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It is not uncommon to observe that an insurance policy consists of multiple coverages
that cover different perils over multiple years. In this article, we propose a shared random
effects model to not only capture the unobserved heterogeneity in risks but also induce a
natural dependence structure among the claims from multiple perils. The proposed
model has a nice interpretation and comes with closed forms of joint likelihood and
credibility premiums that are desirable for ease of implementation in practice. Both the
proposed method and benchmark methods are calibrated using a public insurance dataset
provided by the Wisconsin Local Government Property Insurance Fund, where one can
observe both policy characteristics and historical claims information. It turns out that the
proposed method shows acceptable level of performance compared to many pre-existing
benchmarks in terms of out-of-sample validation.
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1. INTRODUCTION

Usually, an auto insurance policy consists of various types
of coverage against claims, such as collision, bodily injury
liability, or property damage liability. Upon the presence of
available covariates, their impacts for each type of claim
could be different so that one needs to apply different re-
gression coefficients for each claim type. Besides, it is nat-
ural to expect that various types of claims have different
correlations with the unobserved heterogeneity in risk,
such as driving habits. For example, an at-fault liability
claim is usually at the control of a driver, so that the occur-
rence of such a claim is strongly related with driving habits.
However, glass damage claims (for example, due to a heavy
hail storm) are almost out of the driver’s control, so that as-
sociation with driving habits is quite low. In the end, a com-
pany needs to develop a predictive model that utilizes the
covariate information to calculate a presumptive premium
as well as the unobserved heterogeneity in risks, which can
be indirectly captured by past claims history of each policy-
holder.

The idea of capturing the unobserved heterogeneity via
past claims history has been discussed under the name of

credibility theory. Bailey (1950) and Biihlmann (1967) sug-
gested the credibility procedure, which usually arrives at
the following formula:
Posterior premium = Z x Claim experience
+(1 — Z) xPrior premium,

where Z is the so-called credibility weight. Since then,
credibility theory has been developed and explored in the
actuarial science literature. For example, Mayerson (1964)
and Jewell (1974) analyzed credibility theory from a
Bayesian perspective. While these researchers working on
credibility theory provided a way to incorporate the unob-
servable heterogeneity, both the observed and unobserved
heterogeneities need to be addressed in actuarial ratemak-
ing practice, as shown in Norberg (1986). In this regard,
Frees, Young, and Luo (1999) provided a general framework
that integrated well-known credibility theory and regres-
sion analysis based on the use of linear mixed models. The
linear mixed model is an extension of the linear model,
whereby the response variable is affected by both the ob-
served covariates via associated regression coefficients
(fixed effects) and unobserved quantities (random effects).
Upon the use of both fixed and random effects with a mixed
model, it is noteworthy that credibility premiums have a
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close connection with bonus-malus systems, which reward
or penalize a policyholder based on past claims history.
Frangos and Vrontos (2001) showed that, upon the presence
of fixed effects, credibility premium (or posterior premium)
for claim takes the following form:

r+Actual claim experience

Posterior premium = - -
r+Expected claim experience

X Prior premium,

where r denotes a smoothing factor in the bonus-malus
system so that larger values of r put less weight on past
claims history. Similar results have been shown in the re-
cent literature such as Jeong (2020) and Jeong and Valdez
(2020a). Boucher and Denuit (2008) and Boucher, Denuit,
and Guillen (2009) considered the use of a zero-inflated
Poisson distribution in panel data to derive credibility pre-
miums.

However, one should also consider possible dependence
among the claims from either multiple lines of business or
multiple coverages, in order to apply to ratemaking prac-
tices. Frees, Meyers, and Cummings (2010) proposed de-
pendence modeling for multi-peril insurance under the in-
dividual risk model, which decomposes the compound loss
into occurrence (a binary response whether there is a claim
or not) and total amounts given a claim. To model de-
pendence among the occurrence of claims in multiple cov-
erages, they utilized multivariate binary regression via
Gaussian copulas. On the other hand, Frees, Lee, and Yang
(2016) proposed dependence modeling for multi-peril in-
surance under the collective risk model, which decomposes
the compound loss into claim frequency and severity com-
ponents. They applied copulas to describe possible depen-
dence among the multivariate frequencies and severities,
respectively. Andrade e Silva and Centeno (2017) suggested
using various generalized bivariate frequency distributions
to capture multi-peril dependence, which also allow cap-
turing possible overdispersion in the observed claim
counts. Quan and Valdez (2018) proposed the use of a mul-
tivariate decision tree in multi-peril claim amounts regres-
sion.

