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This paper studies in detail simulation methods for tail probability and tail mean (mean
excess loss) of both univariate and bivariate compound variables. We first reviewed some
basic variance reduction methods, then we proposed several novel combinations of
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1. INTRODUCTION

In collective risk theory, the total amount of losses an in-
surance company incurs during a time period is modeled by
a compound random variable

M
S = Z X,
=1

where M is a discrete random variable representing the
number of claims; X7, Xs, ... are nonnegative independent
and identically distributed (i.i.d.) claim size random vari-
ables independent of M. The tail probability,

0=P[S > (]
for some specified value ¢ and the tail mean (mean excess
loss), defined by

(1.1)

T=E[(S-¢),],
where
0 S<ec
(§=0), = {S—c S>c
are important risk measures of S because they are closely
related to insurance/reinsurance pricing and capital re-
quirement.

Evaluation of the tail probability and the tail mean is not
easy, even when the distribution of M and X; are known.
One approach is to resort to recursive formulas, such as
those proposed by Panjer (1981), for the case when the dis-
tribution of M belongs to the (a, b,0) class. There is exten-
sive literature on further developments related to Panjer’s
recursive formula. For details, see the comprehensive book
by Sundt and Vernic (2009).

Transform-based techniques, such as fast Fourier trans-
form (FFT), are also widely used in calculating the distri-

bution of aggregated claims. For an introduction, see the
papers by Robertson (1992) and Wang (1998) and the ref-
erences therein. Embrechts and Frei (2008) provided an ex-
cellent comparison of the recursive and FFT methods.

Simulation methods are flexible and can be handy in es-
timation of the tail probability/moments of compound dis-
tributions. However, they are subject to sampling errors.
That is, different runs of the same simulation method will
give different results.

For example, the one-sample crude estimator for
0 =P[S > (]is

0o =1(S > ¢,

where I(-) is an indicator function that takes the value of
one if the argument is true and zero otherwise. 6 is an un-
biased estimator of § because

E[f] = 6.
The variance of 90 is
Var[fy] = 6(1 — 6),
and the coefficient of variation (CoV) is

CoV(fy) = \/9(2* o _ \/(1 ; o)

Quite often, we are interested in a tail probability of S so
that 6 is close to zero. Then the coefficient of variation
CoV(8,) is huge, which makes the crude method ineffi-
cient. Notice that when the simulation is conducted n
times, the estimator for 6 is

n 1 & .
fom ==Y 1S9 > ),
0, njfl( c)

which has variance 26(1 — §) and CoV

(1.2)
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When n is large, the distribution of éo,n is approximately
normal by the central limit theorem, based on which the
1 — a confidence interval of @ is given by

<90,n - Zl—a/2 \/ Val‘[éo,n], éO,n + Zl—a/2 \/ Val‘[éo,n]) .

In other words,
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Taking « = 0.1, this means that with 90% probability, the
relative error of éO,n’ L8l is less than 1.6500V(é0,n).
Therefore, CoV (6 ,,) can be a measure for relative error.

In fact, for any estimator 6 of some parameter 6, similar
reasoning applies. As a result, CoV(é) is a measure of rela-
tive error for §. Therefore, we say that an estimator (simu-
lation method) with a smaller CoV is more efficient.

For our case, the relative error of éO,n is given in equation
(1.3). When @ is close to zero, I(S\¥) > ¢) rarely equals one.
So Y7, I(SW > ¢) is small, resulting in a large CoV. For

(1.3)

< zl_a/2COV(éoyn)) =1-oa.

example, suppose that the value of ¢ is such that the tail
probability is roughly (from prior knowledge) 1%. If
n = 1000, we expect that > 7 ,1(S¥ > c) is around 10.
Consequently, CoV (fg.1000) is approximately 10~'/2 ~ 0.32.
This means that with a probability of 90%, the relative error
of 9071000 is within 1.65 x 0.32 = 53%, which is not very sat-
isfactory. Increasing the sample size to 10*, the relative er-
ror of é01104 is 1.65 x 0.1 = 16.5%, which is still not very ac-
curate. Recalling that Var(f,,) = %Var(éo), we see that
in order to decrease the relative error (CoV) of an estimator
tenfold, the sample size has to increase a hundredfold.

Remark 1.1. This discussion may remind actuaries of the
situation in limited fluctuation credibility theory, in which the
sample size of loss data is determined such that the sample
mean will provide a credible (low relative error) estimate of
the population mean. The idea there is similar and the same
square rule applies. In limited fluctuation credibility, to double
the credibility factor, the sample size has to be quadrupled.

In this paper, we study simulation methods (estimators)
of the tail probability (6) of compound random variables. As
shown, increasing the sample size of the crude estimator
is one way to reduce relative error. However, because of
the square rule, it is costly and inefficient and sometimes
not feasible. Therefore, instead of increasing the sample
size, we propose several more efficient estimators of 6 that,
given the same sample size, are still unbiased, yet have a
lower CoV (relative error).

Reducing the CoV requires reducing the variance of the
estimator. In the simulation literature, various variance re-
duction methods exist. Commonly used techniques include
importance sampling, stratified sampling, the conditioning
method, and the control variates method, which we review
briefly in the next section. For detailed introductions to
variance reduction methods, see, for example, the books by
Ross (2012) and Asmussen and Glynn (2007).

Needless to say, simulation methods for evaluating the
tail probability and tail mean of compound variables are
very important for actuaries. However, quite surprisingly, to
our knowledge, the literature in this area is very thin. In ad-
dition to some examples from Ross (2012), one of the most
relevant references is Pekoz and Ross (2004), in which the
conditioning method was introduced specifically for com-
pound variables. Blanchet and Li (2011) introduced an effi-
cient importance sampling algorithm for estimating the tail
distribution of heavy-tailed compound sums. Glasserman,
Heidelberger, and Shahabuddin (2000) proposed a method
for simulating tail probability (value at risk) of the returns
of investment portfolios by combining the importance sam-
pling and stratified sampling methods.

In this paper, we first briefly review some commonly
used general variance reduction methods for simulation,
then we propose several novel combinations of variance re-
duction methods specifically for compound distributions.
This includes the combination of importance sampling and
the conditioning method and the combination of impor-
tance sampling and stratified sampling.

Secondly, we extend our methods to simulate the tail
probability and tail mean of bivariate compound variables,
defined by

M N
(81,82) = (in,ZYJ), (1.4)
i=1 =1

where (M, N) is a vector of (dependent) random variables
representing the number of the claims in two lines of busi-
ness. The claim size random variables X; and Y; for
i,j=1,2,... are mutually independent and are indepen-
dent of the claim numbers M and N.

The remaining parts of the paper are organized as fol-
lows. Section 2 reviews commonly used variance reduction
methods. Section 3 applies them in estimation of tail prob-
ability. Section 4 studies the simulation methods for the tail
mean. Sections 5 and 6 extend the results to bivariate com-
pound variables. Section 7 concludes.

2. REVIEW OF VARIANCE REDUCTION
METHODS

We start by briefly reviewing several variance reduction
methods that will be used in this paper. For more compre-
hensive introductions to the topic, see books such as those
by Ross (2012) and Asmussen and Glynn (2007).

2.1. IMPORTANCE SAMPLING

Let Z = (Z4,...,Z,) denote a vector of random variables
having a joint density function f(z) = f(z1,...,2,) and
suppose that we want to estimate

6 = Elg(2)] = / 4(2) (2)dz,

where the integral is n-dimensional and over the support of
Z.

Importance sampling finds the probability density func-
tion (PDF) f*(z) such that f(z) =0 whenever f*(z) = 0.
Since
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7 (z) f+(Zx)
where Z* has density f*(z),
by 9ZIE)
(Z)

is an unbiased estimator for 6.

The importance sampling approach aims to choose an
appropriate f*(z) so that 6; has a smaller variance com-
pared with the crude estimator 8, = g(Z).

Since

in order to achieve a smaller variance, f*(z) should be cho-

sen such that the numerator g(z)f(z) — 6f*(z) is close to

zero. That is, f*(z) is proportional to g(z) f(z).

