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In matrix variate or three-way datasets, each single observation of a response variable 
constitutes a realization of a random matrix. This situation arises in time series or spatial 
datasets where each observation of a response contains multiple metrics measured across 
time or space, or when a response variable can be stratified across three different 
dimensions. In this paper, we present the matrix variate regression modelling approach 
developed in recent years, which is able to intuitively model three-way data responses 
given a matrix of covariates. We illustrate its potential use in P&C insurance by applying 
the modeling methodology to analyze the distribution of the losses from several natural 
hazard types over both space and time. 

Address for Correspondence: eshunt@asu.edu 

1. INTRODUCTION 

1.1. THREE-WAY DATA 

Regressions with univariate and multivariate responses are 
among the most straightforward and intuitive modeling 
tools available to insurers. Univariate regression analysis is 
frequently used in loss reserving, ratemaking, and financial 
modeling (Cerchiara 2021; Taylor and McGuire 2016; Frees 
2009). Regression with multivariate response is more gen
eral in that it allows the modeler to account for multiple re
sponse variables at once, and estimate the covariance be
tween each type of response (Johnson and Wichern 2007). 
In practice, however, there are situations in which each sin
gle observation of the response in a dataset constitutes a 
realization of a random matrix. This situation arises in time 
series or spatial datasets where each response consists of 
multiple metrics measured across time or space, or when 
variables can be stratified across three different dimen

sions. We call this type of data three-way data (Coppi et al. 
1989). 

In these instances, there may be dependency in the re
sponse variable across the stratified dimensions of the ma
trix, such as time or space. When this type of data is treated 
as a univariate or multivariate response, the dependency 
among the dependent variable violates one of the basic 
assumptions in regression contexts: independent observa
tions. Thus, univariate and multivariate regression are not 
able to capture the rich dependence structure that arises in 
three-way datasets. While univariate distributions can be 
used to build models for univariate response data (one-way 
data), and multivariate distributions apply in the case of 
multivariate response (two-way) data, a great deal of study 
has focused on matrix variate distributions, which apply to 
matrix variate response data (three-way) data (Gupta and 
Nagar 1999). 

To better explain three-way data, consider a dataset con
sisting of losses from  different lines of insurance, strati
fied across  geographical areas. This data can naturally be 
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Figure 1. Example of a Three-Way (Matrix Variate)       
Dataset  
Each observation of a response variable in a three-way data set is a matrix. For example, 
each of the n responses (matrices) in the dataset could hold dollar losses from p differ
ent lines of business in r different locations in a particular year. 

arranged in a single  matrix. Now, if we observe losses 
stratified in this manner for  consecutive years, the result 
is a length  time series of  matrices. In fact, in this 
article, we will explore a particular example and analyze a 
time series of property losses from  different natural 
hazards across  regions of the U.S for  years. In 
this example, there is dependency in the response variable 
along the  different lines of insurance, and across  geo
graphical areas. Matrix variate regression is well suited to 
this type of problem because it is able to account for these 
correlated responses. 

A growing number of insurance problems require mod
eling the distributions of random matrices. The most com
monly used distribution within the finance and actuarial 
literature is the Wishart distribution (Wishart 1928), which 
arises as the distribution of the sample covariance matrix 
of a multivariate normal dataset. The Wishart distribution 
has widely been applied in insurance and finance problems 
such as portfolio analysis (Bodnar, Mazur, and Podgorski 
2016), time series analysis (Gourieroux, Jasiak, and Sufan 
2009), and ratemaking (Chiarella, Da Fonseca, and Grasse 
2014). For example, Denuit and Lu (2021) considered 
Wishart-gamma random effects to model serially correlated 
insurance claim data. Other approaches in the actuarial lit
erature to capture complex dependency structures include 
a copula method developed by Shi, Lee, and Maydeu-Oli
vares (2019), and a credibility premium formula proposed 
by Jeong and Dey (2021) for claims from multiple lines of 
business. However, many matrix variate distributions exist, 
such as the matrix variate normal and matrix variate t dis
tributions, and their use to capture dependency structures 
has not been explored yet within the actuarial domain. 

In this paper, we describe the matrix variate regression 
model, revealing its suitability to a wide variety of insur
ance applications. Also, we provide an instructive example 
by giving a particular use case of the methodology, allowing 
for the simultaneous modeling of the temporal and spatial 
dimension of losses from a variety of natural disasters given 
a matrix of covariates. In this introductory work, we focus 
on modeling using the matrix variate normal distribution, 
although extensions can be made to other matrix variate 
distributions in order to allow for non-symmetric or heavy 
tailed data. 