Interestingly, there are only a few research papers that
incorporated such multi-peril dependence and longitudinal
property simultaneously. For example, Frees (2003) pro-
posed a way to calculate credibility premium of compound
loss for multi-peril policy by specifying only the mean and
covariance structures of claim frequencies and severities.
While Frees took a non-parametric approach, Bermudez
and Karlis (2015) applied bivariate Poisson distributions for
a posteriori ratemaking of two types of claims. However,
these papers are limited to non-parametric or parametric
setting without covariates, so that it is hard to incorporate
both the observed and unobserved heterogeneities of a pol-
icyholder simultaneously with their models. Abdallah,
Boucher, and Cossette (2016) provided a sophisticated ap-
proach to utilizing a bivariate Sarmanov distribution to ac-
count for the dependence between two lines of business
with time weight for past claims, which is appropriate to
deal with two types of claims but difficult to extend to the
case where there are more than two types of claims. Re-
cently, Pechon et al. (2018; 2019, 2020) proposed credibility

premium formulas with multiple types of claims using cor-
related lognormal random effects. Although they provided
a comprehensive framework that considers possible depen-
dence among multi-peril claims in a longitudinal setting,
their method requires high-dimensional integration (six or
seven) in order to obtain credibility factors and marginal
frequency distributions for every single policyholder, which
may be burdensome in practice where the number of poli-
cyholders is usually large.

A novel method is proposed in this article that enables
us to consider both the observed and unobserved hetero-
geneities of a policyholder in a longitudinal setting for
multi-peril insurance via shared random effects. The pro-
posed method can handle more than two types of claims
and leads to a readily available closed-form formula for
multi-peril credibility premiums. In short, the shared ran-
dom effect for a policyholder is a latent variable that cannot
be observed but affects the claims from multiple perils over
time and induces a natural dependence structure among
the claims. This article is organized as follows. In Section
2, the proposed method—a shared random effects model
for multi-peril frequency—is specified in detail, and impor-
tant characteristics of the model are provided including the
multi-peril credibility premium formula. In Section 3, an
empirical data analysis is conducted using a data set pro-
vided by the Wisconsin Local Government Property Insur-
ance Fund (LGPIF). We conclude this article in Section 4
with some remarks and possible directions for future work.

2. METHODOLOGY

Let us consider a usual data structure for multi-peril fre-
quency. For an insurance policy of i** policyholder where

1=1,2,...,I, we may observe the multi-peril claim fre-
quencies over time t =1,2,...,T for j=1,...,J types of
coverage as follows:

D= {(N}t”, ...,Ni&”,...,N[(tj),xlt) i=1,...,I,t= 1,...,T}, (2.1)

where x;; is a p-dimensional vector that captures the ob-
servable characteristics of the policy and Ni(tj) is defined as
the number of accident(s) from claim type j € {1,2,...,J},
for the i** policyholder in year ¢, respectively.

Based on the data structure, one can consider the follow-
ing issues for multi-peril frequency modeling. Although the
Poisson distribution is widely used for modeling frequency,
it is often questionable whether it is valid due to possible
overdispersion. In order to handle this issue, according to
Wedderburn (1974), one can use a quasi-Poisson distribu-
tion to capture overdispersion in the observed data as fol-
lows:

N ~ QP(v,w) <= wN ~ P(wv),
for which E[N] =v and Var[N] = v/w. Here X ~ P(}\)
means X follows a Poisson distribution with mean A. In
that regard, the Poisson distribution is a special case of the
quasi-Poisson distribution where w = 1. Due to this nested
property, some research results enable to test
Hy:w=1versus Hy : w # 1.
For details, see Cameron and Trivedi (1990).
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Table 1. A hypothetical dataset on claims experience of two identical policyholders

Vehicle Year

Policyholder A Policyholder B

Year Gender Age

# of Claim 1

# of Claim 2 #of Claim 1 # of Claim 2

2018
2019
2020

25
26
27

10

0
0
1

0
0
0

1 0
2 0
1 1

Secondly, recall that the data structure described in (2.1)
has longitudinality, or repeated measurements of the same
policyholder over time. Thus, it is natural to incorporate
random effects, which may account for unobserved hetero-
geneity in risks of each policyholder. The following hypo-
thetical example in Table 1 shows that one can capture the
unobserved heterogeneity in risks by observing the residu-
als, after controlling for the effect of the observed covari-
ates. The latter can be explained in terms of random ef-
fects for policyholders A and B. In Table 1, it is possible to
observe that both policyholders have the same observable
characteristics, whereas they exhibit quite different past
claims experiences. In such a case, one may suspect that
the observed covariates might not be sufficient to fully ex-
plain the heterogeneity in risks. Random effects can help
capture such (unobserved) heterogeneity for both types of
claims.

As we can see, the random effects model has connections
with credibility theory and bonus-malus systems as well.
Some papers have incorporated random effects in a
ratemaking perspective, including but not limited to
Gomez-Déniz and Vazquez-Polo (2005) and Jeong and
Valdez (2020b).