If Z has a finite moment generating function (MGF)

Mz(t) = E[eZt] — E[6Z1t1+~~+zntn],

for some 0 < t < b, then it is usually handy to choose Z* to

be the Esscher transform (exponential tilting) of Z. That is,

we let Z* have PDF

hz
F(z) = eM f(z)
z(h)
for some tilting parameter h < b. In addition, the MGF of
Z* is given by
My () = Bt ] — BTV Malt+h)
ElehZ] Mz(h)
Notice that if Z is a discrete random variable, we interpret
f and f* as probability mass functions (PMFs).
For presentation simplicity, in the sequel, we assume
that the goal is to estimate the mean of some random vari-
able Z,

6 =E[Z],
instead of E[g(Z)] for some function g. Doing so does not

lead to loss of generality because Z can have any form, such
as Z = g(Z").

2.2. THE CONDITIONING METHOD

Suppose that W is a random variable that is correlated with
Z and can be simulated efficiently and that E[Z | W] can be
evaluated. Then

0cp = E[Z | W]
is a more efficient estimator of # than the crude estimator
6, = Z because it is unbiased; that is,

El6op] = E[E[Z | W]] = E[Z],
and it has a smaller variance, as shown in the following line.
Var(Z] = Var [E[Z | W]]
+E[Var[Z | W]| > Var[E[Z | W]].

2.3. STRATIFIED SAMPLING
Stratified sampling resembles the conditioning method in

the sense that a random variable W can help simulate the
mean of a random variable Z. Suppose that W takes values

in k strata Wy, . .., Wy, with probability p; = P[W € W] for
t=1,...,k Then

k

E(Z] =) E[Z|W € Wip..
=1

Suppose that n is the total number of samples and n; is the

number of samples from stratum 4. Then the stratified esti-

mate of E[Z] is

k
Osn =" Zipi,
i1

where for i = 1,...,k, Z; is the sample average of Zs con-
ditional on W € W;,.
Let o; = Var[Z | W € W], then the variance of §, is
. ko o2
Var[lg,| =) p?—-.
s, = Y02
If we choose n; = np;, then és}n must have a smaller vari-
ance than the crude simulation estimator 6y, =Y Z;/n
because

Var[fs,] = . Zpiai

= %E[Var[Z | W] < %Var[Z]

= Var[éom}.
It is worthwhile to note that n; = np; is not necessarily the
optimal number of simulations in stratum 4. Particularly, if
n; is chosen to be proportional to p;o; (Fishman 1995), then
Var[fs,,] is minimized.

2.4. THE CONTROL VARIATES METHOD

When using a control variable to reduce the variance of the
estimator of § = E[Z], we select a control variate W that is
strongly positively or negatively correlated with Z. Then an
unbiased estimator for 6 is
bcv = Z — (W — E[W))
for some constant . Then we have
Var[foy] = Var|Z] + y2Var[W] — 2yCov(Z, W),
which is minimized if y = Cov(Z, W)/Var[W]. Note that
the parameter v can be estimated using the simulated val-
ues of Z and W. In fact, it is the least square estimate of the
slope of the simple linear regression
Z=v+mW+e
Obviously, there are many other general-purpose simula-
tion variance reduction methods in the literature. We have
only introduced the four that we use for simulating the
compound random variables in this paper. In the following
sections, we illustrate how these methods can be used in
combination to reduce the simulation variance even fur-
ther.

3. SIMULATING TAIL PROBABILITY

In this section, we apply the four variance reduction meth-
ods to the estimation of the tail probability § = P[S > ¢,
where the compound random variable S is defined in (1.1).
The one-sample crude estimator is simply 8, = I(S > c).
The n-sample estimator is given by 90771, defined in (1.2).
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The problem with the crude method is that when ¢ is
large, the sample size needs to be very large in order for
S > ¢ to occur. Therefore, as shown in equation (1.3), the
crude estimator is not efficient.

3.1. IMPORTANCE SAMPLING

Let fs(z) be the PDF of S.! We assume that S has finite
MGF Ms(t) = E[e!’] on the interval ¢ € [0, b), where b > 0.

In importance sampling, instead of sampling I(S > ¢),
we sample I(S* > c)%, where S* has PDF f*. Since we
assume that S has a finite MGF, we may choose S* to be the
Esscher transform (exponential tilted transform) of S. That

is, we let S* have PDF
. ehmf T
) = 5@
Ms(h)

for some tilting parameter h € (0, b). Then we have

0= E[I(S > c)] = E[]I(S* > 0) ]‘Zig?) }

Hence, the importance sampling estimator of 6 is given by
0; =1(S* > ¢)Mg(h)exp(—hS™). (3.1)
If the sample size is n, then we have

O = Ms(h) zn:H(S*(j) > c)exp <th*(j)),

In —
J=1

where $*0) is the jth simulated value of S*.

In order to apply the importance sampling method with ex-
ponential tilting, we need to (1) select an appropriate value
for the tilting parameter h, and (2) simulate S* with the
tilted distribution.

As mentioned in Section 1, the problem with the crude
simulation method is that when 6 is small, I(S > ¢) is zero
for most rounds of simulation, which results in a large value
of the CoV of éo,n. In importance sampling, we choose h
such that (S* > ¢) is more likely to occur than (S > ¢). An
intuitively natural choice for the value of h is E[S*] = c.
This choice is indeed optimal, as the following note shows.

Note 3.1. As pointed out by Ross (2012),

0; =1(S* > ¢)Mg(h)e 5" < Mg(h)e ",
Thus, one can stabilize the results of every round of simulation
by choosing the value of h to minimize the upper bound
Mg(h)e "<, Setting the derivative of it to zero, we get
Mg (h) — cMg(h) = 0.
Thus, the optimal h should satisfy
M) [ e
°T M) [Ms(h)
We next study the distribution of S* (in order to simulate
it). The result is stated in the following note.

Note 3.2 The Esscher transform of S = Zf‘il X; with pa-

rameter h is

] = E[S"].

A
s =Y "Xx;,
i=1

where X} is the Esscher transform of X; with parameter h
and M* is the Esscher transform of M with parameter
c(h) = In(Mx(h)).
Proof. Firstly, the MGF of S* is
Ms(t+h)  Py(Mx(t+h))
Ms-(t) = i =
s(h) Py (Mx(h))
_ Pu(Mx(h)Mx-())
-~ Pu(Mx(h)
where Py;(z) = E[z"] represents the probability generat-
ing function (PGF) of M and X * is the Esscher transform of
X with parameter h.
Let ¢(h) = In(Mx(h)) and let M* be the Esscher trans-
form of M with parameter c(h). Then the PGF of M* is

(3.2)

_ EleWM. M py(ef® . 2)
Py (2) = Elec®M]  Py(ech) (3.3)
_ PulMx()2) |
Py (Mx(R)

Comparing (3.2) and (3.3) leads to
Ms-(t) = Py (Mx-(t)),

which shows that §* = > Xx7. O

Note 3.2 suggests that S* is a compound sum of M* and
X*. Therefore, it can be easily simulated if the distribu-
tion of latter two are known. This is actually the case for
many commonly used distributions; the following are Ess-
cher transforms (with parameter h) of some commonly used
distributions.

e If M ~ binomial(n, p) with the PMF
n _
pM(k): <k>pk(1_p)n k7 k:071’2""7n7

h
*  binomi pe
then M* ~ binomial(n, W).

o If M ~ negative binomial(r, p) with the PMF

k+r—1
pM(k):< k >(1_p)7‘pk’ k:()’]"z’""

then M* ~ negative binomial(r, pe?), h < —Inp.

o If M ~ Poisson(A) with the PMF
k

paclk) = e,
then M* ~ Poisson(\e?).
e If X ~ gamma(a, 8) with the PDF
fx(z) = 2z te ™ JT(a),
then X* ~ gamma(a, 83— h), h < S.

k=0,1,2,...,

x>0,

Example 3.1. Assume that M ~ Poisson(\) and
X;,i=1,2,... have common distribution X ~ gamma(c, 3).
Then

.
S* = ZX;‘,
=1

M* ~ Poisson (A(%)ﬁ
X/ ~ gamma(a, 8 — h).

where and

1 Notice that S has a point mass at zero, where the PDF is not defined. In the following, f(0) and f*(0) are taken to have a probability

mass of zero.
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3.2. COMBINING IMPORTANCE SAMPLING AND
STRATIFIED SAMPLING

A method for applying stratified sampling in simulating
quantities related to compound distribution was introduced
by Ross (2012, Section 9.5.3). This is done by treating the
claim number M as a stratifying variable. Specifically, in or-
der to simulate

0= E[gM(Xh s 7XM)]a
we choose a number m such that P(M > m) is small and
make use of the fact that

n=0

+E[9M(X1, .. ,XM)‘M > m] (1 — zm:pm) .
n=0

This method can be applied to estimate the tail probability
0 =P[S > ] if we let, form > 1,

In( X1, ., X)) =1(X1+ -+ X > 0).
However, directly applying the method is not efficient be-
cause when c¢ is large and # is small, the function
I(X1+ -+ + X, > ¢) is likely to be zero on most strata,
and more so with small values of m.