1.2. THE MATRIX VARIATE NORMAL DISTRIBUTION 

In the linear regression context, the errors are typically as
sumed to be distributed according to a univariate or mul
tivariate normal distribution. Thus, the matrix variate nor
mal distribution (Gupta and Nagar 1999) provides a natural 
first choice for the matrix variate regression. A  matrix 

 is matrix variate normally distributed when its probabil
ity density function is specified by: 

where  is the mean matrix, and the two matrices  and 
 represent the within-row covariance and within-column 

covariances, respectively1. If the matrix  is matrix variate 
normally distributed, we write . This ma
trix normal distribution can be seen as a natural extension 
of the multivariate normal distribution. The relationship 
between the two can be seen further through the so-called 
vectorization function, which structures the matrix into a 
single vector by stacking columns on top of one another. 
In fact, if  is matrix variate normally distributed, its vec
torized form has the multivariate normal distribution: 

. Here,  represents the Kro
necker product, which multiplies each entry of  by the 
matrix . The result is a  matrix: 

While the matrix variate regression model and its vector
ized form are related, the benefit of the matrix variate ap
proach over the multivariate vectorized form is that sepa
rate estimates are obtained for  and  rather than solely 
an estimate of the Kronecker product . For this rea
son, we say that the matrix variate dataset has a separable 
covariance structure. This kind of modeling allows one to 
make inferences separately, but simultaneously, for the co
variances between the two dependent dimensions. 

As an example, consider a data set comprised of 
matrices, containing  repeated measures of -variate ob
servations. In this case,  would contain the covariances 
between the  dependent variables (the rows of the matri

, where the trace operator is defined as the sum of the diagonal entries 

The notation  represents the determinant of the matrix 

1 
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ces), while  would contain the covariances between the 
repeated measures (the columns of the matrices). 

Alternatively, consider again the matrix variate time se
ries consisting of losses from  lines of business stratified 
across  locations, as depicted in Figure 1. In this case, 
would contain the covariances of losses between the  lines 
of business, while  would contain the covariances between 
the  locations. 

A number of recent works have illustrated how this vari
ance structure can be exploited within a typical regression 
context (Viroli 2012; Anderlucci, Montanari, and Viroli 
2014; Ding and Cook 2018; Melnykov and Zhu 2019). In this 
instance, a matrix of covariates,  are used to model an 
output matrix, . Here, the primary assumption is the sep
arable covariance structure for the errors of the model. 

One primary benefit of employing the matrix variate 
distribution within a modeling context is this covariance 
structure for the model errors. In classical regression con
texts, independence of errors is a necessary modeling as
sumption. However, in many scenarios this is not the case. 
Consider again the example of losses from different lines of 
insurance stratified across locations. Here, we may have de
pendency in losses between the different lines of business 
and between locations. In a univariate or multivariate re
sponse approach, a dependency structure would need to be 
chosen and incorporated into the model to account for non-
independent errors. The matrix variate approach naturally 
allows for dependency between rows and columns, without 
needing to choose any particular dependency structure in 
the errors for each. 

When presented with a matrix variate dataset, a modeler 
may choose simply to work with the vectorized form, ap
plying typical multivariate response modeling techniques. 
However, the matrix variate distribution provides not only 
an intuitive structure, but also a more parsimonious model 
than this multivariate response counterpart. This is be
cause the covariance matrix in the multivariate response 
approach is completely unrestricted, with a number of en
tries, and thus parameters to be fit, equal to . Mean
while, the matrix variate covariance structure assumes sep
arability of the covariance into the two matrices  and , 
whose Kronecker product gives the corresponding multi
variate covariance matrix. Thus, the number of total entries 
in these two matrices is given by  , which is 
a marked reduction in the number of parameters to be fit 
from the unrestricted multivariate model (Viroli 2012). 

2. MATRIX VARIATE REGRESSION 

2.1. THE MODEL 

The model presented here was developed in (Viroli 2012) 
and (Ding and Cook 2018). Assume we have a dataset of 
response observations of  matrices. We introduce the 
matrix variate regression model as follows: 

Here,  is a  matrix of responses, and  is a standard
ized  matrix associated with response  containing 

 independent variables stratified in  ways. For example, 

the  matrix could hold  predictors measured at  lo
cations, or for  time periods. The model parameters are 
contained in the matrices , , and , where  is the 
mean response, and  (dimension ) and  (dimen
sion ) are matrices of coefficients. We also have that 
is an error matrix for observation , which is assumed to be 
matrix variate normally distributed with mean matrix  and 
covariance matrices  and , having . 