Based on the observations from Table 1, let us assume
that the number of claims is affected by both observable
covariates via associated regression coefficients and the
(common) unobserved heterogeneity factor 6;. It is shared
for all types of coverages and every year of claims of policy-
holder i as follows:

N;(gj)‘xmen, 0; indep QP(Hz’{;(:j)vw(j)) ‘ (22)

— w(j)Ni(t])\xit,e“,ei indep 'P(le(])ui(f)) and E [0;] = 1,
where ui(tj) = e; exp(xyal?), e; € (0,1] is the exposure, and
w is the (unknown) weight for each j** line of business
or type of coverage. Here I/i(tj) accounts for the observed
heterogeneity in risks of policyholder 7 at time ¢ for cov-
erage j, while multiplicative random effect 6; accounts for
the unobserved heterogeneity in risks of policyholder i.
One can also find a very comprehensive setup of the Pois-
son model with a shared random effect in Shi and Valdez
(2014a), which is helpful to understand the proposed setup
of the quasi-Poisson model with a shared random effect.
Though N does not necessarily have integer-valued quan-
tities with quasi-Poisson distribution, the proposed frame-
work allows for obtaining the posterior distribution of wN.
Subsequently, distributional quantities of N are easy to de-
rive with the distribution, which are our main interest.

With the specification above, it is straightforward to de-
rive that

E[wOND|6:] = w9r 0 and B [NJ] = v

it
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Figure 1. Graphical description of the shared random
effects model for multi-peril frequency

since E [0;] = 1. Therefore, z/i(f) can be interpreted as a prior
mean of the number of claims at time ¢, for policyholder
i, without any information on her/his unobserved hetero-
geneity. For notational convenience, we suppress the sub-
script ¢ from now on when there is no confusion. Figure
1 provides a graphical description of the proposed model
specified in (2.2). Although we assume that the common
random effect affects multiple types of peril simultane-
ously, we also allow w) to vary so that the impacts of 6 to
(NW, ..., N) are not necessarily identical.

Note that the use of shared random effects is not the
only way to capture possible dependence among multi-peril
claims in a longitudinal setting. For example, one can uti-
lize copulas to capture such dependence. For details, see
Yang and Shi (2018).

The impact of the unobserved heterogeneity on the
claim frequency is inherently unknown. Therefore, it needs
to be described with a specified prior distribution. In a
Bayesian analysis, it is usually recommended to use a non-
informative prior or less informative prior on # unless we
have enough knowledge on the dynamics of the random
parameter. In this sense, one can suggest to use Jeffreys’
prior, perhaps the most widely used noninformative prior
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in Bayesian analyses. According to Jeffreys (1946), Jeffreys’
prior is defined as the square root of the determinant of
the Fisher information matrix. One can see that under the
model specification in (2.2), Jeffreys’ prior of 6 is given as
6~1/2 and the corresponding posterior distribution is pro-
portional to 6N -1/2 exp(—1) S0 that
O|N ~ G(N + 0.5, v71). Here X ~ G(a, \) means X follows
a gamma distribution with mean a\ and variance a\?.

The corresponding posterior is proper although Jeffreys’
prior itself is improper. Nevertheless, there is an identifi-
ability issue, unless we impose a condition on the mean
of the random effects. For example, it is customary to set
E[0] =0 when 0 is an additive random effect. Likewise,
since 6 is a multiplicative random effect in our specified
model, we need to impose that E [§] = 1. Therefore, in order
to satisfy the identifiability condition as well as have a sim-
ilar posterior as in the case of Jeffreys’ prior, one can pro-
pose the following prior on 6:

7(0) o 0" Le "
so that 6 ~ G(r,1/7)

andE[¢] =1,Var[f] = —

(2.3)

Here 7(6) is the so-called conjugate prior. This choice is not
ad hoc but from the argument of prior elicitation, consider-
ing both informativeness of the prior and identifiability of
the fixed effects. Based on the model specification in (2.2)
and (2.3), it follows that

E [Nt(j)] = I/t(j) and Var [N(j)] = Vt(j)/w(j) + (1/t(j))2/7'7 (2.4)
~ NB <

X ~ NB(r, p) means X follows a negative binomial distrib-
ution with mean ;= and variance —=—

a p) )
& cor (52, 37))
+Cov (IE {N}” 0} ,E {N},’“) QD
= Cov (I/t(j)@7 Vt(,k)G) 1/( )Vt(,k /T,
Cov (Nt(j), Nt(,k))
Var [Nt(j)] Var [N;,k)]
B 1

\/1 + 'r/w(j)l/t(j) \/1 + r/w(’“)l/t(,k)

fort,t' =1,...,T and j,k=1,...,J due to conditional in-
dependence of N ) and Nt, k) given 6. Therefore, the pro-
posed model induces a natural dependence structure
among the frequencies of the multiple insurance coverages
over time. For example, if r — oo, then the proposed model
is reduced to an independent quasi-Poisson model. Further,
if r— oo and w¥) =1 for all j=1,...,J, then the pro-
posed model is reduced to an independent Poisson model.

