, since the attention mechanism requires 
that the embeddings be of a common length. For the Tab
Transformer model, we use a row embedding of dimension 
4. 
For Model 7, we use the suggested training setup that 

utilizes the Adam optimizer with a learning rate of 0.02 and 
train for 15 epochs (since longer training times did not lead 
to improved performance). 
In Table 12, we show the cross-validated performance 

metrics of each of the models, as well as the two best-per
forming models from the previous section. As before, we 
report both the RMSE and the MAE. The results show that 
Model 5, which simply adds attention to Model 4, outper
forms Model 4 on both the RMSE and MAE metrics. Thus, 
there is some room to argue that for tabular data model
ing that uses embeddings for categorical data, the use of 
attention within models should be considered. The Tab
Net architecture performs poorly, perhaps due to insuffi
cient hyperparameter tuning, but indicating that out of the 
box, TabNet does not appear to work well for this model
ing task. Finally, the TabTransformer model shows the best 
performance of all models considered in this research, beat
ing the other models by a significant margin on both the 
RMSE and MAE metrics. We conclude that the more com
plex transformer-style attention applied in the TabTrans
former model appears to lead to a relatively significant im
provement in performance over all other models considered 
here. 
In what follows, we focus on understanding the Tab

Transformer model in more detail. 

5.3. EXPLORING THE TABTRANSFORMER MODEL 

Here, we explore what the TabTransformer model has 
learned from the data via the attention process that forms 
the core of the model. We focus on the difference between 
the flood embedding learned by the model, compared with 
the output of the transformer layer that processes the em
beddings before they enter the model. Huang et al. (2020) 
call the latter contextual embeddings because the attention 
mechanism in the TabTransformer model augments the 
embeddings based on the other covariates that appear for 
each observation . 
To illustrate this, we selected a single TabTransformer 

fit on one fold of the training data and selected at random 
10,000 individual observations. For each observation, the 
embedding relating to the flood zone of the observation 
was extracted from the model, as well as the contextual 
embedding that was produced for that observation by the 
TabTransformer model. We found that a PCA and t-SNE 
analysis of the embeddings produced very similar results 
to those shown in the previous section, so we do not show 
those plots here. To investigate the difference between the 
embeddings and contextual embeddings for the flood_zone 
variable, we show the first component from a PCA analysis 
of each of these in Figure 8. 
The figure shows that whereas the first principal com

ponent of the embeddings occupies discrete points only 
(shown on the -axis), the first principal component of the 
contextual embeddings is continuous (shown on the -axis), 
meaning that the model has modified the values of the 
embedding in a smooth manner. Since the inputs to the 
attention mechanism that is responsible for this are the 
embeddings for the other categorical variables for each ob
servation, those other variables have influenced the final 
embedding used within the model for the flood_zone vari
able. By considering each of the other categorical variables 
entering the model, it was found that the basement en
closure crawl space variable explains most of the variation 
observed within the flood zone embeddings, as Figure 9 
shows. The attention mechanism produces the lowest val
ues for those observations with an unfinished basement, 
whereas the model produces the highest values for build
ings without a crawl space. 
To investigate the predictive value added by the con

textual embeddings, we fit a simple gamma GLM to these 
10,000 observations, with the goal of predicting the claim 
amount based only on either the embeddings or the con
textual embeddings. As Table 13 shows, the performance of 
the latter model, as indicated by the RMSE and MAE met
rics, is better—in other words, the contextual embeddings 
that incorporate information across all of the categorical 
variables are better predictors of claim severity compared 
with the embeddings. 

6. CONCLUSIONS 

This study focuses on how embeddings can be applied in 
the context of actuarial modeling by illustrating a range of 
approaches. First, we define relatively simple neural net
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Table 12. Cross-validation results for Models 5 through 7.        

Model RMSE MAE 

Model 2: MLP with one-dimensional embeddings 60,214 37,392 

Model 5: Simple attention 60,367 37,527 

Model 6: TabTransformer 59,908 36,501 

Model 7: TabNet 63,619 39,668 

Linear regression, predictions capped below at 0.01 61,285 38,962 

Figure 8. Embedding versus contextual embedding,     
flood zone, first PCA components.      