Just as the covariance matrix can be separated to esti
mate the covariance between the rows and columns sepa
rately, so also in this model the coefficients are separated 
into matrices  and . The matrix  contains the coef
ficients relating the predictors to the rows of the response 
matrix, while  provides information about how the pre
dictors affect the columns of the response matrix. To illus
trate why this is the case, consider altering the  entry 
of , denoted . Then all entries of row  in the resulting 
matrix  will be affected, while the other rows remain 
unchanged. Similarly, if we alter the  entry of , then 
all entries of column  in the resulting matrix  will 
be affected, while the other columns remain the same. Fur
ther, as seen in (Gupta and Nagar 1999), applying the prop
erties  and 

 , we have: 

Thus, the matrix  gives the coefficients that relate 
the entries of  to the response matrix. Thus, the ap
proach harnesses the structural information of both the re
sponse matrix and the predictors, allowing for data sharing 
among the same row/column in modeling each element of 
the response. 

The matrix variate model proposed in (2.1) covers a wide 
variety of different models, with both univariate and mul
tivariate response regression models as special cases. For 
example, if the response matrix has dimensions , then 
the model reduces to the univariate case, while if the re
sponse matrix is of dimension  or , the model re
duces to the multivariate response case. In any of these 
cases, the independent variables (i.e. covariates or predic
tors) contained in  can constitute a matrix, a vector, or a 
univariate independent variable, depending on the dimen
sions of . Thus, one could devise for example, a univari
ate model with matrix variate inputs, or a matrix variate 
model with multivariate predictors, or any other such com
bination. A selection of special cases will be further ex
plored in Section 3.3. 

2.2. PARAMETER ESTIMATION 

Parameter estimation follows from maximum likelihood 
approach. An alternative to least squares estimation, the 
maximum likelihood method estimates the parameters by 
finding the values that maximize the likelihood of observ
ing the given dataset. This is accomplished by maximizing 
the log-likelihood function, which is for this model is spec
ified as: 
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Here, c is a constant, which will not impact parameter fit
ting. Maximization of this function leads to the estimates 
in (2.4-2.8). 

Here,  represents the mean matrix of all  matrices. In 
addition, the hat notation represents an estimated fit pa
rameter; for example,  represents the fit parameter for 

. Details of this derivation are available from supplemen
tal materials to (Ding and Cook 2018). Fully analytical so
lutions are not available for all parameters. Instead, esti
mation is done iteratively. First,  is estimated as in (2.4). 
Next, an initial random estimate is assigned to  and . 
Then using the equations in (2.5) and (2.6) estimates are 
obtained for  and . Having obtained these,  and  are 
refit according to (2.7) and (2.8). The algorithm continues 
to update the estimates iteratively using (2.5-2.8) until the 
parameters converge. 

It is important to note that  and  are only defined up 
to a multiplicative constant. This is because if  and 
are estimates of  and , then we have . 
Thus,  and  are also estimates of  and . For this rea
son, we should impose an identifiability condition to ensure 
the estimates are unique. For example, we could scale the 
estimates so that the first element of  is 1. Another op
tion is to set the Frobenius2 norm of the matrix to 1, which 
is adopted in this paper. This identifiability condition will 
also need to be imposed on  and , which are also only 
unique up to a multiplicative constant. These imposed con
ditions do not affect the predictions . However, interpre
tations of  and  must be made with particular caution. 

3. APPLICATION TO NATURAL HAZARD LOSSES 

Matrix variate regression can be applied to many insurance 
problems in P&C. When it comes to loss modeling, it allows 
one to analyze how losses from different risks interact, 
stratified in up to three dimensions. Here we consider dollar 
losses from natural hazards in different geographical loca
tions. In the context of climate change and its effects on 
the distribution of losses from natural catastrophes, this 
modeling approach grants unique exploration of the evolv

Figure 2. Rolling Average of Losses     
Dollar losses in billions from flood, hail, lightning, and wind events from 1960-2019, av
eraged over 10-year intervals. 

ing landscape of these risks while accounting for multiple 
sources of correlation within the data. 

Between 1960 and 2019, natural hazards accounted for 
an annual average of $15.8 billion (2019 adjusted) in direct 
property losses and $3.3 billion (2019 adjusted) in crop 
losses, as well as determining approximately 583 deaths 
and 4,206 injury cases per year (CEMHS 2020). These im
pacts have been steadily increasing, with an average yearly 
increase of over $83 million (2019 adjusted) in property 
losses from 1960 to 2019 (calculated from SHELDUS 
dataset, CEMHS 2020). This increase may be impacted by 
a variety of economic factors, such as population growth 
and increased wealth. However, many scientists and rein
surers suspect that the main determinant is the increasing 
frequency and severity of catastrophic events due to cli
mate change (IPCC 2001; Miller, Muir-Wood, and Boisson
nade 2008). 