Since E [Nt(j)|6} = Gz/t(j), the multiplicative random ef-

sl

since ’w 7+ 70

) from Theorem 1. Here

It is also shown that
Cov (Nt(j), Nt(,k))

(2.5)

Corr (Nt(j)7 Nt(,k)) =

fect 0 can be understood as a bonus-malus factor on top of
Vt(j) for determination of insurance premium. The value of
hyperparameter r can be determined by using either prior
knowledge or the method of moments. For example, from
54% to 200% was once a common range of bonus-malus
factors for the frequency premium according to Lemaire

(1998). Therefore, one can incorporate this idea on choos-
ing the hyperparameter r for our proposed prior so that
the 95% highest posterior density (HPD) interval of 6 can
include (0.54,2.00). One can also consistently estimate r
since the expectation of Z (Nigj) - ui(tj))(N k) )) is

it! Vi
47k
Z y(’) 2 ) for i = ,I (Sutradhar and Jowaheer
t#t’#k

2003) so that
k
Zz 1 Zt%t’,]#ku Vz(t’)

S SN oY =)
where 7 is consistently estimated by solving generalized es-
timating equations (GEE) with a pre-specified mean struc-
ture (Liang and Zeger 1986; Purcaru, Guillén, and Denuit
2004; Denuit et al. 2007). According to this specification,
one can easily observe that posterior density for 4 as fol-
lows:

Lemma 1. Based on the model specification described in
(2.2) and (2.3), we have

1
9|n5~1),-- (J)Ng(zzw(J) (])+T - : (,)+ )7
T

j=1 t=1 Zj:l Zf:l wy,’

=

(2.6)

where n(Tj) = (n§j), .. .,n(Tj)).

Proof. It is easy to show that

J T
m(Ong’,...,n") o m(6) [ ] plw'

j=1t=1

J T
10 o, —v0
0 a H H gutineg—v,

j=1t=1

J T
— gl S (79 (ZZ”U)”V}M))
=1

=1 t=1

i 10)

which leads to
9|n§}), o (
m]

Further, it is not difficult to show that the predictive dis-
tribution of Nz, given n(l) . n(TJ ) follows a negative bi-
nomial distribution as follows:

Theorem 1. Suppose that (w(l)n(Tl), ... ,w(J)n(TJ)) and
(w(j)N}Jll) follow the model specified in (2.2) and (2.3). Then

we have
() 1,9
. - w l/
w(J)N}QJn(Tl),...,ngl]) ~NB | rp, ——— )
rr+ w(])yé’]ll
(9)

where rp =1+ Z}]:l 7w,
Pr =1+ Z}le Zle “’(j)l’t(]), and

It 2;-7:1(10(/) Z?:l "Ej)) ()
] B m”ﬂr (2.7)
Proof. It is sufficient to show that if N|§ ~ P(v8) and
6 ~ G(r,1/B), then

p(n) = / " p(nl6yr(6)de

o) en _ /Brer—l B
— A 2 0B
/0 nl € I(r) ¢

_ l/nﬂT /OO 0n+r—le—0(ﬂ+u)
n'F(r) 0

_ v"B" T'(n+r)
nIT(r) (B+v)"™t"

N FSFE;) (ﬁiu)n@iuy’

‘M%

T
> wln T NT ), 0) '
1t=1 21:1 Y wy”

<
Il

j J
E [Nq(ﬂ]ll\n(Tl), . ,ngﬂ)
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so that N ~ NB (r, ﬁ) and E[N] = %
0
Therefore, the predictive premium of NT 11, with the

previous T years’ information, is given in the form of a
product of a prior premium that depends on regression co-
efficients associated with observable covariates, and with
a pooled estimate of the credibility factor, which accounts
for the unobserved (shared) heterogeneity on the claim fre-
quency of a specific policyholder. Note that (2.7) is a natural
extension of Frangos and Vrontos (2001), whereby J =1
and w» = 1. For example, if J =2, and NV, N® de-
note the claim frequencies due to at-fault liability and glass
damage, respectively, then the pooled estimate of unob-
served heterogeneity is given as
5[0 gl nf
r+wO$T ) 4@ T p?
9
smoothing factor + weighted sum of actual frequencies

smoothing factor + weighted sum of expected frequencies
Therefore, the proposed model specification enables us to
consider different levels of contribution to the credibility
factor, E [0|n§11 ), .. ,n(TJ)}, by allowing varying dispersions

w® for multiple perils.

In (2.8), r, the hyperparameter of the prior distribution
of 0, is working as a smoothing factor. For example, if
r — 0o, then 7(f|n) converges to a Dirac delta function at 1,
which implies that P(f = 1) = 1 and ends up with a very in-
formative point-mass prior. On the other hand, any choice
of a smaller r leads to use of a less informative prior.