Therefore, we propose here a method to combine impor-
tance sampling and stratified sampling. For this purpose,
we let §* = 3" X7 be the Esscher transform of S with pa-
rameter h and E[S*] = c.

Define

gn(@1s. ., ) = Mg(h)I <i T; > c> exp <7hizi> (34)
i=1 i=1

and
pr,=PM*=m], m=12,....
Then we have, for a given value of m; such that P[M* > m,]
is small,
9= E[I(S > ¢)]
* Ms(h)

:E{I[(S >c) ohs"

= Efgy (X{,..., X})]

= Z E[Q?w*(Xi e 7X1T4') | M* = m}p:n

m=0

+E[gy- (X7, ...,

m
=Y Elgn(Xi,.... X3)lp)
m=0

Xip) | M* > mP[M* > m)]

my
+E[gh (X1, X)) | M* > mi](1 =) phy).

m=0
With this, we can follow the procedure from Ross (2012) to
simulate 6. Firstly, we generate a value of M*, conditional
on it exceeding m;. Suppose the generated value is m’, then
we generate independent random variables X7,..., X% ..
Then the estimator of 6 from this run is

my
E=Y gn(Xi, .., X})Ph
m=1
m (3.5)
g (XT, o X ) (1= ph).
m=0

As pointed out by Ross (2012), since it is easy to compute
the functions g},, we can use the data X7,..., X}, in the
reverse order to obtain a second estimator and then average
the two estimators. That is, we let

m
= (X X i1)Pin
m=1

my
+g;’le,(X’;;L/’ cee 7Xf)(1 - Zp:n),
m=0
then use
N 1
Orrs = 5(5+5/)

as the estimator for 6.
Remark 3.1. By equation (3.4), the second term in equa-
tion (3.5)

my
G (KT X)) (1= S p3) < Mg(RPIM* > my)
m=0

Thus if we select a value for m; sufficiently large that
Mg(R)P[M* > my] is negligible, it can be omitted.

3.3. THE CONDITIONING METHOD

Pekoz and Ross (2004) introduced a very effective way of
simulating the tail probability of compound distribution
based on the conditioning method. Let

T(c) = min (m : ZXi > c). (3.6)
=1
Then, we have
S>ce M>T(c). (3.7)

Equation (3.7) agrees with proposition 1.1 of Lin (1996).
Therefore,
E[I(S > ¢)] = E[E[I(S > ¢) | T(c)]]
=E[E[[(M > T(c)) | T(c)]]-
Thus, an estimator for 6 applying the conditioning method
is given by
bop = E[I(M > T(c)) | T(c)]
=P[M >T(c) | T(c)]
=P[M > T(c)],
where the last line is because M and T'(c) are independent.
To implement the method, we generate samples of X; in
sequence until the sum of generated values exceeds c. If the
generated value of T'(¢) is t., then P[M > t ] is the estimate
of P[S > ¢ for this run of simulation.

3.4. COMBINING THE CONDITIONING METHOD AND
THE CONTROL VARIATES METHOD

As shown by Pekoz and Ross (2004), the estimator f¢p can
be further improved by using a control variate. The idea is
to select a control variate W that is strongly positively or
negatively correlated with §cp. Pekoz and Ross (2004) sug-
gested that one such choice is

(©)
W= (X - Blx),

which has a mean of zero.

W is positively correlated with 6cp because when T(c) is
large, (1) bcp = P[M > T(c)] is small, and (2) X;s are likely
to be small so that W will be small.

With this choice, when combining the conditioning
method with the control variates method, the estimator for
fis

bcprcv =0cp — YW,
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where = Cov(f¢p, W)/Var(W), which may be esti-
mated using the simulated values of Ocp and W.

3.5. COMBINING IMPORTANCE SAMPLING AND THE
CONDITIONING METHOD

In the conditioning method, we need to simulate T'(c), de-
fined in equation (3.6), which may be time consuming if ¢
is large relative to the X;s. In this section, we introduce a
method to improve this. The key is to replace T'(c) with

m
T*(¢) = min (m : ZX: > c),
-1

where X* is the Esscher transform of X with tilting para-
meter h. This way, we combine the conditioning and im-
portance sampling methods. The following estimator of 6 is
obtained.

MX(h)T*(C)

frcp =PIM > T*(c)] ——ri—-.
- hXTOX;

(3.8)

The unbiasedness of this estimator is shown in Section A.1
of the Appendix.

To carry out the simulation, we generate samples of X/
in sequence until the sum of generated values exceeds c.
The values of T*(c) and X7,..., X7, are stored and used
in (3.8).

Remark 3.2. A control variate

T*(c)
W= (X; - E[X"])
i=1

can be used to improve the estimator 6;.¢p. This results in

Oricpiov =0ricp — YW,
where v = Cov(01,cp, W*)/Var(W*).

3.6. NUMERICAL EXPERIMENTS

In this section, we compare the different estimators of
P[S > ¢] introduced in Section 3 through a numerical ex-
ample. We assume that M ~ Poisson(20) and
X; ~ gamma(20,0.5) for ¢ = 1,2, .... Note that the distrib-
utional assumptions are entirely hypothetical and only for
illustration purposes. Naturally, in actual application, the
aggregate loss model and the parameters need to be esti-
mated from data.

For each method, the tail probabilities at
¢ = 1000, 1200, and 1400 are estimated using 1000 simu-
lated samples (one round). The standard deviation (SD) of
each estimator is calculated based on 100 rounds of simu-
lations. We will follow this convention in all the numerical
examples in the rest of the paper. In addition, for estimator
3, in which stratified sampling is applied, we set m; = 50.

The simulation results are summarized in Table 3.1. A
visual comparison of the CoV of different estimators is
given in Figure 3.1.

To provide a reference point for comparing the estima-
tors, we calculate the analytical result of the tail probability
by

P(S>c) = iP(M:m)P(X1+-~-+Xm > ¢).
m=1
This formula is calculable for this simple example because
when X ~ gamma(a,b), X; + -+ X,, ~ gamma(ma, b).

Technigue

log+o(CoV)

0.0= =
0.5~ |
=1.0-
-1.5-
. 1+CD+CW
=2.0-
2_ -

25
1200 1400
c

1000

Figure 3.1. Visualizing log,,(CoV) of the estimators for
P(S > ¢)

Thus, the probabilities P(X; +--- + X,, > ¢) for any m
can be computed easily. For the infinite sum, we can trun-
cate it at some value my such that P(M > mr) is small
enough. In the example, M ~ Poisson(20), and we select
mr = 400 so that P(M > mr) is smaller than 10~°. This
means that our analytical result is accurate at least up to 5
decimal points.

In addition, for comparison, we provide the normal ap-
proximation of the tail probability, which is calculated by

P(S>c)~1-& (7613[3] )
Var(S)

where ® stands for the normal cumulative distribution
function. We can see that normal approximation is not very
accurate even for this simple example, especially when c is
large.