Our analysis considers the annual direct property losses 
from four different hazards: flooding, hail, lightning, and 
wind. These losses are stratified across four regions of the 
United States as defined by the U.S. Census Bureau: the 
Midwest, the Northeast, the South, and the West (U.S. Cen
sus Bureau 2021). These two dimensions, hazard types and 
regions, form our rows and columns of the matrix response, 
respectively. Our dataset, then, consists of a time series of 

 matrix variate responses of dimension , each 
containing aggregate losses from four different hazard 
types in four regions of the U.S. 

3.1. DATA 

Loss data for this analysis comes from the SHELDUS data
base (CEMHS 2020) which contains estimated direct losses 

Defined as  where  is the th element of the  matrix. 2 
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Table 1. Example Response Matrix    

Hazard Midwest Northeast South West 

Flood $244.78 $100.82 $2,258.39 $39.82 

Hail $1,748.57 $504.74 $1,197.57 $241.42 

Lightning $1,301.34 $128.44 $521.75 $872.50 

Wind $2,100.59 $978.49 $1,225.58 $1,622.45 

, losses per capita (in 2019 USD) observed for the first element of the time series, year 1960. 

Table 2. Example Response Matrix    

Hazard Midwest Northeast South West 

Flood $54,040.77 $1,232.69 $8,713.04 $1,985.51 

Hail $1,365.96 $0.17 $689.35 $272.17 

Lightning $698.86 $6.96 $502.05 $2.52 

Wind $1,603.97 $207.79 $2,204.90 $751.05 

, losses per capita (in 2019 USD) observed for the last element of the time series, year 2019. 

from a variety of natural hazards and perils for the period 
from 1960 through 2019. Originally developed by the Haz
ards and Vulnerability Research Institute at the University 
of South Carolina, SHELDUS is currently funded and main
tained by the ASU Center for Emergency Management and 
Homeland Security (ASU 2021) and is updated annually. 
Much of the data is sourced from the National Centers for 
Environmental Information Storm Data, having undergone 
necessary cleaning and disaggregation (National Climatic 
Data Center et al. 2021). 

The underlying loss data retrieved from SHELDUS is con
verted into U.S. 2019 dollars and scaled to be per capita in 
order to neutralize the effects of inflation and population 
growth. This data is structured into the response matrices 

, as exemplified in Tables 1 and 2. 
To account for climatic variables, we collected the min

imum, maximum, and average temperature, as well as the 
precipitation levels for each region yearly from The Global 
Historical Climatology Network daily database (NOAA Na
tional Centers for Environmental Information). In addition, 
number of wind events with windspeed above 40 knots was 
gathered from National Centers for Environmental Infor
mation Storm Data (National Climatic Data Center et al. 
2021). 

3.2. MODEL AND RESULTS 

Our response matrices consist of the log-losses per capita 
in 2019 adjusted dollars observed from flooding, hail, light
ning, and wind, in the US Northeast, South, Midwest, and 
West. Details of the 8 included predictors are outlined in 
Table 3. We consider each of the 8 predictors measured for 
each of the 4 regions, resulting in  of dimension  for 
each time period  Note that this predictor matrix could be 
constructed differently based on the use case, as described 
in Section 2.1. For example, if stratified predictor values 
were not available,  could instead take dimension . 
An example  matrix used in our analysis is given in Table 

4. Prior to model fit, the covariate matrix was standardized 
entry-by-entry across observations. 

Note that unlike in the case of univariate and multi
variate models, the parameter fitting for the matrix variate 
model follows an iterative convergence algorithm. Iterative 
likelihood algorithms such are prone to converging at a lo
cal, rather than global, maximum. When the likelihood sur
face is complex, the fit parameters can be strongly influ
enced by their initial values, making it necessary to explore 
a larger number of random initializations for a comprehen
sive analysis. For this reason, for we randomly re-initialized 
the parameters 500 times, and the model was selected that 
resulted in the highest likelihood. Convergence was deter
mined when the norm of the change of the matrix was be
low the threshold  for all 4 fit matrices. 

The two parameter matrices  and  allow for rich 
understanding of the underlying data relationships. How
ever, special care must be taken when interpreting the esti
mated coefficients in  and  because these two matrices 
are only defined up to a multiplicative constant. Because 
the predictor matrix is standardized prior to model fitting, 
the structure of the individual matrices  and  can be 
used to understand the relative impact of the predictors on 
the row and column dimensions. Since these entries can be 
arbitrarily rescaled, they cannot on their own be used to 
quantify the impact on dollar loss. Instead, to quantify the 
impact of a particular predictor on a particular entry in the 
response matrix,  is used, since this Kronecker 
product is uniquely defined. Notice that due to the struc
ture of  the effect of variable  on entry  of ma
trix  is given by . 