In light of the empirical Bayes method, the estimation of
parameters o? for j = 1,2, ..., J can be done by maximiz-
ing the following joint loglikelihood:

L (a(l),...,au) | ng}),...,ng{))

= i Inp <w(1)n(1), .. ,w(J)n%)> s (2.9)

where

plwn,... P n)

J T
:/an (w2 [0,)(0:)d0;
J t=1

) . w(f)n(f)
[ ( wpd) ) l (2.10)
Z] 1 Zt 1“’ 1t]) +r

(Z] IZt qwl V ""T) :|7

which follows a multivariate negative binomial (MVNB)
distribution indeed.

i~

Il

=1t

R
i

3. DATA ANALYSIS

In this article, we use a public data set of insurance claims
that has been provided by the Wisconsin Local Government
Property Insurance Fund (LGPIF). The data set consists of
six years of observations, from 2006 to 2011. We used a
training set of 5,677 observations from 2006 to 2010 and
a test set of 1,098 observations from 2011. Since there is
a unique identifier that allows tracking of the claims of a
policyholder over time, it is indeed longitudinal data. Fur-

thermore, the data set contains the claims information for
multiple lines of business so that one can try multivariate
longitudinal frequency modeling. Here, information on in-
land marine claims (IM), collision claims from new vehicles
(CN), and comprehensive claims from new vehicles (PN) is
used with six categorical and four continuous explanatory
variables. Table 2 provides a detailed summary of the ob-
servable policy characteristics of all lines of insurance busi-
ness. Note that all of the categorical variables, which are
dummy variables for location types, are commonly used for
all types of coverage, but their impact is not necessarily
identical.

Before the fixed effects are incorporated in the marginal
models of the coverages, a variable selection was performed
by using penalized Poisson likelihood with elastic net,
which considers both L; and L, penalties. Since the loca-
tion parameters are correlated with each other, it is desir-
able to consider L, penalty for performing variable selec-
tion group-wise on top of L; penalty. The variable selection
was implemented using glmnet (Friedman et al. 2021) by
setting a = 0.5 so that weights on L; and L, penalties are
equal. As shown in Figure 2, it turns out that the valida-
tion errors measured by Poisson deviances are minimized
with no variable selection in all three coverages. Therefore,
all the available covariates were used for the calibration of
marginal models eventually.

Since the proposed model specified in (2.2) and (2.3) as-
sumes the presence of both overdispersion and association
among the numbers of claims from multiple coverages, one
needs to investigate their effect in order to validate the ap-
plication of more complicated models than the naive inde-
pendent Poisson model. Table 3 shows the frequency ta-
bles for the number of IM, CN, and PN claims. By applying
the usual measures to investigate the association between
each pair of categorical responses, summarized in Table 4,
one can observe that there are significant positive associa-
tions among the numbers of IM, CN, and PN claims, at least
without controlling the possible impacts of common covari-
ates. Note that these measures need to be used with pre-
cautions since they may not be appropriate for insurance
claim counts with excessive zeros, due to possible ties in
ranking. For discussions on effects of ties on the rank-based
correlation, see Kendall (1945).

There has been some research on ways to estimate the
dispersion parameter in a quasi-Poisson distribution. For

example, McCullagh and Nelder (1989) proposed
m PR
é= 1 Z (s _ 7 , while Cameron and Trivedi
m=pi4 Vi
U L
(1990) proposed ¢=— ZR where
m

k=1

L2
- (ng — )" — ng

Ry = , Uy, is expected value of k' fre-

Uy

quency response depending on the estimated parameter(s)
from the calibrated model, p is the number of estimated pa-
rameter(s), and m is the number of total observations. Ac-
cording to Table 5, for all types of coverages, we can observe
that dispersion parameters are estimated to be quite above
one. (Remember that the dispersion parameter should
equal one under the Poisson assumption.)
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Table 2. Observable policy characteristics used as covariates

Categorical variables Description Proportions
TypeCity Indicator for city entity: Y=1 14%
TypeCounty Indicator for county entity: Y=1 5.78%
TypeMisc Indicator for miscellaneous entity: Y=1 11.04%
TypeSchool Indicator for school entity: Y=1 28.17%
TypeTown Indicator for town entity: Y=1 17.28%
TypeVillage Indicator for village entity: Y=1 23.73%
Continuous Minimum Mean Maximum
variables
CoveragelM Log coverage amount of IM claim in mm 0 0.85 46.75
InDeductIM Log deductible amount for IM claim 0 5.34 9.21
CoverageCN Log coverage amount of CN claim in mm 0 0.1 4.14
CoveragePN Log coverage amount of PN claim in mm 0 0.16 25.67
Variable selection - FreqlM Variable selection = FreqCN Variable selection = FreqPN
777777655111 6 666666664211 6 6 6 6 6 6666 6 6 2
g ]
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Figure 2. Variable selection via elastic net

Cameron and Trivedi (1990) also showed that

¢

n Ek:l (Rr— @)
when m is large enough and ng, for k=1,...
dependent. For the given data, the values of Z for IM, CN,
and PN claims are 2.7844, 4.1829, and 3.8956, respectively.
Therefore, one can find significant evidence to reject the
hypothesis that there is no overdispersion in all lines of
business.