As explained previously, estimators with smaller CoVs
have smaller relative errors and, therefore, are better. Table
3.1 indicates that the combinations of importance sampling
and stratified sampling (I+S); the conditioning method and
the control variates method (CD+CV); importance sampling
and the conditioning method (I+CD); and importance sam-
pling, the conditioning method, and the control variates
method (I+CD+CV) performed well. Methods involving im-
portance sampling tend to have a small CoV when c is large.
Therefore, they are recommended for simulating small tail
probabilities.

4. SIMULATING MEAN EXCESS LOSS

In this section, we introduce variance reduction methods
for simulating the mean excess losses
T=E[(S-c¢).]

Variance 6
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Table 3.1. Comparison of the simulation methods for P(S > ¢)

P(S>c¢) ¢ = 1000 c = 1200 c = 1400
Analytical 1.3908e-01 1.9822e-02 1.4701e-03
Normal Approx 1.3762e-01 1.4548e-02 5.3156e-04
Estimator 1 Mean 1.3867e-01 1.9300e-02 1.4700e-03
(@} SD 1.0866e-02 4.1280e-03 1.2906e-03
CoV 7.8356e-02 2.138%e-01 8.7799e-01
Estimator 2 Mean 1.3919e-01 2.0001e-02 1.4599e-03
(1) SD 5.5503e-03 1.0284e-03 9.2773e-05
CoV 3.9877e-02 5.1420e-02 6.3549e-02
Estimator 3 Mean 1.3901e-01 1.9803e-02 1.4703e-03
(1+S) SD 5.0935e-04 7.8608e-05 7.6717e-06
CoV 3.6642e-03 3.9695e-03 5.2179e-03
Estimator 4 Mean 1.3878e-01 1.9892e-02 1.4752e-03
(CD) SD 1.8385e-03 4.3484e-04 4.5747e-05
CoV 1.3248e-02 2.1860e-02 3.1012e-02
Estimator 5 Mean 1.3906e-01 1.9811e-02 1.4677e-03
(CD+CV) SD 5.1966e-04 1.7081e-04 2.0931e-05
CoV 3.7371e-03 8.6218e-03 1.4261e-02
Estimator 6 Mean 1.3910e-01 1.9829e-02 1.4688e-03
(1+CD) SD 6.4308e-04 1.1943e-04 9.0533e-06
CoV 4.6232e-03 6.0230e-03 6.1636e-03
Estimator 7 Mean 1.3905e-01 1.9820e-02 1.4697e-03
(I+CD+CV) SD 4.7882e-04 9.5443e-05 8.2514e-06
CoV 3.4436e-03 4.8155e-03 5.6142e-03

4.1. COMBINING IMPORTANCE SAMPLING AND
STRATIFIED SAMPLING

The importance sampling method for simulating 7 is simi-
lar to that for 6: we simply replace I(S* > ¢) with (S* —¢) |
in equation (3.1). This yields

71 = (8" — ¢) . Mg(h)exp(—hS™).
To combine importance and stratified sampling, we replace
the function g, in (3.4) with

m
g:n(xl7"'a$m) - <Z$i—c> Ms(h)e_hzyllzl’
i=1 +

4.2. THE CONDITIONING METHOD

The following method for simulating the mean excess loss
using the conditioning method was discussed by Pekoz and
Ross (2004). Define

T(c)
A= Z ){Z — C.
i=1

Then the conditional expectation estimator is constructed
as

fep =B [(S— ), | T(c), 4]

= Y (A+ (i~ T(c)EIX])P[M = i
i>T(c)
(A - T(c)E[X])P[M > T(c)]
+E[X]|E[MI(M > T(c))]
= (A~ T(c)E[X])P[M > T(c)]

> iP[M—i})

i<T(c)

+E[X] (E[M] -

The steps for implementing this simulation method are
similar to those in Section 3.3; the only difference is that
the value of A must be recorded in addition to T'(c).

4.3. COMBINING THE CONDITIONING METHOD AND
THE CONTROL VARIATES METHOD

The following two control variates can be used to enhance
the performance of the conditioning method without in-

creasing computational efforts:
T(c)

Wy = Z(Xz - E[X])

i=1
and

Wy =A—E[A].
This yields the estimator

Teprov = Top — W1 — 72 Wa,

Variance 7
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where v; and v, are chosen to minimize the variance of
7ep+cov- This could be achieved by setting the values of ~;
and v, to the least square estimate of the corresponding co-
efficients of the linear regression

Tep = Yo +1iWi + 72 Wa + ¢,
where the values of 7¢p, W1, and W5 are generated in sim-
ulation using the conditioning method.

For general discussions on least square or regression-
based methods for using control variates, see the papers by
Lavenberg and Welch (1981) and Davidson and MacKinnon
(1992).

4.4. COMBINING IMPORTANCE SAMPLING AND THE
CONDITIONING METHOD

Similar to Section 3.5, importance sampling and the condi-
tioning method can be combined. This results in the esti-
mator

T1+cD

7*(c)
= | = T EX)PM > T (0) + BIXIE (MI(M > T*(0)] %
where
()
A* = Z X —c
i=1

The proof of the unbiasedness of this estimator is given in
Section A.2 of the Appendix.

Remark 4.1. The quantity E[MI(M > T*(c))] is related
to the size-biased transform (see Denuit 2020). We have

E[MI(M > T*(c))] = E[MJP[M > T*(c)], (4.1)

where M is the size-biased transform of M with distribution
function
kP[M = kK|

E[M]
Equation (4.1) can be calculated efficiently because the distri-
bution of M and M are often related. For example, as shown
by Ren (2021), if M belongs to the (a, b, 0) class with parame-
ter (a,b), then M — 1 is in the (a,b,0) class with parameter
(a,a + b). Particularly, if M follows the Poisson distribution
with mean ), then M — 1 also follows the Poisson distribution
with mean \. Therefore, for this case, (4.1) becomes

E[MI(M > T"(c))] = AP[M > T"(c) — 1],

which is straightforward to evaluate.

Remark 4.2. Control variates can be utilized to improve the
results further. For example, let

T*(c)

Wy = ;(X;‘ - E[X"])

PM =k = k=0,1,....

and
Wy = A* — E[A7].
Then the estimator is
Trreprov = Triep — MWL — Wy,
where the values of y; and v, can be estimated by running the
linear regression

Trrep = Yo + WL +72W5 +e.

Technigue

log1o(CoV)

. 1+CD+CW

0= | I
2 = | ||
A=

1000 1200 1400

c

Figure 4.1. Visualizing log,,(CoV) of the estimators for
E[(S-c).]

4.2. NUMERICAL EXPERIMENTS

In this section, we compare the different methods for sim-
ulating 7 with the example set forth in Section 3.6. The re-
sults are shown in Table 4.1 and Figure 4.1.

In order to provide a reference point for the comparison,
we list in the table values of E[(S — c) ] estimated using
the importance sampling (I) method, but with a huge sam-
ple size of 107. These values are proxies for “analytical
value” and labeled as “Target” in the table.

For this example, we did not provide the results for nor-
mal approximation of E[(S — ¢)_] because the approxima-
tion would not be accurate. The reason is that the normal
approximation results for the tail probabilities are already
inaccurate.

Table 4.1 and Figure 4.1 show that the combinations
I+S, I+CD, and I+CD+CV have small CoVs and thus are ef-
ficient for estimating mean excess losses. In particular, the
[+CD+CV method has by far the smallest CoV.

Remark 4.3. When carrying out the importance sampling
methods, we have set the value of the tilting parameter to be
the same as that for estimating the tail probability. That is, h
is such that E[S*| = c. However, this may not be the optimal
choice.

For example, we have used h = 0.009561118 for the case of
¢ = 1200 in the previous example. To explore the optimal value
of h, we experimented, and Figure 4.2 plots the SD of the es-
timator (based on repeating each method 100 times) against
the values of h. The figure shows that compared with the tail
probability case, it may be preferable to set h to a greater value
when estimating mean excess losses. Determining theoretical
results for the optimal value of tilting parameter would be a
great topic for future research.