works. We reuse the embeddings from those models in tra
ditional GLM models. Lastly, we study more advanced at
tention-based models. These models were demonstrated 
within the context of a claims severity modeling problem 
based on data from the NFIP. Whereas we consider only 
severity in this study, it is likely that our findings will repli
cate for the modeling of claim frequency, which is usually 
an easier problem. Our key findings are that processing cat
egorical variables with multidimensional embeddings leads 
to enhanced performance within simple neural networks 
and that including these within traditional GLM models 
can enhance those models’ predictive performance, com
pared with the usual encoding scheme for categorical vari
ables. Some of the attention-based models we looked at 
performed well; in particular, the TabTransformer model of 
Huang et al. (2020) appears quite promising for use in actu
arial modeling. The study also illustrates how embeddings 
can be visualized using the PCA and t-SNE techniques. We 
find that in the case of the NFIP data, it is possible to ex
plain which variables modify the embeddings based on the 
context of each observation. 
We posit several avenues for future research. One sur

prising finding is that the TabNet model performed quite 

Figure 9. Embedding versus contextual embedding,     
flood zone, first PCA components, points colored based         
on crawl space variable.     

Table 13. RMSE and MAE for GLMs predicting claim        
severity, embeddings compared with contextual      
embeddings.  

Embedding Type RMSE MAE 

Embedding 68,444 41,557 

Contextual embedding 67,905 40,559 

poorly, leading us to conclude that it is not particularly 
suitable for actuarial modeling. Understanding that finding 
in more detail would be a valuable contribution to the lit
erature. Another helpful contribution would be to investi
gate the optimal hyperparameters for the TabTransformer 
model in the context of actuarial modeling. Lastly, extend
ing our findings to a claims frequency example could be 
considered. 
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APPENDIX 

Figure 10. Histogram of the log claim amount.       

A. EXPLORATORY DATA ANALYSIS 

We present an exploratory data analysis of the NFIP claims 
dataset. Figure 10 shows the distribution of the claim size 
that we model in this study. It can be seen that claim size 
varies over several orders of magnitude. Figure 11 shows 
that the claim size seemingly follows a relatively heavy-
tailed distribution. Figures 12 through 16 illustrate the dis
tribution of the categorical covariates within the dataset. 
Similarly, Figures 17 and 18 illustrate the distribution of the 
continuous covariates within the dataset. 

B. FINE-TUNING THE NEURAL NETWORK MODELS 

Here we describe how the neural network models presented 
in Sections 4 and 5 above were fine-tuned. 

B.1. MODELS IN SECTION 4 

As noted before, a different 100,000 subsample of the NFIP 
dataset was produced for this purpose, and a fivefold cross-
validation scheme was implemented using this data. Two 
main hyperparameters were tuned for each of Model 2 and 
Model 4. Two different activation functions (the ReLU and 
hyperbolic tangent activation functions) and five different 
widths of the hidden layers (8, 16, 32, 64, and 128) were 
tested. The following table shows these results for each of 
Model 2 and Model 4. 
It can be observed that the lowest RMSE values are pro

duced using the tanh activation function with a hidden 
layer width of 64 neurons. 

Figure 11. Log-log plot of claim amount.      

Figure 12. Distribution of observations across the      
primary residence covariate.    

B.2. MODELS IN SECTION 5 

Models 5 and 6 add an attention-based mechanism to de
rive contextual embeddings to the models in Section 4. To 
find optimal hyperparameters, the best-performing varia
tion of Model 4 (tanh/64) was taken as a baseline, and the 
attention mechanisms described for Models 5 and 6 were 
then added to that baseline model. It was found that the 
performance of Model 6 improved as a result of adding 
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Figure 13. Distribution of observations across the      
occupancy type covariate.    

Figure 14. Distribution of observations across the      
basement enclosure and crawl space covariate.       

the TabTransformer attention mechanism, and thus no fur
ther fine-tuning was performed on this model. However, 
despite several attempts at optimizing the hyperparameters 
of Model 5 (which included modifying the size of the em
beddings and the amount of dropout applied), significant 
improvements beyond those shown in the table below were 
not achieved. 
Finally, we tried several of the recommended default hy

perparameter settings for the TabNet model, but we did not 
achieve significant improvements over the results shown in 
Section 5. 

Figure 15. Distribution of observations across the      
number of floors covariate.     

Figure 16. Distribution of observations across the      
flood zone covariate.    

C. DIMENSIONALITY REDUCTION TECHNIQUES 

C.1. PRINCIPAL COMPONENT ANALYSIS 

In both approaches, the overarching theme is as follows: 
We have a collection of points in higher-dimensional space, 

, that we wish to map to some lower-
dimensional space, typically , obtaining 

. PCA performs a linear change of coor
dinates on the input data so that the variance of the data is 
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Figure 17. Histogram of the building coverage      
covariate.  