Since we have observed possible overdispersion from the
data, it is natural to consider the following models that can
capture overdispersion or possible dependence, except for
the independent Poisson model:

Z = ~ N(0,1) under Hy: ¢ =1,

,m, are in-

» Poisson: Independent Poisson model as an industry
benchmark. Note that it is a special case of the pro-
posed model where w® =w® =B =1 and

T = OQ.

Variance

Log(%)

Poisson/gamma: Poisson random effects model
where each coverage has unique unobserved hetero-
geneity as follows:

N |xirs e, 0; " POVV), 09 ~ G(rs, 1 /r).
Note that the marginal mean of E [Ni(tj)} under Pois-

son/gamma model is vi(tj), as in the independent Pois-

son model, so that we use the same regression coeffi-
cients of o as the independent Poisson model.
ZI-Poisson: Zero-inflated Poisson model with the

following density:
! + (1= exp(—v7), =0
(V(J'))"’('J)

@ @y
)= t

p(n; v | exp(—v,”)

. #0,
i

(1 —n) .

t nﬁj
which also assumes nij) 1 ni,j/) forallt #¢t orj+# 7.
Since ny) captures the zero-inflated probability, it is

j i ()
usual to model n’’ as n?) = M‘
1+ exp(xsy9)
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Table 3. Frequency tables for IM, CN, and PN claims

# of IM claims

# of
CN claims 0 1 2 3 4 54
0 5142 134 19 4 3 3
1 206 18 4 2 0 0
2 57 12 5 0 0 0
3 13 9 2 0 1 1
4 12 2 0 0 0
5+ 11 7 8 0 0 0
#of # of IM claims
PN claims 0 1 2 3 4 54+
0 5210 126 15 4 3 2
1 130 16 1 0 1
2 39 1 0 0
3 21 0 0 0
4 11 0 0 1
5+ 30 18 10 0 1 0
# of PN claims
# of CN claims
0 1 2 3 4 5+
0 5153 92 27 11 6 16
1 167 32 13 7 5 [¢)
2 34 15 5 6 2 12
3 2 3 4 10
4 1 2 2 5
5+ 8 3 4 0 10
Table 4. Measures of association among the p(n 0 0@ v v v ¢) = (Ug) ; Uif Jup)
frequencies of IM, CN, and PN claims ( t ,ut +,u§i))
C¢( t+’ t 7 ii))
Pearson Kendall’'s Spearman’s +Cy(u 1) (3))
correlation T p H t g g)
045( Uty t+ s Uy )
IM and 0.2093 0.2120 0.2576 M @ @
CN . . . +Co(uq, t+7 ;™)
(1) (3)
PNand 0.2820 0.2860 0.2705 +C¢(ug A 23>)
M ' ' ' ~Coluu u?),
E':I and 0.4520 0.4597 0.4555

Table 5. Estimates of overdispersion parameters for
IM, CN, and PN claims

#of IM #0of CN # of PN
claims claims claims
qB 1.1420 1.1072 1.5729
é 1.2165 1.3045 1.4751

» Copula: While each marginal component is modeled
with a Poisson distribution, possible dependence
among the lines of business is captured by a copula,
as proposed in Shi and Valdez (2014b), so that the
joint probability of n,E” and n§2) is given as follows:

where Cy, means a copula function parametrized by ¢,
ugf = ]P’(N(J) < n( ), and u(]) ]P’(Nt(J) < nE’)).
« Proposed model: The model specified in (2.2) and

(2.3).

In the calibration of the Proposed model, values of w?
should be determined either by prior knowledge of the
characteristics of the multiple perils or by some statistics
determined by observations. As mentioned in (2.8), a
pooled estimate of the credibility factor is given as the ratio
of weighted sum of actual frequencies to weighted sum of
expected frequencies. Therfore, w? can be interpreted as
a peril-specific factor that provides information about the
association between the peril and the unobserved hetero-
geneity, such as driving habits. For instance, suppose there
are two types of coverage: property damage (PD) liabil-
ity and glass damage to the driver’s own car. In that case,
claims from PD liability are more positively associated with
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the unobserved heterogeneity in risks than claims from
glass damage, since claims from PD liability are at-fault
of the policyholder, whereas claims from the driver’s own
glass damage may be due to external factors such as a heavy
hail storm. In this regard, it is natural to put more weight
on the past claims experiences from PD liability than those
from drivers’ own glass damage in calculating the pooled
estimate of the credibility factor, or, equivalently, set w(
for PD liability higher than w'?) for drivers’ own glass dam-
age. Therefore, the proposed method enables practitioners
to incorporate their prior knowledge about the characteris-
tics of multiple perils in the modeling process with flexibil-
ity.