Thus, analysis of the impact of a particular predictor 
 on a particular entry  in the response matrix 

can be aided by 3 steps: inspection of , inspection of 
and estimation of impact on dollar losses. Here we illus
trate with a concrete example: analyzing the impact of in
come in the Midwest on log-losses from flood events in the 
Midwest. 
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Table 3. Model Predictors   

Entry of matrix Description 

Average observed temperature (◦F) in region  for year 

Maximum observed temperature (◦F) in region  for year 

Minimum observed temperature (◦F) in region  for year 

Average precipitation (in inches) in region  for year 

Number of wind events with measured wind gust above 40 knots. 

Number of flooding events resulting in loss in region  for year 

Number of hail events resulting in loss in region  for year 

Number of lightning loss events in region  for year 

Table 4. Example Covariate Matrix      (Prior to Standardization)    

Predictor Midwest Northeast South West 

46.40 45.71 58.66 48.08 

90.50 82.40 95.00 96.50 

-2.40 5.20 14.40 5.90 

339.28 392.37 724.77 205.62 

2138 1191 2004 1069 

150 142 92 69 

1422 288 996 159 

1727 347 489 329 

Thus, analysis of the impact of a particular predictor 
 on a particular entry  in the response matrix 

can be aided by 3 steps: inspection of , inspection of 
and estimation of impact on dollar losses. Here we illus
trate with a concrete example: analyzing the impact of in
come in the Midwest on log-losses from flood events in the 
Midwest. 

STEP 1: INSPECT 

In Table 5, we see that the fit parameter 
(cell colored in green). This represents the overall effect of 
the number of flood events (  on losses from floods. Be
cause the covariates have been standardized, we can com
pare the coefficients in  to understand the relative impact 
of the number of flood events. Comparing the entries in the 
6th column of Table 5 (cell colored in orange), we can deter
mine that the number of flood events unsurprisingly has a 
larger impact on losses from flooding than losses from hail, 
lightning, or wind. By comparing the entries of the first row 
of Table 5 (cell colored in blue), we find that in our model, 
again unsurprisingly, the number of flood events is the co
variate with the largest effect on flood losses. However, we 
cannot interpret the entry  as an impact per loss 
unit (dollar). The  matrix is only defined up to a multi
plicative constant, so the parameters can be scaled up or 
down by any value, as long as  is scaled reciprocally. 

STEP 2: INSPECT 

Now consider , given in Table 6. This repre
sents the impact of covariate measurements from the Mid
west region on losses in the Midwest region. In our model, 
we allow that covariates from one region may have some 
impact on losses from another region due to the spatial na
ture of the data. An important distinction when interpret
ing these coefficients is that they estimate the importance 
of one regions’ predictors on the losses in another region, 
rather than measuring the correlation of losses. 

As a distinguishing example, consider a much more fine-
grained model at the county level. Suppose there are two 
adjacent counties, one containing a major metropolitan 
area with high population and income, and another with 
low population and low income. The population and in
come predictors in the metropolitan area may have a large 
impact on the losses in the adjacent area. This could be 
for a variety of unmodeled reasons, such as the nearby 
resources available to the adjacent county. However, the 
predictors of low income and population in a neighboring 
county may have a very different effect on the losses that 
occur in the high income area. 

To illustrate this using our fit model, the entries of the 
first row of  (cells colored in blue) in Table 6 represent 
the relative impacts of covariates from each region on the 
final estimate for losses in the Midwest. This can be seen as 
a weighted sum, where covariates from the Midwest had the 
largest impact on losses in the Midwest, and covariates ob
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Table 5. Fit Parameters   

Hazard 

Flood 0.050 -0.022 0.026 0.268 0.051 0.488 -0.051 -0.338 

Hail 0.055 0.150 0.088 -0.207 0.132 0.212 0.280 -0.306 

Lightning -0.061 0.147 0.037 -0.047 0.074 0.021 -0.136 0.294 

Wind -0.053 0.057 0.054 0.125 0.177 -0.145 0.047 -0.194 

Table 6. Fit Parameters   

Region Midwest Northeast South West 

Midwest 1.155 0.068 0.297 0.299 

Northeast 0.625 1.298 -0.255 -0.118 

South -0.298 0.211 0.750 0.480 

West -0.357 0.098 0.491 1.254 

Table 7. Largest Impacting Parameters    

Parameter 

Parameter 
Meaning 

Impact of 
number of 
floods in the 
West on losses 
from Floods in 
the Northeast 

Impact of 
number of 
floods in the 
West on losses 
from Floods in 
the West 

Impact of 
number of 
floods in the 
West on losses 
from Floods in 
the Midwest 

Impact of number 
of lightning loss 
events in the West 
on losses from 
floods in the 
Northeast 

Impact of number 
of lightning loss 
events in the West 
on losses from 
floods in the West 

Estimate 0.634 0.612 0.564 -0.439 -0.424 

served in the West had the second largest impact on losses 
in the Midwest. 