Variance 8



Table 4.1. Comparison of the simulation methods for E [(S —¢). |

Simulation Methods for Compound Distributions

E[(S—¢),] ¢ = 1000 ¢ = 1200 ¢ = 1400
Target 14.5039 1.5746 9.5402e-02
Estimator 1 Mean 14.4631 1.5426 9.4252e-02
(@} SD 1.5972 4.8686e-01 9.5210e-02
CoV 1.1044e-01 3.1561e-01 1.0102
Estimator 2 Mean 14.6203 1.5694 9.5366e-02
() SD 4.6658e-01 4.9749e-02 4.1447e-03
CoV 3.1913e-02 3.1698e-02 4.3461e-02
Estimator 3 Mean 14.4795 1.5728 9.5332e-02
(1+S) sD 6.7333e-02 5.8922e-03 2.8451e-04
CoV 4.6503e-03 3.7463e-03 2.9844e-03
Estimator 4 Mean 14.4677 1.5813 9.5695e-02
(CD) SD 2.3288e-01 3.8123e-02 3.1565e-03
CoV 1.6096e-02 2.4109e-02 3.2985e-02
Estimator 5 Mean 14.4938 1.5749 9.525%e-02
(CD+CV) SD 5.1961e-02 1.3857e-02 1.4700e-03
CoV 3.5851e-03 8.7989e-03 1.5431e-02
Estimator 6 Mean 14.4950 1.5738 9.5352e-02
(1+CD) sD 8.2956e-02 8.2084e-03 3.7392e-04
CoV 5.7230e-03 5.2158e-03 3.9215e-03
Estimator 7 Mean 14.4985 1.5746 9.5390e-02
(I+CD+CV) SD 4.3460e-03 9.4551e-04 7.4557e-05
CoV 2.9976e-04 6.0048e-04 7.8160e-04
-4 ® e §
s e | % s s 5
] e IR
2 1 .8 2 2 o 2 E 2
s 5| % Y 2.1 % & s ©
£ 3 03%@%0 mgg% £ 8 &, % £ g
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Figure 4.2. SD of the simulation results for E [(S — ), | with different values of

5. SIMULATING TAIL PROBABILITY: THE TWO-

DIMENSIONAL CASE

In this section, we study methods for simulating the tail

probability

9="P[S; >c, S > d

for the two-dimensional compound variable (S1,S2) de-
fined in equation (1.4). The crude estimator is simply

Variance

0.010 0.014

h

(c) I+CD

0o =1(S1 >c, Sy >d).
As in the one-dimensional case, this crude estimator has a
large CoV and is inefficient. Therefore, we introduce several

variance reduction methods to improve it.
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5.1. IMPORTANCE SAMPLING

When using importance sampling to simulate
P[S; > ¢, 53 > d], instead of sampling I(S; > ¢, S > d), we
sample

f(51752) , (5.1)
f*(81,53)
where (ST, S5) has a joint PDF f*. We assume that S has fi-
nite moment generating function and choose S* to be the
Esscher transform of S. That is,

eh111+h2m2

fH(x1, @) = f($17$2)m7

where Mg, s,(h1,ho) = E[eM51+725:] s the joint moment
generating function of (S, S3). With this, (5.1) becomes
Mg, s,(h1, h2)

0 =1(S; > ¢, 55 > d)

0r =1(S; > ¢, 85 > d) (5.2)

As in Section 3.1, we need to determine the value of the
tilting parameters (hi,hy) and a method to simulate
(ST, S5) in order to apply importance sampling.
Note 5.1. Similar to the one-dimensional case, we have
0; = 1(S; > ¢, S5 > d)Ms, s,(hy, hy)e MSi—heSi
< ]\451752 (hl, h2)eihlcih2d.

Then, a good choice for (hy,hs) is to minimize the upper
bound. To this end, taking the derivative of the upper bound
on the right-hand side of the above equation with respect to h;
and hs and setting to 0, we have

Bith(Sl»Sﬁ(hlv h2)

c =
M(SlySQ)(h]J h2) (5'3)
E[Slehlsl+h2s2} .
- E[ehlsﬁhzsz} - E[Sl]’
and
d = E[S;]. (5.4)
The values of hy and hy can be determined from (5.3) and
(5.4).

The next note provides a representation of the distribu-
tion of (S}, S5). The proof of this statement is given in Sec-
tion A.3 of the Appendix.

Note 5.2. The Esscher transform of S =
rameter (h, hs) is

(S1,53) = (zx zxf;),
j=1

where X* and Y* are the Esscher transforms of X and Y
with parameters h, and ho, respectively, and (M*,N*) is
the Esscher transform of (M,N) with parameter
(In(Mx (1)), In(My (h)))-

In many important special cases, the distributions of
(S3,S5) and (S1,S2) have similar structure, as the follow-
ing examples show.

Example 5.1. Let A ~ gamma(a, 8). Conditional on A,
assume  claim  frequencies M ~ Poisson(A;A) and
N ~ Poisson(A2A). Claim sizes X;, i = 1,2,... are i.i.d. and
follow a gamma distribution with parameters (o, 1), and Y
j=1,2,...areii.d. and follow a gamma distribution with pa-
rameters (as, B2). With this setup, we have

(S1, S2) with pa-

M51,52 (tl, t2) — E[et151+t252]
— EA [E[et151+t257 | AH
=Ej [PM\A(MX(tl)) . PN‘A(My(tg))}
=E, [e)\lA(Mx(tl)—1)+)\2A(1\/[y(t2)—1)}
= My (M(Mx(t1) — 1) + Ao (My (t2) — 1))
_ (1 _ AMMx(t1) + XMy (t2) — A — A2 ) —a
3 .
Therefore,
Ms;s;(t1, t2)
a Ms, 5,(h1, ha)
_ <1 N AMMx(t1 + h1) + AoMy (t2 + ha) — AMiMx(h1) — Ao My (ha) )*a
B4+ A1+ A2 — AMiMx(h1) — AaMy (hs)

A — 1) + Ao My hz)(M;I:—’;’“ 1))
B+ M+ A2 — M Mx(h1) — AgMy (ha) ’
which implies that (S;, S5) has the representation

(1,83 = (zx zy;),
=1

(1 MM () (M

where

A* ~ gamma(a, B+ A+ A — AlMx(hl) — )\gMy(hz))
and, conditional on A%,
M* ~ Poisson(A Mx(h1)A*), N* ~ Poisson(As My (ha)A*).
For the claim sizes, X/~ gamma(ay,B1— h1), and
Y} ~ gamma(ay, B2 — ha).

This result means that (S7,S;) is still a bivariate com-
pound Poisson with common mixture and can easily be simu-
lated.

Example 5.2. Suppose that the claim frequencies M and N
have an additive common shock. That is, M = My + M, and
N = My + My, where My, M-, and M, are independent. Let

a = In(Mx(h1)) and b = In(My (hs)), then
‘51752 (ZX 21/}*> ’ (55)
j=1
where M* = M} + Mg and N* = M5 + Mg, and where

Mg, My and My are the Esscher transforms of My, M, and
M with parameters a + b, a, and b, respectively. In addition,
X} and Y} are the Esscher transforms of X; and Y; with pa-
rameters h; and hs.

This statement can be proved as follows.

Firstly,
Ms; s;(t1,t2) = PMvN(eag:V((t;zvZ:)MY'(tZ))
_ Pu, (e“MX~7(t1)) ’PMz(ebMy.(tz)) Poy, (7P My (t1) My-(t2)) '
Par,(e®) Py, (e?) Py, (et?)
Secondly,
Py n+(21,22) = E[z/ ‘zz 1
= E[2, B[z, |E[(2120) "]
B E[e“MlziMl] E[eszz;\/fz] E[e(a+b)Mu(21Z2)Mu]
E[eaMl] E[ebklz] E[e(CH»b)MU]
_ Py, (e%21) PMZ(ebzz) Py, (€2102125)
Py (e®)  Pa(e’)  Pag(est?)

Combining the above two equations, we have
Ms: 5;(t1,t2) = Pare n+(Mx+(t1), My+(t2)),
which shows that (S{,S3) has the compound representation
of equation (5.5).
In particular,
o If My~ Poisson()\),
M, ~ Poisson(Aq), then
MJ ~ POiSSOn(AOMx(hl)My(hQ)),
M ~ Poisson(A1 Mx(h1)), and

M, ~ Poisson(};), and

Variance 10
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My ~ Poisson(Ao My (hs)). Thus, (M*,N*) follows a
bivariate Poisson distribution with a common shock.