If there is no strong evidence to pre-specify the values
of w") with prior knowledge, then one can directly use the
estimated overdispersion parameters to determine w'¥ by
matching the moments. Recall that from (2.4) we have

T;
;E[N(])—u] } ZVar[ ]
& Vit (v;
=2 ot

forj=1,...,Jand i =1,...,I under the proposed model

so that one can consistently estimate w() in a similar man-
ner to (2.6):

Zz 1 Zt 1V A(])

S (W o) - o) |
Once the overdispersion parameters w?) for j = 1,2, 3 are
specified, either from the prior knowledge or moment
matching, one can estimate a, a®, and a® from the
joint likelihood after integrating out the shared random ef-
fect, as given in (2.10). In our analysis, we used the moment
matching approach so that r, w®, w®, and w® are esti-
mated to be 2.256, 0.7226, 0.4828, and 0.3732, respectively.
Since w® > w® > w® in our case, the relative contribu-
tion of IM frequencies to the proposed posterior ratemak-
ing scheme is greater than those of CN and PN frequencies.

Tables 6, 7, and 8 provide the estimated regression co-
efficients for IM, CN, and PN frequencies, respectively. One
can observe that the regression coefficients from the Pois-
son and Proposed models are similar while the coefficients
from the other models are different. Further, as mentioned
above, all types of frequencies share some dummy variables
indicating location types, but their estimated coefficients
are quite different from each other. This supports our
model specification in that one can capture the fixed effects
separately for each line of business while retaining a nat-
ural dependence structure by the shared random effects.

Figure 3 shows the distributions of the credibility factors
under the proposed model, which are defined as the poste-
rior expectations of  given observations of past claims:

E [ﬁ\n(Tl),n(;),ng’)
r+w® ZL "El) +w® 23:1 ”Eg) ® 25:1 ”ig)
r+w® Y v +w® B v +w® T v

Blue squares mean the average of credibility factors for
each group. From the figure, one can see that, if there are
no past claims, then the insured can get a discount since

o) =

n( 9 = 0 while z/t ) > 0 for all j and t. It is also observed

that, as a policyholder has more past claims, the credibil-
ity factor tends to rise on average. However, regardless of
such general positive association between credibility fac-
tors and number of past claims, the latter varies because
the proposed credibility premium formula utilizes both the
actual claims and expected claims, which is based on the
observable heterogeneity of risks. By doing so, an insurance
company may avoid double discounts or surcharges due to
segregating the impacts of the observable policy character-
istics and unobservable heterogeneity in risks.

After all five models are calibrated, one can test the
validity of each model by comparing the predicted per-
formance via out-of-sample validation. In this case, it is
natural to predict Nﬂl as N(ll =E [ T+1|nT ,ngg), ngf‘)}
under each model. Recall that

E [N(])1|ng}),n¥),ng’)}
r+wt Zt 1"(1 +w® Zt 1” —|—w Zt 1"t3)
r+w Etlutl)—l—w?)z 2)+w3)2

x40

€
under the Proposed model from Theorem 1, whereas

E [N(J)1| n} ,né)7 (3)} E |:N1(“]J)rl:| _ exmla(j)
under the Poisson model.

To compare the out-of-sample validation performance,
we use root-mean-square error (RMSE), mean absolute er-
ror (MAE), and Poisson deviance (PDEV) for each coverage
that are defined as follows:

1< 2
RMSE$TZ zT+1 1T+1) ’
i—1
MAE ; —Z\N,“T)H N,

i=1
PDEV : 2 Z [N(]T) +1 IOg(Ni(,g"{Jrl/Nz(Jiz ) - (N(JT) +1
i=1

where I means the number of observed policyholders in the
validation set. We prefer a model with lower RMSE, MAE,
and/or PDEV. As shown in Tables 9, 10, and 11, the Pro-
posed model outperforms Poisson, ZI-Poisson, and Copula
models in all validation measures. It is also shown that the
Proposed model is comparable to Poisson-gamma model
in RMSE and MAE while prediction performance of Pois-
son-gamma in PDEV is outstanding. Such empirical results
show that the interdependence among the unobserved het-
erogeneities of coverages may exist but not be substantial
in the given data set.