Conversely, the first column in  (colored in orange), 
provides estimates of the impact of covariates measured in 
the Midwest on losses in the other regions. Consider then if 
we knew that there were uncharacteristically high temper
atures in the Midwest this year. This certainly would impact 
the losses in the region. However, these changes may also 
impact losses in other regions as well. The entries in the 
first column in  suggest that these changes could have a 
positive impact on losses in the Northeast. However, these 
values are associated with negative relative losses in the 
South and West. 

STEP 3: ESTIMATION OF IMPACT ON DOLLAR LOSSES 

Now, to get a final estimate of the impact of income in 
the Midwest on losses from flood events occurring in the 
Midwest, we need to consider the impacts of both para
meter matrices. From Tables 5 and 6 we have that 

. This value can be compared to 
other multiplied estimates  in order to 
compare relative impact. As there are  such 
parameter combinations, we do not present them all here. 
Table 7 outlines the coefficients with the largest impact. 

Recall that we standardized our original covariate matri
ces prior to model fit. This means our resulting parameter 
value must be rescaled to account for the standardization of 

the  matrices. Additionally, our dependent variables were 
log transformed, which must be accounted for. Adjusting 
for these impacts can allow the modeler to estimate the im
pact of unit increase for a particular parameter. In practice, 
this type of analysis may also follow by stress testing via 
a simulation model. Various possible  matrices would be 
chosen and the resulting  estimated using the fit model. 

It is important to note that when interpreting coeffi
cients in  and , negative signs on coefficients do not 
immediately imply a negative impact on losses. The reason 
is twofold. Firstly, the parameter matrices can be rescaled 
by multiplying both tables by -1 without impacting any 
other aspect of the model fit, since the two matrices are 
only defined up to a multiplicative constant. For this rea
son, signs from the entries of interest of  and  must be 
considered simultaneously. Secondly, after considering the 
multiplied entries, the parameter must be rescaled to ac
count for the standardization of the covariate  matrices 
that occurred prior to model fit. 

As an example, consider the impact of average tem
perature on losses from flooding in the Midwest. Since 

, we might conclude that increased average 
temperatures result in increased flood losses. Indeed, if we 
look at the impact of coefficients measured in the Mid
west on losses in the Midwest, , giving 

. This means increased average tem
perature in the Midwest resulted in increased losses in the 
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Table 8. Fit Covariance Matrix    

Hazard Flood Hail Lightning Wind 

Flood 0.654 0.113 0.034 0.090 

Hail 0.113 0.589 0.094 0.064 

Lightning 0.034 0.094 0.224 0.037 

Wind 0.090 0.064 0.037 0.319 

Table 9. Fit Correlation Matrix    

Hazard Flood Hail Lightning Wind 

Flood 1.000 -0.192 -0.554 -0.160 

Hail -0.192 1.000 -0.019 -0.391 

Lightning -0.554 -0.019 1.000 -0.588 

Wind -0.160 -0.391 -0.588 1.000 

Midwest. However, how does the increased temperature in 
the Midwest affect loss events in the South? We have that 

. Thus, increased average tempera
tures in the Midwest were associated with lower flood 
losses in the South. 

Finally, our covariance matrices and their corresponding 
correlation matrices can be used to understand the corre
lation of model errors across multiple hazard types (Tables 
8 and 9) and the spatial correlation of model errors be
tween regions (Tables 10 and 11). In many regression con
texts, independent errors are a required modeling assump
tion. However, the matrix variate regression model allows 
for correlated errors along the row and column dimensions. 
In practice, chosen predictors are used to explain as much 
of the variation in losses as possible. However, because our 
model still allows for unmodeled variation between groups, 
any residual correlation is given in the errors. 

From Tables 8 and 9, we can see that model errors from 
flood and hail had larger variation than losses from wind 
and lightning. From Tables 10 and 11, we have that losses 
in the Midwest had the lowest variation from the model, 
and losses in the West had the highest variation from the 
model. Similar to the case of the coefficient estimates, to 
get a final estimate of error variance for a particular type 
of loss in a specific region, we can again simply multiply 
the entries of interest from these two matrices. For ex
ample, to see the covariance of errors between flooding 
and hail in the Northeast and South, we would calculate 

. While we see that the correla
tion in model errors between different hazard types were 
inversely correlated, note that the multiplication of entries 
in the two correlation matrices implies positive cross corre
lations between different hazard types and regions. 