. If MO ~ NB(To,p), My ~ NB(’I‘l,p), and
My ~ NB(rq,p), then
M; ~ NB(To,pr(hl)My(hg))
Ml* ~ NB(T‘l,pr(hl)) and

My ~ NB(rq, pMy(h2)). Thus (M*, N*) no longer fol-
lows a bivariate negative binomial distribution. How-
ever, the pair can be easily simulated.

5.2. COMBINING IMPORTANCE SAMPLING AND
STRATIFIED SAMPLING

As in Section 3.2, we define
Grn(@1, - Ty Y1, -
M(sls2 (h1, ha2)

:74“2 S (le>c7zy;>d> (5.6)

“3Yn)

and

Ppn=P[M*=m,N*=n], mn=0,12,...,
where (M*,N*) is the Esscher transform of (M, N) with
parameters (In(Mx(h1)),ln(My(hs))). Then for given
my,n; such that 1 — P[M* < m;, N* < n;] is small, an esti-
mator for P[S; > ¢, Sy > d] is given by

m;

E=D"N ghn(Xis o X Y Y )P

m=1n=1
XY ><1—zzpm).

m=0 n=0

(5.7)
G (X

To carry out the simulation, we simulate samples of
(M*,N*) conditional on at least one of them exceeding
(my,n;). Supposing that the simulated values are (m/,n'),
we generate X{,..., X0 . and Y7%,.. D SN
Denote mj = max(m;,m') and nj = ). As in
Section 3.2, a second estimator can be constructed as

max(n;,n

m

_ . ixr . . . .
=3 A0 SYITTIFD SRNTETE ATRRIRS AIITY) M

m=1n=1

+gm n (Xm ’: X;z;—murlv Y;:ZV R vaf—nurl) (5-8)
X <1 — 'Zmipfnm) .
m=0 n=0
Combining them yields
N 1
01 5 = 5(5 + 5,). (5.9)
Remark 5.1. This method can be simplified if we choose
(my,ny) S0 large that Ms,.s,)(h1, h2)

(1 —-P[M* <my, N* <mny)) is negligible. This way, as in Re-
mark 3.1, the second term in (5.7) and (5.8) can be ignored. In
addition, m) and n; in the first term of (5.8) are replaced by m,
and n,;.

5.3. THE CONDITIONING METHOD

The conditioning method introduced in Section 3.3 can be
extended to the multivariate case as follows.

Let
Ti(¢) = min ( Z X; > c>
and
T5(d) = min ( Z Y; > d)
Then

I(S; > ¢, 8y > d) < I(M > Ty(c), N > Ty(d)).
Hence,
E[H(Sl > c, Sy > d) | Tl(C),TQ(d)]

=P[M > Ti(c), N =2 T»(d) | T1(c), T2(d)]

=P[M > Ti(c), N > Tr(d)],
where the last line is due to the fact that (M,N) and
(T1(c), T»(d)) are independent.

Consequently, an estimator for 8 using the conditioning
method is
Ocp = PIM > Ti(c), N > Ty(d)].

To implement the simulation, we first generate T} (c) and
T, (d). If the generated values are ¢; . and ¢, 4, respectively,
then P[M > t;,., N > ty 4] is the estimate for this run.

5.4. COMBINING THE CONDITIONING METHOD AND
THE CONTROL VARIATES METHOD

The conditioning method can be improved by applying con-
trol variates. For example, similar to the discussions in Sec-
tion 4.3, we can introduce the control variates

T (c)
Wi =) (X: - E[X])
i=1
and
Ty(d)
Wy= ) (Y; - E[Y]),

I
-

J
which are positively correlated with 6¢p. The resulting es-
timator is

bcpicv = bcp — Wy — 12 W,
where the values of v; and v are the least square estimate
of the coefficients of the regression

éCD =75 + Wi+ 712Ws +e

5.5. COMBINING IMPORTANCE SAMPLING AND THE
CONDITIONING METHOD

Let X} and Y} be the Esscher transforms of X; and Y; with
parameters h; and ho, respectively. Define

Ty () mln( ZX*>C>
T5 (d) m1n< ZY*>d>

and

Z X},

Syn = Z ).
j=1

We have the following estimator by combining importance
sampling and the conditioning method.
Mx(hy )T*(C)MY(hZ)T{(d)

75 @y

SIM

éPrCD = P[M > Tl*(c)7N 2 T;(d)] *(c)
h A o Xi+he 3002,

The proof of the unbiasedness of this estimator is provided
in Section A.4 of the Appendix.

Remark 5.2. As in remark 4.2, control variates can be used
to improve this method further. For example, we may use
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Simulation Methods for Compound Distributions

Technique

|091U(C°V)

WODU 1000} [1400 1400) (1600 1600)

(c.d)

Figure 5.1. Visualizing log,,(CoV) of the estimators for
P[Sl > C,S2 > d]

Tf(c)
Wy =) (X; —E[X")
=1
and
T3 (d)
Wi =Y (Y; —E[Y")).
j=1

This leads to

Oricpicv = Oriop — WY — 12 Wy,
where the values of y; and v, can be estimated by running the
regression

Or.cp =0+ MWy +72W5 +e
5.6. NUMERICAL EXPERIMENTS

The goal of this section is to compare the different methods
for simulating the tail probability P(S; > ¢, S2 > d).

We assume the following hypothetical distribution of
(S1,52): Let A ~ gamma(10,0.5). Conditional on A, claim
frequencies M and N follow Poisson distributions with
mean A and 0.75A, respectively. Claim severities X; and Y;
follow gamma distributions with parameters (20,0.5) and
(30, 0.6), respectively.

The numerical results of the simulations are reported in
Table 5.1. A visual comparison of the CoVs of different esti-
mators is given in Figure 5.1.

Similar to the univariate case, an estimator with a
smaller CoV is better. The methods I+S, CD+CV, I+CD and
[+CD+CV performed well.

To provide a reference point for comparing the estima-
tors, the table also lists the analytical result of the tail
probability calculated by

P(S; > c, S > d)

_ZZPM m,N =n)P

m=1n=

(X4 + Xy > )PY1+ -+ Y, >d).
This formula is calculable for this simple example because
gamma distribution is closed under convolutions. There-
fore, both X; +---+ X,, and Y7 +--- +Y,, for all m and
n follow gamma distributions. Consequently, all probabili-
ties in the above equation can be easily evaluated. The in-
finite sum can be truncated at some value (mr,nr) such
that 1 — P(M < mr, N < nr) is small enough. In the ex-
ample, we select mr =400 and nr =400 so that
1—P(M < mg, N < nr) is smaller than 107°. As a result,
our analytical result is accurate up to at least 5 decimal
points.

Further, Table 5.1 reports the tail probability calculated

through normal approximation of (Sy, Ss). The approxima-
tion results are not accurate, especially at the tail.

6. SIMULATING MEAN EXCESS LOSS: THE TWO-
DIMENSIONAL CASE

In this section, we introduce variance reduction methods
for simulating the bivariate mean excess losses
T=E[(51 —¢), x (82 —d),]

6.1. COMBINING IMPORTANCE SAMPLING AND
STRATIFIED SAMPLING

To simulate 7 using importance sampling, we simply re-
place I(S} >¢, S5 >d) in equation (5.2) with
(81 —¢), x (S5 —d) . This yields

d),

To combine importance sampling and stratified sampling,
we replace the function gj, ,, in (5.6) with

m
G (@15 Ty Y1, Yn) = (Zm —C>

(59 -

6.2. COMBINING THE CONDITIONING METHOD AND
THE CONTROL VARIATES METHOD

Ms, s,(hi, ha)

Ao
fr=(8] —¢), x eh1Si+h2S;

(53 -

Ms1 5, (1, ha)
T withe Yy

We use the notation in Section 5.3 and, in addition, for
k>1,let S1p =% X;and Sy, = 3F | V;. Define
A=8110) —c¢
and
B= SZ,Tz(d) —d.
Then, since

=E [Z D (S1i—) (S~ )" PIM=i,N = j]],
iJ
an estimator for 7 using the conditioning method is
“cp=E [Z Z (81— ¢) " (S2y — d) "P[M =4, N = j] | T1(c), T2(d), A,B] .