Nz(,g")ﬁl)] ’

4. CONCLUSION

It is quite natural that an insurance company observes the
same policyholder over many years with multiple cover-
ages. Inspired by such characteristics, a new method is ex-
plored in this article that allows us to incorporate distinct
fixed effects capturing inherent characteristics of each type
of coverage (or line of business), while retaining a natural
dependence structure among the claims from multiple per-
ils over time, via the shared random effects. The proposed

Variance 8



Table 6. Estimation results for IM frequency

Multi-Peril Frequency Credibility Premium via Shared Random Effects

Poisson ZI-Poisson Copula Proposed
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
(Intercept) -0.9897 0.0438 -0.9065 0.2776 -0.7749 0.1235 -0.9216 0.1636
TypeCity -0.9538 0.0000 0.4245 0.0964 -1.0287 0.0000 -0.9318 0.0000
TypeMisc -4.3685 0.0000 -4.7670 0.2480 -4.4375 0.0000 -4.2862 0.0003
TypeSchool -2.7157 0.0000 0.0831 0.8759 -2.7790 0.0000 -2.6120 0.0000
TypeTown -2.2558 0.0000 -1.4776 0.1378 -2.3341 0.0000 -2.1530 0.0000
TypeVillage -1.8980 0.0000 -1.7966 0.0073 -1.9737 0.0000 -1.8120 0.0000
CoveragelM 0.0765 0.0000 0.0465 0.0000 0.0780 0.0000 0.0734 0.0000
InDeductIM -0.0684 0.3368 0.0159 0.8898 -0.0896 0.2226 -0.0870 0.3520
Table 7. Estimation results for CN frequency
Poisson Z1-Poisson Copula Proposed
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
(Intercept) -0.0907 0.2691 04176 0.0000 -0.1619 0.0532 0.1064 0.4873
TypeCity -0.9465 0.0000 -0.7764 0.0000 -0.8852 0.0000 -0.9542 0.0000
TypeMisc -2.0818 0.0000 -1.5408 0.1527 -1.9922 0.0000 -2.1298 0.0002
TypeSchool -2.0033 0.0000 -1.9537 0.0000 -1.9337 0.0000 -2.1467 0.0000
TypeTown -3.1464 0.0000 -3.6159 0.0000 -3.0687 0.0000 -3.1514 0.0000
TypeVillage -1.5165 0.0000 -1.3240 0.0000 -1.4527 0.0000 -1.6062 0.0000
CoverageCN 0.5975 0.0000 0.3989 0.0000 0.6079 0.0001 0.3446 0.0001
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Table 8. Estimation results for PN frequency

Poisson Z1-Poisson Copula Proposed
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
(Intercept) 0.8214 0.0000 1.1213 0.0000 0.8302 0.0000 0.9848 0.0000
TypeCity -2.9648 0.0000 -3.2390 0.0000 -2.8984 0.0000 -2.7868 0.0000
TypeMisc -3.9064 0.0000 -1.1185 0.1818 -3.8191 0.0000 -3.7059 0.0001
TypeSchool -3.3801 0.0000 -2.1860 0.0000 -3.3910 0.0000 -3.4867 0.0000
TypeTown -4.2487 0.0000 -2.1314 0.0281 -4.2479 0.0000 -4.3704 0.0000
TypeVillage -3.6947 0.0000 -3.2285 0.0010 -3.6899 0.0000 -3.6953 0.0000
CoveragePN 0.0835 0.0000 0.0744 0.0011 0.0636 0.0031 -0.0468 0.3797
Table 9. Out-of-sample validation for IM frequency prediction
Poisson Poisson-gamma Z|-Poisson Copula Proposed
RMSE 0.6647 0.4996 0.7093 0.4813 0.4936
MAE 0.1232 0.1069 0.1260 0.1114 0.1127
PDEV 374.9218 270.2795 377.2521 319.7245 307.8984
Table 10. Out-of-sample validation for CN frequency prediction
Poisson Poisson-gamma Z1-Poisson Copula Proposed
RMSE 0.4699 0.3564 04731 0.4654 0.3510
MAE 0.1268 0.0959 0.1261 0.1249 0.1002
PDEV 231.8781 158.9138 232.5247 226.7693 173.5909
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Credibility factors for frequency
under the proposed model
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Figure 3. Credibility factors for multi-peril frequency
Table 11. Out-of-sample validation for PN frequency prediction
Poisson Poisson-gamma Z1-Poisson Copula Proposed
RMSE 0.9775 0.6555 0.9768 0.9785 0.7613
MAE 0.1914 0.1366 0.1904 0.1918 0.1537
PDEV 379.5177 213.3153 378.3951 380.7286 243.8167

model has a good interpretation that can explain both
overdispersion and serial/multi-peril dependence. The
model is also easy to implement due to the presence of
the closed form of joint likelihood and multi-peril premium
formula. The proposed method is tested using a public
property and casualty insurance data set provided by LGPIF.
From the empirical study, it is observed that the proposed
method outperforms many existing benchmarks but is less
powerful than the model with unique heterogeneity for
each coverage. Based on the results, one can consider a
compromise between the complete shared random effects
model (all coverages share the same random effect) and the
unique random effects model (each coverage has its own
unique random effect) by investigating underlying interde-
pendence among the unobserved heterogeneities, as a fu-
ture research topic.

ELECTRONIC SUPPLEMENTARY MATERIAL

The code for data analysis and out-of-sample validation
is available at  https://github.com/ssauljin/multi-
peril_cred premium/.
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