3.3. PARSIMONY AND GOODNESS OF FIT 

It is important to note that we have not addressed the 
statistical significance of the parameter estimates given in 
Tables 5-9. In practice, t-tests for statistical significance 

of parameters follow from the matrix variate normal as
sumption (Viroli 2012). In addition, goodness of fit can be 
analyzed using test for matrix variate normality of errors 
(Pocuca et al. 2019) and a matrix extension of the  corre
lation coefficient (Viroli 2012). These methods require fur
ther derivation and discussion, and thus lie outside of the 
scope of this paper. A simple diagnostic approach is to re
duce predicted values down the univariate level, and then 
employ RMSE to estimate model error. 

In addition, as in the case of regression with univariate 
and multivariate responses, the more predictors that are in
cluded in the model the lower variance/covariance of the 
errors. However, the inclusion of too many extraneous pre
dictors can lead to overfitting. This can be tested for using 
hold-out methods during model fitting. In particular, for 
the considered example, including event counts in this 
model may not lead to intuitive results, as the SHELDUS 
dataset is based on non-uniform reporting practices that 
inflate the number of low-loss events. We anticipate that 
practitioners will have access to more specialized datasets 
for their own use. 

We contrast the use of our model with parsimonious re
gression models for univariate responses (for single haz
ard) and multivariate responses (for multiple hazards) with 
spatio-temporal data (Rowe and Arribas-Bel 2021), while 
showing the benchmark comparison to the corresponding 
multivariate response model. A simple univariate regres
sion approach could deal with each individual time series 
separately, resulting in 16 separate univariate models. Mul
tivariate analysis would consider one row at a time, or one 
column at a time, resulting in 4 separate models. Alterna
tively, one unified model could be fit for rows (or columns) 
with indicators for each response type. For example, in such 
a model where each row (hazard) is considered a separate 
observation, an indictor variable would be included differ
entiating each specific hazard type. In both cases of these 
univariate responses and multivariate responses, cross cor
relation between each type of response would not be en
capsulated in the regression model. Alternatively, we could 
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Table 10. Fit Covariance Matrix    

Region Midwest Northeast South West 

Midwest 1.577 0.425 0.286 0.449 

Northeast 0.425 4.385 0.108 0.442 

South 0.286 0.108 2.105 0.592 

West 0.449 0.442 0.592 5.084 

Table 11. Fit Correlation Matrix    

Region Midwest Northeast South West 

Midwest 1.000 -0.247 -0.458 -0.278 

Northeast -0.247 1.000 -0.550 -0.311 

South -0.458 -0.550 1.000 -0.102 

West -0.278 -0.311 -0.102 1.000 

restructure each matrix into a length 16 vector, thus ob
taining a multivariate dataset. Then one multivariate re
sponse regression model could be fit. However, in doing so, 
vital information about the structure of the underlying data 
would be lost. To be more specific, the matrix variate struc
ture imposes a covariance structure that is separable into 
row and column effects, resulting in an interpretable model 
with added parsimony. These beneficial properties are not 
shared by the unstructured multivariate response modeling 
framework. 

In general, the likelihood function can be used to com
pare the goodness of fit of various models using the Akaike 
information criterion (AIC). Here we fit a series of matrix 
variate models with different parsimonious choices of 
and , and compare them to a corresponding univariate 
or multivariate approach. In each instance, the decrease in 
AIC for the matrix variate model is due to the separability 
structure imposed by the matrix variate format, greatly re
ducing the number of parameters to be estimated. AIC re
sults from these model fits are given in Table 12. As in the 
original model, we randomly re-initialized the parameters 
500 times for each model, and the models were selected 
that resulted in the highest likelihood. 

The first model we fit had an unconstrained Ψ and Σ. 
This is the most general matrix variate model, which we 
considered in Section 3.2. We compare this with the multi
variate modeling approach that adopts a length 16 response 
vector of the vectorized matrix. 

Next, we considered a more parsimonious matrix variate 
model where  while  is unconstrained. This results 
in a matrix variate model with dependence between the 
rows of the residuals, but no column wise dependence. In 
this special case of the matrix variate model, we only model 
the dependence among different lines of insurance. Note 
that in such a model, no extra identifiability constraint is 
needed on the covariance matrices. We compare this to 
a multivariate model with a separate length 4 vector re
sponse for each region, where each vector follows a multi
variate normal distribution. This response vector thus con

tains the losses from different hazards within that region, 
which may be correlated with each other. An indicator vari
able is included to differentiate the regions, which in turn 
allows for separate mean estimates for each of the 16 haz
ard-region combinations. As in the matrix variate model, 
the output values are mean centered. Note that while both 
of these models assume a similar covariance structure, they 
are not identical. This is because in the matrix variate case 
we allow for separable coefficient matrices, while in the 
multivariate model we do not. A separate choice for model 
parsimony could reduce the number of mean parameter es
timates by imposing restrictions on  and . It is also im

portant to recognize that this type of multivariate model 
is only an appropriate choice when entries within each row 
contains the same metric (in this case, dollar losses), as the 
response vectors will all need to have the same format. The 
matrix variate approach is more flexible in that it allows for 
one dimension to be stratified across different metrics. 