After simulating the values of T} (c), T»(d), A, and B, 7¢p
can be evaluated as follows:

Variance 1 2
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Table 5.1. Comparison of the simulation methods for P (S; > ¢, Ss > d)

P(S1 > ¢, Sy > d) (¢ = 1000, d = 1000) (¢ = 1400, d = 1400) (¢ = 1600, d = 1600)
Analytical 1.1646e-01 1.2031e-02 3.2283e-03
Normal Approx 1.2511e-01 5.5433e-03 6.0104e-04
Estimator 1 Mean 1.1728e-01 1.2560e-02 3.3000e-03
(@} SD 1.1097e-02 3.6218e-03 2.1296e-03
CoV 9.4616e-02 2.8836e-01 6.4534e-01
Estimator 2 Mean 1.1686e-01 1.1996e-02 3.2343e-03
(1) SD 4.9200e-03 8.0878e-04 2.4345e-04
CoV 4.2103e-02 6.7421e-02 7.5272e-02
Estimator 3 Mean 1.1645e-01 1.2029e-02 3.2298e-03
(1+S) sD 2.6964e-04 4.1684e-05 2.5491e-05
CoV 2.3155e-03 3.4652e-03 7.8923e-03
Estimator 4 Mean 1.1647e-01 1.2036e-02 3.2302e-03
(CD) SD 5.4867e-04 7.8795e-05 2.4247e-05
CoV 4.7108e-03 6.5468e-03 7.5063e-03
Estimator 5 Mean 1.1645e-01 1.2035e-02 3.2270e-03
(CD+CV) SD 1.9324e-04 3.2022e-05 8.0387e-06
CoV 1.6595e-03 2.6608e-03 2.4911e-03
Estimator 6 Mean 1.1651e-01 1.2035e-02 3.2271e-03
(1+CD) SD 3.5603e-04 3.3553e-05 8.1848e-06
CoV 3.055%e-03 2.7881e-03 2.5363e-03
Estimator 7 Mean 1.1644e-01 1.2030e-02 3.2282e-03
(1+CD+CV) SD 2.1043e-04 2.9138e-05 7.5760e-06
CoV 1.8071e-03 2.4222e-03 2.3469e-03

tep = B[ 5037 (81~ 0)"(S25 — @) PIM =i,V = ] | 71(0) Ta(d) 4,5
i

i>Ty(c) j=Ta(d)
= (A= Ti(0)E[X])(B - To(d)E[Y])P[M > T1(c), N > Tz(d)]
+(B-To(dE[Y)EX] > > iP[M=iN=j

2Ty (c) 72T (d)

+HA-Ti()EXDE[Y] Y > jPM=i,N=j

i>Ti(c) j2To(d)

+EXEY] > Y iPM=i,N=j.
i>Ti(c) j>Ta(d)

Remark 6.1. Equation (6.1) shows that when using the condi-
tioning method, the problem of estimating the tail mean of the
aggregate loss (S1,.S2) is replaced by the problem of comput-
ing the tail mean of the claim frequencies (M, N). Note that
the infinite sum needs to be evaluated carefully. In this paper,
we simply truncate the sum to very large value of i and j.

The estimator 7¢p can be improved by introducing some

control variates. For example, using
Ty(c)
Wi =) (X — E[X]),
i=1
T(d)
=1

W; = A — E[A],

W,

and
W, = B — E[B]
results in the estimator

Variance

D (A+ (i~ Ti())EXD(B + (j — To(d)EY])PIM = i, N = j]

Teprov = Top — Wi — 72 Wa — v W3 — yaWy,
. where the parameters 71,2, 3, and 4 can be determined
by fitting the linear regression model

(6.1)7cp = Yo + W1 + 72 Wa + v3W3 + 74 Wy + €.

6.3. COMBINING IMPORTANCE SAMPLING AND THE
CONDITIONING METHOD

We use the notation in Section 5.5 and, further, define
A* = iTl*(C) —C
and
B* == S;,T;(d) —_ d.
Then,
ricp = ((A* — T} (E[X]) (B — T3 ()E[Y])P[M > T; (c), N > T (d)]
+E[X](B* — T5 ()E[Y])E[MI(M > Tf(c), N > T5 (d))]
+E[Y](A* — T} (c)E[X])E[NI(M > T (c), N > T5(d))]
Mx(hl)T“(c)My(hz)T;(d)

T o, W,
m SO X h 2y,

+E[X|E[Y|E[MNI(M > T} (¢), N > T3 (d))})
The expectations in the above equation can be evaluated by
their definitions. For example, we have

E[MI(M = Ty (c), N = T5(d))]
= > Y iPM=iN=j.
i>T7(c) 1>T5 (d)

The unbiasedness of this estimator is shown in Section A.5
of the Appendix.
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Table 6.1. Comparison of the simulation methods for E [(S; —¢), x (S —d). |

E[(S; — c)+(.5'2 — d)+} (¢ = 1000, d = 1000) (c = 1400, d = 1400) (e =1600,d = 1600)
Target 11123.46 865.2883 210.6344
Estimator 1 Mean 11314.27 904.195 215.4179
(@] SD 2153.544 544.6096 254.0361
CoV 1.9034e-01 6.0231e-01 1.1793
Estimator 2 Mean 11059.18 862.5813 211.7861
(N SD 650.7682 48.4465 11.5515
CoV 5.8844e-02 5.6165e-02 5.4543e-02
Estimator 3 Mean 11125.75 865.9839 210.7237
(1+S) SD 33.6866 6.2868 2.6573
CoV 3.0278e-03 7.2597e-03 1.2610e-02
Estimator 4 Mean 11116.76 864.5113 210.5138
(CD) SD 61.1288 5.8745 1.6730
CoV 5.4988e-03 6.7951e-03 7.9473e-03
Estimator 5 Mean 11119.97 864.2649 210.37
(CD+CV) SD 8.0976 1.2639 3.7518e-01
CoV 7.2821e-04 1.4624e-03 1.7834e-03
Estimator 6 Mean 11121.99 864.7473 210.765
(1+CD) SD 43.6417 2.2537 4.7707e-01
CoV 3.923%e-03 2.6063e-03 2.2635e-03
Estimator 7 Mean 11120.94 864.7559 210.7915
(I+CD+CV) SD 3.1256 3.0802e-01 7.3821e-02
CoV 2.8106e-04 3.5619e-04 3.5021e-04
Remark 6.2. Control variates can be introduced to improve
the estimator further. For example, we may use
(0 i | 5
Wi= ) (X; —ElX"), I| | |
i=1
i * " Technique
Wo= (¥ — E[Y")),
=1 M
W3 = A" — E[A"],and < | K
Wi = B* — E[B"]. 3 B s
This leads to the estimator E,D: 24 |
Trieprov = Triep — W1 — 12 Wa — 3 W3 — yaWy, - Ml cowcv
where the parameters ~y1, 72,73, and «y4 can be determined by . Heo
fitting the linear regression M corev
Triep = Yo + Wi + 72 Wo + y3Ws + y4Wy + e 3
6.4. NUMERICAL EXPERIMENTS
We simulated the tail mean for the example set forth in Sec- (1000,1000) i14?0j;‘;00> (1600,1600)
C,

tion 5.6, and the results are reported in Table 6.1 and Fig-
ure 6.1. The “Target” values of E[(S; — ¢), x (S2 —d).] are
estimated by the importance sampling method with a huge
sample size of 107. They are the proxies for the true values.

The I+CD+CV method has the smallest relative error
among all methods introduced.

Figure 6.1. Visualizing log,,(CoV) of the estimators for
E[(Sl—c)+ X (SQ—d)+:|

7. CONCLUSION

Methods for simulating tail probability and tail mean of
both univariate and bivariate compound variables were

Variance 1 4
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studied in detail in this paper. We first reviewed some basic
simulation variance reduction methods, then we proposed
several novel combinations of variance reduction methods
specifically for compound distributions. We showed that
combinations of importance sampling, stratified sampling,
the conditioning method, and the control variates method
can greatly enhance the performance of the preliminary
methods in estimating tail probability and tail mean.
Among all the methods we studied, the I+CD+CV combina-
tion consistently performed well, with its CoV (relative er-
ror) among the smallest of all methods in all experiments.
This combination is especially helpful for simulating the
tail mean.