Figure 18. Distribution of the community rating      
system discount covariate.    

maximized along each orthogonal coordinate, also known 
as principal component, successively. Formally, if we denote 

 and  to be the matrices whose columns are elements 
of  and , respectively, this can be represented as look
ing for an orthonormal matrix  in  such that the 
covariance matrix of , , is diagonal. Here, the rows 
of  are the principal components that define the resulting 
coordinate system. It turns out that these principal compo
nents are the eigenvectors of the covariance matrix of , 
i.e., . In practice, numerical procedures, in

cluding R’s prcomp(), which we use, utilize singular value 
decomposition to compute the eigenvectors. 

C.2. T-DISTRIBUTED STOCHASTIC NEIGHBOR 
EMBEDDING 

In contrast with PCA, t-SNE is a nonlinear technique. At 
a high level, it computes a similarity metric, in the form 
of conditional probabilities based on pairwise distances, 
among points in , then looks for points  in the lower-
dimensional space that have similarity metric values (for a 
differently defined metric) that are “close” to those of cor
responding pairs of points in the original data. 
Let  denote the probability that point  picks point 

 as its neighbor, if it picks neighbors in proportion to its 
density under an -dimension Gaussian centered at . For
mally, we can write  as 

where  denotes the variance of the Gaussian associated 
with . The similarity metric for the original space sym
metrizes this conditional probability and is defined as 

Conversely, in the target space, t-SNE assumes the neigh
bor selection is driven by a Student’s t-distribution with 
one degree of freedom, i.e., a Cauchy distribution. The sim
ilarity metric for a pair of points in  is then defined as the 
joint probability 

With the similarity metrics defined for each space, we can 
then state the objective for “closeness” for the sets of 
points, which is the Kullback-Leibler divergence from Q to 
P: 

We now circle back to Equation (12) and discuss . The 
variance of the Gaussian is allowed to vary depending on 
where the point is in the space; specifically, it should reflect 
the density or sparseness of surrounding points. To train 
this parameter, t-SNE introduces a hyperparameter, per
plexity, which is a scalar value set by the user, and is defined 
as 

where  denotes the entropy of , 

and  is the Gaussian parameterized by  and . During 
training, t-SNE looks for  that have perplexity corre
sponding to the user input. Finally, the objective as stated 
in Equation (15) is differentiable, and it is trained via gradi
ent descent. 
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Table 14. Results of fine-tuning models in Section 4.        

ReLU/8 
ReLU/
16 

ReLU/
32 

ReLU/
64 

ReLU/
128 

tanh/8 
tanh/
16 

tanh/
32 

tanh/
64 

tanh/
128 

Model 
2 - 
RMSE 

60,988 60,561 60,125 60,147 59,918 61,728 60,506 60,130 59,893 60,065 

Model 
4 - 
RMSE 

60,535 60,724 60,311 60,191 60,114 60,521 60,658 60,279 59,892 59,987 

Model 
2 - 
MAE 

36,604 36,791 36,936 37,140 36,816 37,206 36,759 36,921 37,103 37,177 

Model 
4 - 
MAE 

36,828 36,824 36,780 37,054 36,672 36,528 36,725 36,483 36,766 36,394 

Table 15. Results of fine-tuning models in Section 5.        

Scores 

Model 5 - RMSE 60,382 

Model 5 - MAE 37,426 

Model 6 - RMSE 59,821 

Model 6 - MAE 36,474 

Embeddings and Attention in Predictive Modeling

Variance 20


	Embeddings and Attention in Predictive Modeling
	1. Introduction
	2. Literature review
	3. Theoretical overview
	3.1. Categorical data modeling
	3.2. Neural networks
	3.2.1. Embeddings
	3.2.2. Attention
	3.2.3. Transformer models
	3.2.4. Attention modeling for tabular data


	4. Predictive modeling with embeddings
	4.1. Problem description and experiment setup
	4.2. Models
	4.2.1. Model 1: GLM
	4.2.2. Model 2: Neural network with unidimensional embeddings
	4.2.3. Model 3: GLM with neural network embeddings
	4.2.4. Model 4: Neural network with multidimensional embeddings

	4.3. Visualization techniques for interpretation
	4.4. Training and inference

	5. Attention-based modeling
	5.1. Models
	5.1.1. Model 5: Simple attention network
	5.1.2. Model 6: TabTransformer
	5.1.3. Model 7: TabNet

	5.2. Training and inference
	5.3. Exploring the TabTransformer model

	6. Conclusions
	Acknowledgments

	References
	Appendix
	A. Exploratory data analysis
	B. Fine-tuning the neural network models
	B.1. Models in Section 4
	B.2. Models in Section 5

	C. Dimensionality reduction techniques
	C.1. Principal component analysis
	C.2. t-distributed stochastic neighbor embedding