Similarly, we considered a matrix variate model with 
 and  unconstrained. This special case of the matrix 

variate model allows for dependency of the residuals be
tween columns, but not between rows. We compare this 
to a multivariate model with a separate length 4 vector 
response for each hazard. In this instance, the 4 entries 
within each vector contain the losses from each spatial re
gion, which may be correlated with each other. Similar to 
the previously considered multivariate model, we add an 
indicator variable to allow for separate estimation of the in
tercept of each hazard-region combination. This multivari
ate model is only an appropriate choice when entries within 
each column contain the same metric (in this case, dollar 
losses). However, each column can contain a different met
ric. 

Finally, we considered the simplest covariance structure, 
where  and . This matrix variate model as
sumes no row-wise or column wise dependence, resulting 
in only one covariance parameter estimate. We compare 
this to the univariate modeling approach where we assume 
each dollar loss is independent of the others both spatially, 
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Table 12. AIC Model Comparison    

Model 
Log 

Likelihood 
AIC 

Number of Coefficient 
Parameters 

Number of Covariance 
Parameters 

Unconstrained Matrix Variate -842 1820 48 20 

Multivariate length 16 
response 

-793 2914 528 136 

Matrix Variate with -1444 3004 48 10 

Separate multivariate for each 
region, 

each with length 4 response 
-906 2120 144 10 

Matrix Variate with -943 2002 48 10 

Separate multivariate for each 
hazard, 

each with length 4 response 
-873 2054 144 10 

Matrix Variate with 
 and 

-4778 9654 64 1 

Univariate -1610 3318 48 1 

and across hazards. An indicator variable is included to al
low for fitting the mean of each region-pair. Importantly, 
this results in more coefficient parameters for the matrix 
variate model than the univariate model. However, the ex
tra separability constraint is imposed on the included ma
trix variate coefficient matrices. This type of univariate 
model is only an appropriate choice when all entries of the 
response matrix are of the same metric (in this case, dol
lar losses). In practice, careful analysis would be needed to 
assess if the losses are uncorrelated and thus can be taken 
as independent observations and modeled via the univari
ate approach. This is very often unlikely to be the case in 
practice. 

This approach of parsimonious model fitting can also be 
used to aid in model selection by fitting the corresponding 
nested matrix variate models. The unconstrained matrix 
variate model allows for the most flexibility when the cor
relation structure is unknown. Table 12 indicates that AIC 
is indeed lowest in our use case for the unconstrained ma
trix variate model, suggesting it as the best model choice. 

3.4. FURTHER CONSIDERATIONS 

The particular model exemplified here was chosen illustrate 
the use of matrix variate responses as well as matrix co
variates. However, this model can be extended to account 
for covariates that are not stratified across locations or haz
ards. For example, increased income and wealth can also 
impact property losses. (Van derVink et al. 1998; Changnon 
et al. 2000; Miller, Muir-Wood, and Boissonnade 2008). 
Yearly net personal wealth index and income data for the 
entire US from the World Inequality Lab database 
(WID.world 2020) could be included as covariates (i.e., pre
dictors). To accomplish this, a second term could be added 

to the model including both matrix-structured covariates 
and typical univariate terms: 

Here,  is a diagonal matrix, where the diagonal entries 
consist of non-stratified covariates. This approach is an ef
fective way to simultaneously reduce collinearity and re
duce the number of parameters to be fit. This in turn sim
plifies the search space for the iterative model fitting. 
Fitting of this model would be similar to the typical matrix 
variate approach, where the estimates for  and  are de
rived from the likelihood function and fit during the itera
tive procedure. 

4. CONCLUSION 

Three-way datasets are becoming increasingly available in 
the era of growing data accessibility. The previously unex
plored modeling framework of matrix variate regression en
ables insurers to recast these complex datasets in an in
tuitive light, while enabling parsimonious model fitting. 
Already, extensions have been made to accommodate for 
temporal autocorrelation (Chen, Xiao, and Yang 2020) and 
in the future, extensions could be made to employ alterna
tive various matrix distributions such as the matrix variate 
gamma or skew distributions (Gupta and Nagar 1999). This 
methodology provides a rich tool for insurers to harness the 
underlying structure of three-way datasets for analysis. 
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