We have proposed the simulation methods for some sim-
ple and commonly used aggregate loss models. In practice,
the scenarios that need to be simulated are much more
complex and the methods introduced here may not be di-
rectly used. However, it is likely that the basic variance re-
duction methods and their combinations can still be ap-
plied after some adaptations to the actual problem. We

argue that it is worthwhile for actuaries to spend the time
and energy to discover ways to utilize them because they
could enhance the accuracy of simulations and/or signifi-
cantly reduce simulation times.
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A. APPENDIX

A.1. PROOF OF THE UNBIASEDNESS OF 0. cp

Let S* and X* be the Esscher transforms of S and X, re-
spectively, with tilting parameter h. Let M* be the Esscher
transform of M with parameter In(Mx(h)). Define

M
=> X;.
=1

Then
[I(S > ¢)]
E[]I(S* >0 EE[E:S]J
E[e"S] (Mx(h)™
E[]I Sir Z )=, E[(Mx(h)™ ]]
:E[]I Mxhsh) ]
)A{
:E[]IM>T hz‘,x]
- [E {H(M > 77 ,lz(f)x T e), X, .. ,X;(L»)H (A1)
_ () Mx T ] Mx(m)™
_E[E{H(M> W\T (c),Xl,...,XT,(C)]W}
_ Mx ()"0 . | Mx(m)©
,E[PM>T [W | T*(c),M >T (c)] S ]
T*
efpiars 7o 22007
E[GHUD]
In the second-to-last line, we have used the fact that
M-T*(c)
E{% | T*(c), MZT*(C)} =1,
h(z; 1 z Z =1
which is true because for any value of M > T*(c),
M+ (h M—-T*(c)
E{ i( ) T*(c) |T(C):|—1
eMEin X -7 X))
Variance

17



Simulation Methods for Compound Distributions

A.2. PROOF OF THE UNBIASEDNESS OF 77.¢cD

Similar to equation (A.1) for the tail probability, we have
T=E[(S~¢),]

ehS
:E[wuc) B
E[Mx(h)™] Mx(h)™
E[ + M (h)M ehS :|
:E[ SM*C)\ ehsw ]
:E[ Sy o), M hz” - ] (A.2)
L Mx()MTO ] Mx()T O
E[ {H(M>T +Z I%HXZ.) h S X; 17( )YA:| h ST x; }
T*(c)
:E[ EIM — 7°(c) | M > T°(9) BIX) PIM > 7°(0) S ]
T*(c)
[ ()E[X])P[M > T*(c)] + E[X]E [MI(M > T*(c))]] A/Ihxz(h)ux .
Variance
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A.3. PROOF OF NOTE 5.2

S* = (87, S5) has MGF
Ms; s:(t1,t2)

El[ehSi+t:54)
E[e(t1+h1)51+(tz+h2)52]

E[e/151+h252] (A.3)
Mg, s,(t1 + h1,t2 + h2)

Mg, s,(h)
Let Py n(21,22) = E[z}2] be the PGF of (M, N). Then
equation (A.3) can be further written as
Mg, 5,(ts + ha, ta + ha)
Py ]\(41\54;)52157:};121)) My (t2 + hs))

- MYNPM,N(Mx(hl):MY(M)) (A4)

Py n(Mx(t:1)Mx-(t1), My (t2) My (t2))
- Py v (Mx(t1), My (t2))

Let a(h1) = In(Mx(h1)), b(h2) = In(My (h2)) and (M*, N*)
be the Esscher transform of (M,N) with parameter
(a(h1),b(hsg)). Then the PGF of (M*, N*) is
E[(e*™)zy)" (") 25)"]
E[ea(hl)M+b(h2)N]

Py n(Mx(t1)z1, My(t2)22)

© Pun(Mx(t1), My(t2))
Therefore, equation (A.4) can be written as

Ms: s5(t1,t2) = Py N+ (MX*(tl), MY*(tz)),

which shows that (S5, .S5) is a bivariate compound variable
with claim numbers (M*, N*) and claim sizes X* and Y*.

Ms; s;(t1,t2) =

Py v+ (21,22) =

Variance
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A.4. PROOF OF THE UNBIASEDNESS OF 0 ¢p: THE
TWO-DIMENSIONAL CASE

E[I(S; > ¢, S > d)]

; . E[eh,S]+hzsz]
- E[n(s1 > 8> d)W]
Ele"5mS:) My (hy)™ My (ha)™ ]

=E|I(S7y > ¢, S35 > d) S haSix E[MX(hl)MMy(h2)N]

Mx (b)) My (hy)™
=E 1151M>csw>d)—"( V) My (ha) }

eMSiatheSiy

Mx(h1)™ My (h2)™
emSiathaSsy

[
[

E[HM>T1(C ), N > T3 (d))
[=

~B[B[10s > 750N > 77 (ay M) My ()" 1]
e Eicrpon Xithe Ty n ¥}
*Mx(hl)T’ © My (hg) @
o S Xtk E,M
M Eicrpon Xithe Xipywa Y
Mx(h1)Tf(”)My(h2)T" (d) ]
o S xphy Y vy
Mx(hl)T‘ My(hg)TZ(d)}
ot S Xhy 1Y ’
where A = {T ( ) (d) Xl, XT1*(C), Yl, Ce 7YT2*(d)}-
In the last line, we have used the fact that
5 [ MX(hl)M—T\‘(C)My(hz)N—T;(d)

oM S g X S g Y,
= 17

| T7(c), T5(d), M > T* (), N > Tz‘(d)]

«P[M > T} (c), N > T3 (d)]

v;

= E[P[M > T7(c), N > Ty (d)]

| T} (0), T3 (@), M > T*(c), N > T;(d)]

which is true because for any value of M > T} (c) and
N >T3(d),
E |: Mx(hl)MﬁTl*(c)My(hg)NfT;(d)

M * N *
M Yitrpeon Xithe Xiirs @ Y

quwwﬂ:L
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A.5. PROOF OF THE UNBIASEDNESS OF 77, ¢p: THE
TWO-DIMENSIONAL CASE

Parallel to equation (A.2), we have
E[(Sl - c)+ X (SZ - d)+]
Ele/i51+ha52] ]

= E[(Sf — )y x (83 *@+W

E[(S —o) d) Mx(h)™ My (ha)¥" Mis, s5,)(h1, h2) ]
! * * emSithaSs Mx(h)™ My (ha)™"
My (h1)™ My (ha)™

E[(Slec) XSy —d) s

M N M

. . ) (h1)™ My (ha)"
E[]IM>T1 @ N>Ty@) A"+ Y, X)B+ Y Y, #
=17 () +1 =T (d)+1 P
M N

EE[]I(M>T1 NETFE)A+ Y XHB+ YY)

=T (c)+1 G=T5(d)+1

*Mx(h MTE ©p1, (ha)™ T3 (d)

7‘“2 1y X +h2Z],T;<4)+1Y7’

| T} (c), T3 (d), A* B*] Mx(h1) "(C)MY(hz)Tz’(d)]
1 142 k) ] —

T K S
- E[E [H(M > T} (e), N > T3 (d)) (A" + (M — T} (¢)BIX])

+(B' + (N~ T3 (d)E[Y)) | T;(c),T;(dLA*,B*] M]

Ty (d)
h Y X S vy

= E[((A‘ - T{(c)E[X]) (B* - T{(d)E[Y])P[M > Ty (c),N > Ty (d)]}

+E[X] (B* - T{(d)E[Y])E[MH(M >Ty(c), N > Tz"(d))]

+E[Y](A" — T} (c)E[X])E[NI(M > T} (c), N > T3(d))]
MX(hl)TI(C)My(hQ)T;(d)]

+E[X]E[Y]E[MNI(M > T{(c),N > T;(d))}) = —
M X eh 2y,

Variance
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